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Preface

This monograph is devoted to presenting in detail a few selected applications of
critical point theory, and in particular Morse theory, to Lagrangian dynamics. A
Lagrangian system is defined by a configuration space M, which has the structure
of a smooth manifold, and a Lagrangian function .Z defined on the tangent bundle
of M and, in the non-conservative case, depending upon time as well. In Joseph-
Louis Lagrange’s reformulation of classical mechanics, the Lagrangian function is
given by the difference of kinetic and potential energy. The motion of the associ-
ated mechanical system is described by the Euler-Lagrange equations, a system
of second-order ordinary differential equations that involves the Lagrangian. The
principle of least action, which in different settings is even anterior to Lagrange’s
work, states that the curves that are solutions of the Euler-Lagrange equations
admit a variational characterization: they are extremal points of a functional, the
action, associated to the Lagrangian. The development of critical point theory in
the nineteenth and twentieth century provided a powerful machinery to investi-
gate dynamical questions in Lagrangian systems, such as existence, multiplicity or
uniqueness of solutions of the Euler-Lagrange equations with prescribed boundary
conditions.

In this monograph, we will consider closed configuration spaces M and we will
focus on the class of so-called Tonelli Lagrangians: these are smooth Lagrangian
functions .Z : R x TM — R that, when restricted to the fibers of TM, have posi-
tive definite Hessian and superlinear growth. We will normally restrict ourselves to
those Tonelli Lagrangians . whose solutions of the Euler-Lagrange equations are
defined for all times, a condition that is always fulfilled when the time-derivative
of the Lagrangian is suitably bounded. The importance of the Tonelli class is
twofold. From the variational point of view, the Tonelli assumptions imply ex-
istence and regularity of action minimizing curves joining given points in the
configuration space. From a symplectic point of view, Tonelli Lagrangians con-
stitute the broadest family of fiberwise convex Lagrangian functions for which the
Lagrangian-Hamiltonian duality holds. These generalities on Tonelli Lagrangians,
together with a brief introduction to the Lagrangian and Hamiltonian formalism,
will be the subject of Chapter 1.



< Preface

If a Tonelli Lagrangian is 1-periodic in time, namely if it is a function of the
form . : R/Z x TM — R, then one can look for periodic solutions (with integer
period) of the associated Euler-Lagrange equations. Finding a lower bound for the
number of periodic orbits with prescribed period is one of the main themes in La-
grangian dynamics. The least action principle characterizes the n-periodic orbits
as the extremal points of the Lagrangian action functional defined on the space
of smooth (say C?) n-periodic curves. In view of this, one is tempted to study
the multiplicity of n-periodic orbits by means of critical point theory: the “richer”
the topology of the space of n-periodic curves, the larger the minimal number of
n-periodic orbits. More precisely, one expects a lower bound for the number of n-
periodic orbits to be given by the cup-length of the space of n-periodic curves. An-
other celebrated question is whether the Euler-Lagrange systems admit infinitely
many periodic solutions (without prescribing their period). The main difficulty
here is to recognize when an n-periodic orbit found by abstract methods is the
iteration of another periodic orbit of lower period. The Morse index of periodic
orbits helps us with this: a periodic orbit that is obtained by homological tech-
niques in a certain degree d will have Morse index close to d. In the 1950s, Bott
investigated the behavior of the Morse index of periodic orbits under iteration.
In Chapter 2, we will introduce the notion of Morse index and we will present
in detail Bott’s iteration theory. We will also mention a symplectic interpretation
of the Morse index as a Maslov index. This latter index, which can be associ-
ated to periodic orbits of more general Hamiltonian systems, was independently
introduced and investigated by many people among whom are Gel’fand, Lidskii,
Maslov, Conley, Zehnder, Long, Robbin and Salamon.

In order to be able to apply the abstract results of critical point theory to
the Lagrangian action, we need a suitable functional setting: a space of sufficiently
smooth n-periodic curves with the structure of a (possibly infinite-dimensional)
manifold, over which the action is regular, say at least C'', and has sublevels that
are “sufficiently compact”. For the subclass of Tonelli Lagrangians with quadratic
growth (which we will synthetically call “convex quadratic-growth”), a suitable
choice is given by the Hilbert manifold of n-periodic curves with W2 regularity.
As proved by Benci, with this functional setting the action is C''! and satisfies
the Palais-Smale condition, a “weak compactness” condition on its sublevels that
is enough for critical point theory. In Chapter 3, we will introduce this functional
setting for the case of periodic curves and of curves with prescribed endpoints.
After studying the properties of the action of convex quadratic-growth Lagrangians
in this setting, we will derive a few elementary results on the existence of action
minimizing orbits and of periodic orbits with prescribed period.

Even though the C! regularity of the action of convex quadratic-growth
Lagrangians is sufficient for most of the results of critical point theory, all the
abstract statements involving the Morse index require at least the C? regularity.
However, this requirement turns out to be not necessary for the Lagrangian action
functional. Indeed, one can equivalently work in a finite-dimensional functional
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setting in which the action is C*° and has compact sublevels. In this setting,
one considers the space of continuous and piecewise broken n-periodic solutions
of the Euler-Lagrange equations. This space turns out to be a smooth finite-
dimensional submanifold of the W12 loop space, and it may be regarded as a
homotopic approximation of this latter space. In particular, all the indices and
invariants coming from critical point theory are the same in the W12 setting and
in the finite-dimensional one: Morse index and nullity, local homology of periodic
orbits, relative homology of sublevels of the action and so forth. Chapter 4 will be
devoted to introducing this finite-dimensional functional setting, and to proving a
few multiplicity results for periodic orbits with prescribed period.

Bott’s iteration theory can be pushed one step further by investigating the
behavior of the local homology of periodic orbits under iterations. This problem
was first studied by Gromoll and Meyer, and further by Long. It turns out that
the behavior of local homology is sometimes dictated by the Morse index and
nullity: if these indices do not change by iteration, then the local homology does
not change as well. This seemingly technical result turns out to be crucial in the
study of the multiplicity of periodic orbits with unprescribed period. In Chapter 5,
we will deduce this theorem from an analogous abstract result: the local homology
of a critical point of a function does not change when restricted to a submanifold
which is invariant under the gradient flow of the function, provided the Morse
index and nullity do not change as well.

For a general Tonelli Lagrangian with global Euler-Lagrange flow, a func-
tional setting in which the action is both regular and satisfies the Palais-Smale
condition is not known. However, one can still apply abstract results from critical
point theory to a suitable modification of the Lagrangian, that coincides with the
original one in a neighborhood of the zero section of the tangent bundle and it is
fiberwise quadratic at infinity. This idea is due to Abbondandolo and Figalli, who
showed that, for a fixed period n and a fixed action value a, all the n-periodic
orbits of the modified Lagrangian with action less than a are also periodic or-
bits of the original Tonelli Lagrangian, provided the modification was performed
sufficiently far from the zero section. In Chapter 6 we will discuss this idea, and
we will use it to extend the validity of the multiplicity results of Chapter 4 to
the Tonelli case. The second part of the chapter will be devoted to proving that
Tonelli Lagrangians with global Euler-Lagrange flow always admit infinitely many
periodic orbits. This result, first established by Long for mechanical Lagrangians
on the torus and further extended by Lu and by the author, is based upon the
iteration theory for periodic orbits discussed in Chapters 2 and 5, and upon an im-
portant technique developed by Bangert and Klingenberg in the setting of closed
geodesics.

We have tried to make this monograph accessible even to non-specialists, and
in particular to students from the graduate level onward. The Appendix collects
all the background from Morse theory that is needed for our applications. The
interested reader can find more material together with the proofs in [Cha93]. As
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we have already remarked, we have only presented a few selected applications of
critical point theory to Lagrangian dynamics. A topic which is very close to ours
and that we did not touch at all is the existence and multiplicity of periodic orbits
with prescribed energy in autonomous Lagrangian systems. For a summary of the
recent state of the art of this problem we refer the reader to [Con06] and the
bibliography therein. It is impossible to mention here all the other applications
of critical point theory to Lagrangian and Hamiltonian dynamics. The interested
reader can find an account of some of these topics in the excellent textbooks
[MW89, Eke90, HZ94, CI99, Abb01, Lon02, Fat08].
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Chapter 1

Lagrangian and
Hamiltonian Systems

This chapter is devoted to giving an informal introduction to the subject of La-
grangian and Hamiltonian dynamics, from the point of view that is relevant in
this monograph. In Section 1.1 we give the basic definitions and we briefly review
the duality between Lagrangian and Hamiltonian systems. Even though these
topics come from mathematical physics, we make almost no mention of this. We
rather emphasize the variational and dynamical systems flavors of these theories.
In Section 1.2 we introduce the important class of Tonelli Lagrangians and Tonelli
Hamiltonians. The main results about the existence and multiplicity of periodic
orbits, that we will give in Chapter 6, are valid for Tonelli systems. Here, we try to
motivate the importance of the Tonelli assumptions, as they naturally give broad
families of Lagrangians and Hamiltonians for which the above-mentioned dual-
ity occurs. In Section 1.3 we introduce the action minimizing curves associated
to a Tonelli Lagrangian system, and we give detailed proofs of classical results
concerning their existence, uniqueness and regularity.

1.1 The formalism of classical mechanics

Classical mechanics describes the motion of mechanical systems. In this section
we briefly review its language, in particular we introduce the Lagrangian and
Hamiltonian formalisms. Of course, we do not attempt to give a comprehensive
introduction to the subject. For such a purpose, we refer the reader to one of the
many textbooks of mathematical physics (e.g., [Arn78, AM78]), dynamical systems
(e.g., [Fat08, HZ94, KH95]), calculus of variations (e.g., [BGH98, GH96, MW89])
or symplectic geometry (e.g., [CdS01, MS98]).

M. Mazzucchelli, Critical Point Theory for Lagrangian Systems, Progress in Mathematics 293, 1
DOI 10.1007/978-3-0348-0163-8_1, © Springer Basel AG 2012



2 Chapter 1. Lagrangian and Hamiltonian Systems

Lagrangian mechanics provides a description of the motion of a mechanical
system constrained on a configuration space. For us, the configuration space will
always be a closed manifold M of dimension m > 1. A Lagrangian on the configu-
ration space is a smooth function .Z : R x TM — R. In general, the points in the
domain R x TM will be denoted by (¢,q,v), i.e., t € R, v € Tg;M. The R-factor
in the domain of .Z must be interpreted as a time dependence. If the Lagrangian
happens to be independent of ¢ it is called autonomous. A point (¢, v) in the tan-
gent bundle TM of the configuration space is interpreted in the following way:
q gives the position of the mechanical system, while the vector v in the tangent
space of ¢ gives the velocity of the mechanical system.

Consider a bounded real interval [to, t1] C R. We define the action functional
o/t0:" associated to the Lagrangian . as

i) = [ 2aw.am)a (1.1)

where v : [tg,t1] — M. For the moment, we do not discuss a functional setting for
the action &7t . We just consider it as defined on some space of curves 7y such that
the function ¢ — Z(t,v(t),4(t)) is integrable on the interval [to, 1], for instance
we can consider /%" to be defined on the space of C? curves v : [to,t1] — M.
A C? map ¥ : (—¢,¢) x [to,t1] — M is called a variation of v when 3(0,-) = v,
Y(-,to) = ~v(to) and X(-,t1) = v(t1). The curve « is a motion of the Lagrangian
system defined by £ when, for each variation X of v, we have

d

ds| TN (S(s,) =0,

s=0
Namely, a curve on M is a motion when it is an extremal of the action functional.
Now, let us fix a finite atlas il = {¢q : Uy — R™|a = 0,...,u} for the
closed manifold M, and consider the induced atlases for the tangent and cotangent
bundles of M. These are the atlases T = {T¢,, : TU, — R™ xR™|a=0,...,u}
and T*U = {T*¢, : T*U, — R™ x (R™)* |a =0,...,u} respectively, where
Td’oz(‘]a ’U) = (¢04 (Q)ad¢a(Q)v)a Vge Uy, ve TqMa
T*$a(q: p) = ($alq). p o dé, ' (da(q))), Vg € Uy, p€ T;M.

We denote the components of the introduced charts by

¢a = (qivaq;n)v
T¢O¢ = (q(iy"'7qy7vi7"'vvgl)a
T*¢O¢ = (qiv"‘aq;nvpa,la'"7pa,m)~

We define the fiberwise derivative of the Lagrangian . : R x TM — R at (¢, q,v)
as the covector 0,.4(t,q,v) € T3 M given in local coordinates by

m

0,2t 4,v) Z tq, ) dg?,.
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Notice that this definition does not depend on the chosen local coordinates, in
fact, if ¢ € U, N Upg, then

Z Z"Qj (t,q,0) dg} (q)

m m vl oagh .
=33 (i) ) )+ 5 ) 0 k)

=1 h=1 v a 945 Ova
J=2h= ~ 7 N~ 7
aqh =0
:6; (q)

1
- (t,q,v) dg}(q).

Ms
Q’)QJ

h=1 9Y3
Extremal curves of the action functional can be characterized as follows.
Assume that v : [to, t1] — M is a C? extremal curve, and consider a subdivision
to =719 <11 < - - <71y =t such that the support v([rk,7k+1]) is contained in

some coordinate domain U,, of the atlas i, for each k = 0,...,n — 1. For each
variation X of v, if we denote by o the section of v*TM given by
ox
t) = 0,t Vt € [to,t
U() ({98(7)’ 6[031]7
we have
d
0= atot (X(s, -
AR ECR)
TG [T 9 . 0L ,
X5 [ (o w0+ ) i) d
k=0 j=1"Tk 3qak 8uak
RN [T 0Y d 0% :
X5 [ (0w = G ) o
k=0 j=1 Tk 3qak 800%

LY (av.z(ml,v(rm),y(rkﬂ))a(rm)—avozﬂ(rk,v(mm(m))o(m))

— [T (0L d oZ :
= i ta 7. - 1 ta a. é tdt7
>/ (aqgk( )= s 74)) ko)

where we have adopted the common notation o, (t) := d¢o(y(t))o(t). By the
fundamental lemma of the calculus of variations, the above expression is zero for
each variation ¥ of the curve v (that is, for each C'! section o of the vector bundle
~*TM) if and only if v satisfies in local coordinates

o €O = ST A0 =0 Vi=Lom (1)



4 Chapter 1. Lagrangian and Hamiltonian Systems

The above system of second-order ordinary differential equations is known as the
Euler-Lagrange system associated to the Lagrangian .Z. Hence, we have a second
characterization of motion curves as solutions of the Euler-Lagrange system (1.2).

Now, for each (t,q,v) € R x TM, consider the quadratic form on T M
given by

Ry in ;0
szﬁvi8htq’v)ww’ Vw—zgw 8qJETM'
J

Notice that this quadratic form is independent of the local coordinates used to
define it (by the same argument that we gave to show that the fiberwise derivative
is intrinsically defined). We say that the Lagrangian . is non-degenerate when
the above quadratic form is non-degenerate on the whole domain of .Z, i.e., for
each (t,¢,v) € Rx TM and for each nonzero w € T, M there exists z € T, M such
that

—~ 0*Z

) Ovi vt
J,h=1

(t,q,v)wi 2" # 0.

Equivalently, the Lagrangian . is non-degenerate when the m x m real matrix

0?y (t )
oI vt e J,h=1,....m

yeeny

is invertible for each (¢,q,v) € R x TM. If this condition is fulfilled we can put
the Euler-Lagrange system (1.2) in normal form as

[0 oy 0%.L 92
szz[ava (tvv)] <3h(tvv) ot oun B Zaqlah 777)’7>
h=1
Vi=1,....m

In other words, the non-degeneracy condition allows us to define a smooth time-
dependent vector field X ¢ on TM as

92 08 2% I PY )
J o o l
Xe = Z (” og7 Z [avao]j’h <8qh at dvh ; dgdh ”) am) '

This vector field is called Euler-Lagrange vector field associated to £, and its
integral curves are precisely the solutions of the Euler-Lagrange system associated
to .Z. By the Cauchy-Lipschitz theorem, X & can be locally uniquely integrated:
there exists a continuous function £ : R x TM — (0,00) such that, for every
(t,q,v) € Rx TM and for every tg,t; € R with 0 < t; —tg < &(t, g, v), there exists
a unique smooth solution v : [tg,t1] — M of the Euler-Lagrange system (1.2) with
~(t) = ¢ and #(t) = v. This defines a partial flow ®& on TM, the Euler-Lagrange
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flow associated to .Z, as

DL ((to), A(to)) = (v(t1), ¥(t1)),

where 7y : [to,t1] — M is a solution of the Euler-Lagrange system. We say that
® o is global when, for each ¢, € R, it defines a function

Py :RxTM — TM,
(t,q,0) = 25°(q,v).

So far we have recalled the language of the Lagrangian formulation of clas-
sical mechanics. As we already mentioned at the beginning of this section, there
is another point of view for describing classical mechanics: the Hamiltonian for-
mulation. Quoting Vladimir Arnold [Arn78, page 161], Hamiltonian mechanics is
“geometry in phase space”. The phase space is the ambient space of the consid-
ered mechanical system, and it has the structure of a symplectic manifold. We
will only consider phase spaces that are cotangent bundles over a smooth closed
manifold M. In these cases, the Hamiltonian formulation is, in some sense, dual
to the Lagrangian one. A Hamiltonian on the cotangent bundle T* M is a smooth
function 27 : R x T*M — R. In general, the points in the domain R x T*M
will be denoted by (¢,q,p), e, t €R, p € T7 M. As for the Lagrangian case, the
R-factor in the domain of 2 must be interpreted as a time dependence, and if
this dependence is missing the Hamiltonian is called autonomous. A point (g, p)
in the cotangent bundle T*M is interpreted in the following way: ¢ still gives the
position of the mechanical system, while the covector p in the cotangent space of
q gives the momentum of the mechanical system.

The cotangent bundle T*M has a canonical symplectic structure! w, which
can be defined as follows. First of all, we define the Liouville form of T*M, that
is a one-form A on T*M given in local coordinates by

A= ijdqj.
j=1

It is easy to verify that A is well defined by this expression (i.e., it is independent of
the chosen local coordinates). Indeed, the Liouville form can also be characterized
as the unique one-form A on T*M such that, for each one-form p on M, we have
w*A = p. The canonical symplectic form of T*M is then defined as w = —dA\. In
local coordinates we have .
w= Z d¢’ Adp;,

j=1
and it is immediate to verify that the above expression gives a non-degenerate
two-form, that is clearly closed (being exact by its definition). A Hamiltonian .7

We recall that a symplectic structure on a manifold W is a two-form w on W that is closed (i.e.,
dw = 0) and non-degenerate (i.e., w(v,-) # 0 for each non-zero v € TW).
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as above defines a smooth time-dependent vector field X 5 on T*M given by

Xow(t,q,p)aw=d(H(t,")) (¢, p), V(t,q,p) € R x T"M,

W

where “J” stands for the interior product between vectors and forms, i.e., X jpw =
w(X e, -). In local coordinates we have

osx¢ 0 0 O

Xop = . — . .
7 Op; O¢’ 0q¢’ Op;

By the Cauchy-Lipschitz theorem, this vector field can be locally integrated around
any point of R x T*M, and therefore it defines a partial flow ®» on T*M as

'L (T(t)) = T(tr),

where I : [tg, t1] — T*M is an integral curve of X . If we write I' as (v, p), where
v : [to,t1] — M and p is a section of v*T*M, then in local coordinates (7, p)
satisfies the Hamilton system
; 0 ; 0
9 (t) = (1), p(b)), T =—" (t,7(t), p(t)),
V() (t,~(1), p(t)) Pt == gy (70 p(0)) (13)
Vi=1,...,m.

We call X ;» the Hamiltonian vector field associated to 7, and ®, the corre-
sponding Hamiltonian flow. The integral curves of X ,, or rather their projection
onto the base manifold M, are the motions of the Hamiltonian mechanical system
defined by 7.

Now, consider a Lagrangian function . : R x TM — R. We define the
Legendre transform associated to .Z as the map Leg, : R x TM — R x T*M
given by

Leg o (t,q,v) = (t,q,0,2(t,q,v)), V(t,q,v) € R x TM.

Let us assume that, for the considered Lagrangian ., the Legendre transform is
a diffeomorphism of R x TM onto R x T*M (conditions on . under which this is
true will be discussed in the next section). Notice that this assumption implies that
£ is non-degenerate. Then we can define the Hamiltonian 57 : R x T*"M — R
Legendre-dual to the Lagrangian . as

H oLegy,(t,q,v) := 0,2 (t,q,v)v — ZL(t,q,v), Y(t,q,v) € R x TM.

Actually, this sets up a duality between the Lagrangian system of £ and the
Hamiltonian system of . In fact, one can show that

d(ﬂ-2 © Legz)(tv q, 1}) (Xg (tv q, ’U)) = Xﬁf © Legf (tv q, ’0)7
Y(t,q,v) € R x TM,
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where o : R X T*M — T*M is the projection onto the second factor of R x T*M.
Therefore the Lagrangian and Hamiltonian flows are conjugated by the Legendre
transform. In other words, a curve v : [to,t1] — M is a solution of the Euler-
Lagrange system (1.2) if and only if the curve T' = (v, p) : [to,t1] — T* M, where
p(t) := 0,.L(t,v(t),¥(t)), is a solution of the Hamilton system (1.3).

As in the Lagrangian case, the motion curves of the Hamiltonian system
associated to a smooth 7 : R x T*M — R admit a variational characterization.
If T : [to,t1] — T*M is a C? curve, we define its Hamiltonian action as

t1
/"0 (T) = / (I‘*)\fjf(t,l“(t))) dt.
to
An easy computation shows that the solutions of the Hamilton system of 7
are precisely the extremal curves of @7!0-*t. Moreover, this Hamiltonian action is
related to the Lagrangian one of equation (1.1) in the following way: if 7 and ¥
are Legendre-dual and T’ = (v, p) : [to,t1] — T*M is a solution of the Hamilton
system of JZ (so that v : [tg,t1] — M is a solution of the Euler-Lagrange system
of &), then the Hamiltonian action of I' coincides with the Lagrangian action of

v, for
/ttl (F*)\ — F(t))) dt = /t

0 o
ty

= [ L)1) dt.

to

t1

(P10 = (8. 2(0), p(1)))

1.2 Tonelli systems

Let us fix, once for all, a Riemannian metric (-,-). on the closed manifold M, so
that for each ¢ € M we will denote by (-, ") , the Riemannian inner product on
T,M and by |- |, the corresponding norm. This metric induces a Riemannian
distance dist : M x M — [0, 00) that turns M into a complete metric space.

We say that a smooth Lagrangian . : R x TM — R is Tonelli when it
satisfies the following two conditions:

(T1) the fiberwise Hessian of . is positive-definite, i.e.,

"2y

. h
9vi Guh (t, g, v)w'w" >0,
h=1

s

for all (t,¢,v) € R x TM and w = 377" w’ o

oqi € TqgM with w # 0;

(T2) & is fiberwise superlinear, i.e.,

lim ZL(t,q,v)

frnd OO’
lolg—oo  |vlg

for all (¢,q) € R x M.
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Now, let us consider a fiberwise convex (but not necessarily Tonelli) smooth
Lagrangian .Z : R x TM — R. We want to show that the Legendre transform
Leg o is a diffeomorphism if and only if . is Tonelli. First of all, notice that the
Legendre transform Leg o, is a fiber-preserving smooth map between R x TM and
R x T*M. Assuming that Leg is a diffeomorphism is equivalent to assuming
that, for each (¢,q) € R x M, its fiberwise restriction

0w Z(t,q,") = d(Lyyxr,m) : TeM — Ty M
is a diffeomorphism. Hence, all we have to do is characterize convex functions on

R™ whose differential is a diffeomorphism onto (R™)*.

Proposition 1.2.1. Let L : R™ — R be a convex smooth function. Then its dif-
ferential dL : R™ — (R™)* is a diffeomorphism if and only if L is superlinear,
meaning

= 007
and the Hessian HessL is positive-definite at any point.

Proof. Assume that L is superlinear with positive-definite Hessian. Consider an
arbitrary pg € (R™)* and define L : R™ — R as LP°(v) = L(v) — po(v). This
function is superlinear, as well as L, hence it reaches its minimum at some vy € R™.
In particular dLP(vg) = 0, and dL(vg) = po. This shows that dL is surjective.
Moreover, every v € R™ such that dL(v) = py must be a critical point of LP°.
Since the Hessian of LP° is positive-definite, the function is strictly convex and
it cannot have critical points other than vy, and therefore dL is bijective. By the
positivity of the Hessian, we can apply the inverse function theorem to assert that
dL is a bijective local diffeomorphism, i.e., a global diffeomorphism.

Conversely, assume that L is convex and d[L is a diffeomorphism. Hence the
Hessian of L must be non-degenerate and, by the convexity assumption on L, even
positive-definite. Moreover, since L is convex, we have

L(v) — L(vg) > dL(vo)[v — o], Yvg,v € R™. (1.4)
For each real constant k > 0 we define the compact set
Sk :={veR™||dL(v)| = k}.

For each v € R™, there exists a unique vp = vo(v) € R™ such that
dL(Uo) =

where we have denoted by (-,-) the standard inner product in R™. Notice that
dL(vg) € Sk and dL(vp)v = k|v|. Hence, by (1.4), for each v € R™ we have
L(v) = dL(vo(v))v + L(vo(v)) — dL(vo(v))vo(v)
> klv| + ing {L(w) — dL(w)w} .
WESE

This shows that L is superlinear. ]
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For a smooth function L as in the above statement we define the Legendre-
dual smooth function H : (R™)* — R by

HodL(v) =dL(v)v — L(v).

Proposition 1.2.2. Consider a smooth function L : R™ — R that is superlinear
with positive-definite Hessian, and its Legendre-dual function H : (R™)* — R.
Then

(i) L and H satisfy the Fenchel relation L(v) + H(p) > p(v), and the equality
holds true if and only if p = dL(v);
(ii) dH = (dL)—l . (Rm)* S R™ ~ (Rm)**;

(iii) H is superlinear with positive-definite Hessian.

Proof. Consider arbitrary v € R™ and p € (R™)*. By the assumptions on L, dL
is a diffeomorphism and in particular p = dL(w) for some w € R™. Therefore

L(v) + H(p) — p(v) = L(v) = H(dL(w)) — dL(w)v
= L(v) — L(w) — dL(w)(v — w)
Z 07
where the last inequality follows by the convexity of L. Moreover, since L is strictly
convex, equality holds if and only if v = w, that is if and only if p = dL(v). This
proves (i). By the Fenchel relation, for each pg,p1 € (R™)*, we get

H((L = A)po +Apr) = max {(1 = N)po(v) + Ap1(v) — L(v)}

< max {(1 = A)po(v) = (1 = A)L(v)}

+ max {Ap1(v) = AL(v)}

<(1=XNH(po) + A (p1),

therefore the function H is convex. Now, let us fix an arbitrary py € (R™)*. For
vo = (dL)™Y(po), we have po(vo) = H(po) + L(vg). By the Fenchel relation, for
any p € (R™)*, we have

p(vo) < H(p) + L(vo) = H(p) — H(po) + po(vo)-

Hence, for any p € (R™)* we have (p—po)vo < H(p)—H (po), and this is possible if
and only if vg = dH (pg) (here, we are making the canonical identification between
(R™)** and R™). This proves (ii), and in particular that dH is a diffeomorphism.
Applying Proposition 1.2.1 to H in place of L we obtain that H is superlinear
with positive-definite Hessian, hence (iii) holds. (]
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We say that a Hamiltonian 7 : R x T*M — R is Tonelli when it satisfies
the following two conditions:

(T1') the fiberwise Hessian of 7 is positive-definite, i.e.,

E 9 a ) 1j7h )
]h 1 p] p

for all (¢,q,p) € R x T*M and r = Z;nzl r;dg’ € Ty M with r # 0;

(T2') 47 is fiberwise superlinear, i.e.,

At
i 4P _
lplg—oo  |Dlg

for all (t,q) € R x M (here, by a common abuse of notation, we write | - |4
also for the norm in T} M induced by the Riemannian metric of M).

By Proposition 1.2.2, the Tonelli Hamiltonians are precisely those Hamiltonian
functions that are dual to Tonelli Lagrangians. Namely, the Legendre duality sets
up a one-to-one correspondence

Z:RxTM — R RN HRxT*M — R
Tonelli Tonelli ’

This discussion should have motivated the importance of the Tonelli class in the

study of Lagrangian and Hamiltonian systems.

Remark 1.2.1 (Uniform fiberwise superlinearity). It turns out that the Tonelli
assumptions, both for Lagrangians and Hamiltonians, imply that the fiberwise
superlinearity of conditions (T2) and (T2') are uniform over compact subsets of
R x M, which means that, for each compact interval [tg,?;] C R, the limits in
(T2) and (T2') are satisfied uniformly in (¢,q) € [to,t1] x M. In fact, if ¥ is
a Tonelli Lagrangian with dual Tonelli Hamiltonian 57, by the Fenchel relation
(Proposition 1.2.2(i)) we have

Z(t,q,v) > max {p(v) — H(t,q,p)}

Iply<k
> ‘Ir‘iaz(k {p(v)} — |H|lqax {#(t,q,p)}

> kv, —max {# ', ¢, p") | (t',¢,p') € [to, t1] x T*M, |p'|y <k},
for each k € IN and (¢, ¢,v) € [to, 1] x TM. Analogously
H(t,q,p) > klplq — max{ZL({t', ¢ V") | (t',q V") € [to, t1] x TM, |[v'|y <k},

for each k € IN and (¢, q,p) € [to,t1] x T*M. O
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1.3 Action minimizers

Let us consider a Tonelli Lagrangian .Z : R x TM — R. The Tonelli assumptions
(T1) and (T2) imply that .Z is bounded from below, and therefore each absolutely
continuous? curve v : [tg,t1] — M has a well-defined action

() = [ 2t (), 5() dt € RU {+o0}.

to

An absolutely continuous curve v : [tg,t1] — M is an action minimizer with respect
to £ when every other absolutely continuous curve ¢ : [tg, t1] — M with the same
endpoints of v satisfies @01 () < @/t:t1(¢). The Tonelli assumptions guarantee
the existence of action minimizers, as stated by the following fundamental result
that is due to Tonelli [Ton34]. Here, we give a modern proof following Mather
[Mat91, Appendix 1], Contreras and Iturriaga [CI99, Section 3.1] and Fathi [Fat08,
Section 3.3].

Theorem 1.3.1 (Tonelli). Let £ : R x TM — R be a Tonelli Lagrangian. For each
real interval [to,t1] C R and for all qo,q1 € M there exists an action minimizer
(with respect to ) v : [to, t1] — M with v(tg) = qo and Y(t1) = ¢1.

In order to prove the Tonelli theorem, we first need two preliminary technical
lemmas.

Lemma 1.3.2. Consider a Tonelli Lagrangian £ : [to,t1] x TK — R, where K is
the closure of a bounded open set of R™. For each R > 0 and € > 0 there exists
0 = 0(R,e) > 0 such that, for each t € [to,t1] and (q,v),(¢’,v') € TK ~ K x R™
with |¢ — ¢'| < § and |v| < R, we have

L(t, g W) > Lt q,v) + (0,ZL(t,q,v),v —v) —e.
Proof. Let us fix R > 0 and € > 0 arbitrarily. We define
{1 :=max {X(t,qm) — {0, Z(1,q,v),v) ‘ (t,q,v) € [to,t1] x TK, |v| < R}7
£ i=max {|0,2(t,q,0)] | (t.,v) € [to, ] x TK, [v] < R},

and, for each R’ > 0,

ZL(t,q,v)

k(R') ::min{ o]

’ (t,q,v) € [to, t1] x TK, |v| > R’}.

Notice that these are indeed real constants. In fact, 1 and /2 are maximums of
continuous functions over a compact set, while k(R’) is finite due to the fiberwise
superlinearity (T2) of the Tonelli Lagrangian ., which also implies k(R') — +00

2We recall that the absolutely continuous curves can be characterized as those curves having
integrable weak derivative.
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as R' — +o00. Let us fix R’ > 1 such that k(R') > {1 + {5. For each t € [to,?1] and
(¢,v),(¢',v") € TK ~ K x R™ with |v] < R and |v'| > R, we have

L, g W) > k(R || > b1+ le V| > L(t,q,v) + (0, L(t,q,v),v" —v).

Now, since the fiberwise Hessian of .# is positive-definite (by the Tonelli assump-
tion (T1)), for each ¢ € [to,t1] and (¢,v),(¢',v") € TK ~ K x R™ with |v| < R
and |v'| < R/, we have

f(th7,U,) > g(tvqa 'U) + <8U$(th7 v)? 'U’ - ,U> .

Therefore, if |¢ — ¢’| is sufficiently small (uniformly in ¢, v and v’ as above), we
further have

ZL(t,q' ") = Lt q,v) + (0L (L, q,v), 0" —v) —e. U

We recall that a space % of maps of the form h : [ty,t1] — R™ is called
uniformly integrable when for each € > 0 there exists 6 = §(g) > 0 such that, for
each Borel subset I C [to, 1] with Lebesgue measure piren(l) < 0, we have

/|h(t)| dt <e, Vhew.
I

Lemma 1.3.3. Let I be a Borel subset of a compact interval [to,t1], f: 1 — R™
an L° map, and {g, : [to,t1] — R™|n € IN} a sequence of absolutely continuous
maps such that g, — 0 uniformly as n — oo and the sequence of weak derivatives
{gn |n € N} is uniformly integrable. Then

lim | (f(t),gn(t)) dt = 0. (1.5)

n—oo I
Proof. For each J C [tg,t;] which is a finite union of closed intervals, i.e.,
J=1[ri, " JU---Ulrn,ry],

we have
N

lim ; gn(t)dt = nlirr;o Z [gn(r;) — gn(ri)] =0.

n—oo
=1

Now, for each Borel set I as in the statement, we can always find a sequence
{Jk C [to,t1]| k € N} such that

i piren (Jr) = pres (1) (1.6)

and, for each k € IN, J; is a finite union of closed intervals. Let us consider an
arbitrary € > 0, and let 6 = §(¢) > 0 be the corresponding constant given by the



1.3. Action minimizers 13

uniform integrability of {g, |n € IN}. By (1.6), there exists k = k(§) € IN such
that, for every integer k > k, we have pren(I \ Ji) < 0 and therefore

lim sup /gn(t) dt’ <limsup / gn(t) dt‘ + lim sup / gn(t)dt
n—oo I n—oo Jr n—oo I\Jk
~ ~ -
=0
§limsup/ |gn(t)] dt < e.
n—oo I\Jk

Since € can be taken arbitrarily small, we obtain

lim [ g,(t)dt =0.

n—oo I

This proves equation (1.5) for the special case in which f is a simple function, i.e.,
when f has the form

N
) => xi(t)w, vt eI,

where N € IN, y; is the characteristic function of a Borel subset I; C [tg,?1] and
w; € R™ for each i € {1,...,N}.

In the general case, given an L* function f as in the statement, for each
0 > 0 we can find a simple function f5: I — R™ such that || f5]|r~ < 2| f||z~ and
Ilf — fsllz1 < 6% We introduce the Borel set

Ir={tel||fst)— f(t)] <&}

so that, by our choice f5, we have
1 1
pra\I) = [ vae< [ i) - solde< - Sl <o
N5 0 Jnis 4

Now, let us consider an arbitrary e > 0 and the associated § = d(¢) > 0 given by
the uniform integrability of {g, |n € IN}. If we set o := min{e,d} > 0, we obtain

lim sup

n—oo

< limsup ‘/ fo(t), gn(t dt‘ + lim sup

TLHOO n—0oo

U@'(»a\

(70 = 1o 0 60(0)

< lim sup

n—oo n—oo

x<ﬂw—nmgmmd4+me

/’<ﬂw—nmgmmdt
NI,
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go—nmsup/ \gn(t)|dt+||f—fa||Loolimsup/ 9 (0)] dt
I, n—oo I

n— 00 -

~ ~ -
<e

< o limsup ||gnllpr + 3| fllpe < s(limsup lgnll L +3|f|Loo>.
n—oo n—oo
S ~ -~

()

Notice that, by the uniform integrability of {g, | n € IN}, the quantity (x) is finite,
and since e can be taken arbitrarily small we readily obtain (1.5). g

Proof of Theorem 1.3.1. For each ¢ € R, let % (c) be the set of absolutely contin-
uous curves ( : [to,t1] — M such that ((to) = qo, ((t1) = ¢ and &t (() < c.
All we have to do in order to prove the theorem is to show that % (c) is compact
in the topology of uniform convergence. In fact, once this is established, we can
conclude as follows. First of all, we set

co :=inf{c € R| % (c) # @}. (1.7)

Notice that cg is finite, since the action functional «/%-** is bounded from below
by the real constant

(t1 —to) min{Z(t, q,v) | (t, q,v) € [to,t1] x TM}

over the space of absolutely continuous curves defined on [tg, t1]. Moreover, the
infimum in (1.7) is actually a minimum since % (¢g) is equal to the intersection of
nested nonempty compact sets

Ulco+1) 22U (co+ 3) 2U(co+ 5) 22U (co+ ) 2+

and therefore it is itself nonempty. This implies that any curve « : [to,t1] — M
that belongs to % (¢o) is an action minimizer joining qo and ¢ .

In the remaining of the proof we will establish the compactness of % (¢), for
every ¢ € R. Let us fix ¢ € R such that % (c) is nonempty (otherwise there is
nothing to prove). Without loss of generality, we can assume that

ZL(t,q,v) >0, Y(t,q,v) € [to, t1] x TM.

By the uniform fiberwise superlinearity of . (Remark 1.2.1), for each k > 0 there
exists C = Cr(Z, to,t1) > 0 such that

ZL(t,q,v) > k|v|g — Ck, V(t,q,v) € [to, t1] x TM.

Now, consider an arbitrarily small € > 0 and fix two real constants k and ¢ such
that
ke —c

C
k> 0<d<
€ Cr
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For each ¢ € % (c) and for each Borel subset I C [tg, t1] having Lebesgue measure
pLeb(I) < &, we have

[k [ [zeow.an+aas cric<e @y

In other words, the space %’(c) := {C|¢ € % (c)} is uniformly integrable. This
implies that the space % (c) is absolutely equicontinuous, since if we take the Borel
set I to be a finite union of intervals [ry, 7] U--- U [rn, 7], we have

v N .
> dist(¢(r:), ¢(r})) < Z/ IC()|¢rydt = / IC()]cydt < e.
i=1 i=1"Ti I

By the Arzela-Ascoli theorem, the equicontinuity of % (c¢) implies that each se-
quence {v,|n € N} C % (c) admits a uniformly converging subsequence, and
since we also have absolute equicontinuity all the limit points v are actually abso-
lutely continuous curves. Hence, in order to conclude the proof of the compactness
of % (¢) we only have to show that it is closed in the topology induced by the uni-
form convergence. Namely, for an arbitrary sequence {7, |n € N} C % (c) that
converges uniformly to (an absolutely continuous curve) v we must show that
Ao () < c.

Let us fix a finite atlas i = {(Uqy, ¢o) | =1,...,u} on the closed manifold
M, and consider a subdivision ty = sg < s1 < --- < sy = t7 such that the support
v([si, Six1]) is contained in some coordinate domain U,,, for each ¢ = 0,..., N —1.
This implies that, for each n € IN sufficiently large (say, n > n) and for each
i=0,...,N —1, the support v, ([s;, $i+1]) is contained in U, as well. In order to
conclude the proof, it is enough to show that

szs"’s"“(’y\[shsmﬂ]) < liminfﬂf‘”’s"“('ynh Vi=0,...,N—1, (1.9)

qu,Si+1])’

since this would readily give

N-1 N-1
ftot (’7) — Z of SisSit1 (’7 [5i75i+1]) < Z hnnigf of SioSit1 ('Yn
i=0 i=0
N—-1
< hnnlgf Z CA (7n|[3i78i+1]) = hnniiogf ot (%1) <c
=0

[Sia5i+1])

Hence, let us fix i € {0,..., N — 1}. From now on, we will make the identification
Ua; = ¢a;(Uy;) and all the expressions in local coordinates will be understood
with respect to the coordinate chart ¢n, : Uy, — R™. Let us consider arbitrary
real numbers € > 0 and R > 0, and define

Ir = {t € [si, Sit1) ’ ()] < R}'
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Notice that preb(Ir) — freb([Si, Si+1]) = Si+1 — 8i as R — oo, where pr,cp denotes
the Lebesgue measure. By Lemma 1.3.2, for each integer n > n sufficiently large,
we have

/ [Z(t,7 (), 5(1) + (0L (£, (), (1)), A (t) = 3(t)) — €] dt
In (1.10)

Si41

< [ L), ) At < [ L), 3a(0) dt.

Ir Si

As we have already showed previously (see the paragraph before (1.8)), the se-
quence {¥,|n € IN} is uniformly integrable, which implies that the sequence
{Gm = Disi 1] |n > n} is uniformly integrable as well. Applying Lemma 1.3.3
with I = Ig, f(t) = 0, Z(t,v(t),7(t)) for each t € I, and g, = (v — )

[si,8i41]
for each integer n > 71, we obtain
lim [ (0, Z(t,7(t), (), In (t) — F(t)) dt = 0.
n—oo IR
This, together with (1.10), implies
Si41
f(t, ’Y(t)a V(t)) dt —e NLeb(IR) < lim inf g(ta Tn (t)a 771 (t)) dt.

In n—oo 50
Finally, taking the limits for R — oo and € — 0 in this inequality, we obtain the
estimate (1.9). O

So far we have proved the existence of action minimizers, which is part of
Tonelli’s theory of calculus of variations. An older result, that goes back to Weier-
strass, states that each sufficiently short minimizer is unique, meaning that it is
the only curve joining its endpoints that minimizes the action, and moreover it is
a smooth solution of the Euler-Lagrange system. In modern language, the precise
statement goes as follows.

Theorem 1.3.4 (Weierstrass). Let £ : R x TM — R be a Tonelli Lagrangian.
For each Cy > 0 and Ty > 0 there exists g = 9(Co,To) > 0 such that, for each
interval [to,t1] C R and for all go,q1 € M such that |to] < Ty, 0 < t; —tg < &g
and dist(qo, 1) < Co(t1 — to), there is a unique action minimizer (with respect to
L) Yaouqn © [t0,11] — M with 49 4, (t0) = qo and vg.q, (t1) = 1. Moreover 4, 4, is
a (smooth) solution of the Euler-Lagrange system of £ .

Following Mafié [Mn91], the idea of the proof of this theorem consists in
reducing the setting to the case of a very special class of Lagrangians, for which
the stationary curves are solutions of the Euler-Lagrange system. Then one can
conclude by means of the following statement. For an alternative approach based
on the Hamilton-Jacobi equation we refer the reader to Fathi [Fat08, Section 3.6].
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Lemma 1.3.5. Let N be a (not necessarily compact) smooth manifold without
boundary and % : [to, t1] x TN — R a smooth Lagrangian such that

(i) Zl(t,q,v) > Z(t,q,0) for all (t,q,v) € [to, t1] x TN with v # 0,
(ii) all the stationary curves (i.e., those v : [to,t1] — N such that v(t) = q for
some q € N) are solutions of the Euler-Lagrange system of 4.

Then, for each point ¢ € N, the unique action minimizer +y : [to,t1] — N such that
v(to) = v(t1) = q is the stationary curve at q.

Proof. Assumptions (i) and (ii) imply that, for each ¢ € [to, 1], the function ¢ —
Z(t,q,0) is constant. Indeed, by (i), in any system of local coordinates we have

0%

v (t,q70) =0, V(t,q) S [to,tl] XN, j=1,... ,lel(.ZV)7
and, by (ii), we further have

d 0% 0% 0%
—dt 8’Uj (taQ70) + aq] (tﬂQ70) - aq] (t7q70)7

V(t,q) € [to,tﬂ XN, j= 1,...,dim(N).

0=

Now, let 7 : [to,t1] — N be a stationary curve, i.e., y(t) = ¢ for some ¢ € N, and
let ¢ : [to,t1] — N be any non-stationary absolutely continuous curve such that
C(to) = ((t1) = q. There exists a subset I C [to, t1] of positive measure such that,
for each t € I, the derivative ((t) exists and it is nonzero. This implies that

j@(t C(t)? C(t)) > fo(t, C(t)v O) = g@(t q, 0)7 vt S Ia
and we conclude that

t1

Lot C(8), E(1)) dt = /[ I GOROIEE / Zo(t,C(1), E(1)) dt

to

>/[tmtl]\lfo(t’C(t),é(t))dt+/Ijo(t’%())dt
[to,ta]\I I

:/ zﬁ@mw+/zm%mm
[to,ta]\I I

t1

= Zo(t77(t)a7(t)) de. U

to

Before going to the proof of the Weierstrass theorem, we need a preliminary
remark about the Euler-Lagrange flow ® ¢ of a Tonelli Lagrangian . : R X
TM — R (actually, the same remark holds for any second-order flow on a closed
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manifold). We denote by @ ¢ the projection of the Euler-Lagrange flow onto M,
ie. Qtl o — @} °, where 7 : TM — M is the projection of the tangent bundle
onto its base For any arbitrary Cy > 0, Ty > 0 and dy > 0, we define a compact
set

K()(CO7T0,(50) = {(to,Qo,tl,ql) ERxMxR x M|
lto] < To, 0 <ty —to <o, dist(qo,q1) < Co(tr —to)}-

We denote by w2 : Ko(Co,Tp,00) — M the projection

m2(to, qo, t1,q1) = qo, V(to, qost1,q1) € Ko(Co, To, do),
and we consider the pull-back bundle 73 TM — Ky(Co, To, do)-

Lemma 1.3.6. For any Cy > Cy > 0 and Ty > 0 there exist 6y = 00(Co, C1,To) > 0
and a smooth section wy : Ko(Cy,To,d0) — w3 TM such that

Q'L (o, wo(to, qos t1,q1)) = a1, |wo(to, qo,t1,q1)]q < Ch,
V(to, qo,t1,q1) € Ko(Co,Tp, o).

Proof. First of all, there exists ¢’ > 0 such that, for each (to, t1,40,v0) € R x R X
TM with [to| < To, [t1 — to] < &' and |volg, < C1, QL™ (go,v0) is well defined
and its distance from gq is less than the injectivity radlus of M. This immediately
implies that there is a unique ¢™(gg,v) € Ty, M such that

€XPyq ((t1 - t0)¢™ "™ (qo, v)) = Qfé’to (q0,v0),

and clearly ¢ (go,vo) depends smoothly on (to,t1, qo, vo). Notice that
"% (qo, vo) = vo.

Now, we claim that there exists 6" € (0, ") such that, for each ¢ty € [Ty, To],
t1 € [to — 6", to + "] and qo € M, the map

¢t1’t0 (90, - {U € quM‘ |U|qo < Cl} — Tgo M

is a diffeomorphism onto its image. Indeed, by the implicit function theorem we
obtain that, for some ¢’ € (0, ") and for each to € [—Tp, To], t1 € [to—0",t0+""],
@' (qo, ) is a local diffeomorphism. Let us assume by contradiction that there
exists a sequence {(tn, qn, vn,v},) |n € N} such that ¢, — to and, for each n € N,
v, and v}, are distinct tangent vectors in Ty, M such that |v,|q, < Ci, |v) g, <
C: and ¢t" 0 (gn,vn) = @'t (gn,v),). Since M is compact up to passing to a
subsequence we have that ¢, — qo, v, — vo and v}, — v. By continuity of ¢
we have that vy = ¢'%(gg, v9) = ¢ (qo, v) = v}. Now, consider the sequence

{w — a= Un n e ]N}
n 1= .
|on, _U;z|qn
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Notice that |wy|,, = 1 for each n € IN, so that, up to passing to a subsequence,
wy, — wo € Tgo M with |wole, = 1. However, we have

_ ¢tmt0 (Qna Un) - ¢tn7t0 (Qn7 U;l)

|y, _”an

1
= [ g s+ (1= 8)0l o ds s A 0, )) (o) = wn,
0

0

which gives a contradiction.

Notice that, for each ty € [Ty, Tp] and gy € M, the map ¢ (qg, ) is the
identity on its domain. Therefore, there exists 6y € (0,6”) such that, for each
to € [—To,To] and t1 € [to — do, to + 50], the image of {’U S Tq0M| |’U|q0 < Cl} by
the diffeomorphism ¢ (g, -) contains {v € Ty, M ||v]q, < Co}. Moreover, for
this choice of (to,t1,qo), the map

5" (g0, ) = expy, (= 10)¢" (g0, 7)) : {v € Ty, M| |vlg, < 1} — M

is a diffeomorphism onto its image and, by the definition of the exponential map,
this image contains the Riemannian closed ball

B(qo, Colt1 — to]) = {q € M |dist(q, q0) < Colt1 — tol} -

Then the existence of a smooth section wy as in the statement readily follows. [

Proof of Theorem 1.3.4. Given the constants Cy > 0 and Ty > 0, let us consider
two arbitrary points ¢o,q1 € M and an arbitrary real interval [tg,#1] C R such
that

‘t0| < T, diSt(qO,ql) < Cy (tl — to’)/.

~ o~
=

All we need to do in order to conclude the proof is to show that there is a unique
action minimizer as in the statement provided that ¢ is sufficiently small.

Let us fix an arbitrary real constant g > 1. By compactness, the manifold
M admits a finite atlas U = {(Ua, ¢o)|a=1,...,u} and a finite open cover
U ={Vy|a=1,...,u} such that, for all « € {1,...,u}, we have

Vo C Uy, (1.11)

and moreover, for each ¢,¢' € U, and v € T,M, we have

p " ba(9) — dald)] < dist(q, ¢') < pldale) — dald)l,
/’671 |d¢a(Q)v‘ < |U‘q < p |d¢a(Q)'U| .
Notice that here we have denoted by |-| the standard Euclidean norm in R™ (and

by |-|4 the Riemannian norm in T,M as usual). Without loss of generality, we can
further assume that ¢ (V,,) is a convex subset of R™.
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Let us consider a real C; > Cy. For each € 1,...,u, we introduce the
compact set

Ka = Ka(To,Cl) = {(t,q,v,q’) € R x TVO( X Va ‘ |t‘ < To7 |1}|q < Cl}

Let w4 : K, — V, be the projection given by m4(t, q,v,q") = ¢’ for all (¢,q,v,q’) €
K,. By the Tonelli assumptions (see Proposition 1.2.1), there is a unique smooth
section

Wo : Ko — 1TV, (1.12)

such that, in the local coordinates given by T, = (g, ...,¢™, vk, ..., o™), we

have
0¥ 0%
y t? /) (0% t7 ) ) ! = y t7 ? 3
aué( ¢ wa(t, q,v,q)) avé( q,v) (1.13)

V(t,q,v,q/) GKOM ]:1,7m

Notice that w (¢, q,v,q) = v for each (t,q,v,q) € K, and, since K, is compact,
we obtain a real constant

Cy = max {|wa(t, ¢, v, ¢ )¢ | (t,q,v,¢") € Ko} > Ch.

Let us introduce the compact subset
K =K(Cy) = {(q,v) € TM ||v]g < Ca}.
There exists § = §(C2,Tp) > 0 such that, for all ¢,¢' € R with |[t|] < Tp and
[t' — t| < J, we have a well-defined map <I>f2p’t : K — TM, and moreover
UHg,v) € Ua, V(g,v) € TVa N K. (1.14)

Now, let Leb() denote the Lebesgue number® of the open cover U. By
definition of Lebesgue number, the Riemannian closed ball

Blqo, Leb(®)/2) = {q € M | dist(qo, q) < Leb(T)/2}

is contained in a coordinate open set V,, for some « € {1,...,u}. Therefore, if we
require that ¢ < Leb(0)/(2C)), the points go and ¢; lie in the same open set V,,
for

dist(qo, q1) < Coe < Leb()/2.

Let r : [to,t1] — Vi be the segment from ¢y to g1 given by

t — 1o

it =6 (" oata + ' oa)). el

3We recall that, for every open cover U of a compact metric space, there exists a positive number
Leb(0) > 0, the Lebesgue number of U, such that every subset of the metric space of diameter
less than Leb(%0) is contained in some member of the cover 2.
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The derivative of r is bounded from above by 12Cy, for

balq1) — dalqo)

3

FOle = ‘dqs;l(%(r(t)))
¢o¢ (Q1) - ¢a ((Jo)

g

r(t)
dist q0, 41
< i

<u

< IU,QC().

On the compact set
K' = K'(Ty, Co, ) := {(t,q,v) E R x TM | [t| < To + 1, |v|q < p*Co}

the Lagrangian .Z is bounded from above by some constant b = b(Tp, Co, 1) > 0,
ie., Z(t,q,v) < b for all (t,¢q,v) € K'. Hence, if we require € to be less than or
equal to 1, we have

t1

'ttt (7'> = ,,E,ﬂ(t, ’I“(t), f(t)) dt < b(tl —to) = be.

to

By the uniform fiberwise superlinearity of ¢ (see Remark 1.2.1), there exists a
real constant C' = C(.Z,Tp) > 0 such that

Z(t,q,v) > |v]g — C, Y(t,q,v) € [-To — 1,Tp + 1] x TM.
By (1.11), we get a positive real number

R := _rrllin inf {dist(¢,¢") | ¢ € OV, ¢’ € OUz} > 0.
Now, for each absolutely continuous curve ¢ : [tg,t1] — M such that (o) = qo,
C(t1) = q1 and ((t«) € Uq for some t, € [to,t1], we have

t1

oftosts ) = g(t,g(t),é(t))dt > Z 1 “é(t)lC(t) - C] dt

to

>R—-C(tg—t1)=R—Ce>be>g"™"(r)

provided € < R/(b+C). This implies that, with this choice of ¢, all the action min-
imizers defined on [tg,¢1] and joining go and ¢; have support inside the coordinate
open set U,,.

Now, let us further impose that ¢ is smaller than the constants § = 6(Cs, Tp)
introduced above and dy = §o(Co, C1,Tp) given by Lemma 1.3.6. We introduce the
smooth flow 9% : [tg,t1] x V,, — U, given by

ﬁtio (q) = 19.7t0 (t7 q) = Qf;o (qa Wey (t()v q0, U}O(to, q0, tlv Q1)a q))a
V(t7q) S [to,tl] x V.
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Here, wy : Ko(Co,To,00) — m5TM is the section given by Lemma 1.3.6, while
Wq : Ko — TV, is the section introduced above in (1.12). The fact that ¢t
is a well-defined flow of the form 9% : [tg, 1] x Vo, — U, is guaranteed by (1.14).
We denote by Y the time-dependent vector field that generates this flow, i.e.,

d
Y (t, 9% (q)) := dtﬁtv“’(q), Y(t,q) € [to,t1] X Va.

Notice that all the flow lines of 9% are solutions of the Euler-Lagrange system
of Z. We claim that each portion of any of these flow lines is a unique action
minimizer with respect to the restricted Lagrangian .Z|gxTv,. Assuming that
this claim holds, consider the curve 4 4, : [to,t1] — Ua given by

Yao, a1 (t) = 19t7t0 (QO) = Q;O (q7 Wey (t()a q0, wO(t(h q0, tlv Q1)7 Q))
ZQZ’;O (¢, wo(to, qo.t1,q1)), Vit € [to, 1]

The claim implies that this curve minimizes the action among all the absolutely
continuous curves ¢ : [to,t1] — U with ((t0) = Ygo.q (fo) = qo and ((t1) =
Yago.q1 (t1) = q1. Nevertheless, since all the action minimizers defined on [tg, 1] and
joining the points go and ¢; have support inside U,, we readily obtain that 74, 4,
minimizes the action among all the absolutely continuous curves ¢ : [to,t1] — M
with ((t0) = Yg0,q: (to) = qo and {(t1) = Ygo,: (t1) = @1, which proves the theorem.

In order to conclude the proof, we only need to establish the claim, i.e.,
that each portion of any of the flow lines of 9% is a unique action minimizer
with respect to the restricted Lagrangian £ |g« v, . From now on we will identify
U, with ¢ (Uy), so that all the expressions in local coordinates on TU, will be
implicitly understood with respect to the chart T¢,. We want to prove that there
exists a smooth function G : W — R such that

0uZL(t,q,Y(t,q) = 0,G(t,q), V(t,q) € W,

where W := {(t,9""(q)) |t € [to,t1], ¢ € Va}. This is easily verified as follows.
For each (t,q) € [to, t1] X V, we have

d

. {&JZ (t, 95" (q), Y (t,9"%(q))) o d"* (Q)}

[N

N [o?ta”g (£, 9% (q), Y (8, 0% (Q)))} o dd" (q)

d t,to
g3 (q)] (1.15)

= 0,2 (t,0""°(q), Y (t,9""(q))) © d0""(q)

d dﬁ“%q)]

+ 0,2 (1,947 (), Y (£, 9% (g))) o [

+ 002 (t, 9" (q), Y (97" (q))) 0 [dt

=0, [ZL(t,9""(q), Y (t,9""(q)))] -
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Now, since Y (tg, q) = wq (to, go, wo(to, qo,t1,¢1),q), by equation (1.13) we have

avOg(thq’Y(t(Jaq)) = avg(thQ7wa(thQOawO(t(Jaqutla(h)a(D)
= 8U$(t0aq07w0(t07q03t1aq1))7

which, together with (1.15), gives
8uZ (t,9""(q), Y (£, 9" (q))) o dv"" (q)

= 8,2 (to, 4. Y (to,q)) + 0y [/ Z(5,9%"(q), Y (5,97 (q))) ds}

to

t
= 0sZ (to, o0, wo(to, qo. t1,q1)) + 9y {/ ZL(s,9%"(q), Y (s,9°%(q))) ds]

to

t
= aq <8u$(to,%, wO(t07q07t17 CI1))aQ> +/ g(s’,ﬁ&to (Q)v Y(saﬁ87t0 (Q))) d8:| .
to

=: G(t.q)
Then we can build the function G as
G(t,q) = G(t, (9""°) " (), Y(t,q) € [to,t1] % Va.
We define a smooth Lagrangian .4 : [to, t1] X TV, — R by

ZLo(t,q,v) = L(t,95"(q), dI"" (q)v + Y (£, 9" (q)))
= 9,G(t, 9" (q)) [A9"* (q)v + Y (£, 9" (q))]
- atG(tv ﬁt’to (Q))a
for each (t, q,v) € [to,t1] x TV,. We denote its associated action by efzfd"“’tl, ie., if
Co : [to,t1] — Vi is an absolutely continuous curve, we have

t1

AL () = Zo(t, Co(t), Co(t)) dt.

to

For each curve (y as above there is a corresponding absolutely continuous curve
¢ : [to, t1] — Uy, defined by ((t) := 9% ((o(t)) for all ¢ € [to, t1]. Moreover,

A (Go) = t 1go(t,co(t)7<'0(t))dt
:/tl{g(t’g(t)’é(t))_;tG(taC(t)) & (1.16)

= /"0 (() + G(to, ((to)) — G(t1, (1)),

which readily implies that (y is a unique action minimizer with respect to the
Lagrangian % if and only if ¢ is a unique action minimizer with respect to the
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Lagrangian .Z|rxtuv, . Notice that ¢ is a flow line of ¥ if and only if (y is
a stationary curve. Therefore, in order to prove that the flow lines of 9% are
unique action minimizers, we only have to show that %, fulfills the hypotheses
(i) and (ii) of Lemma 1.3.5. Hypothesis (ii) readily follows from the fact that, by
equation (1.16), o is a solution of the Euler-Lagrange system of % if and only
if y, given by y(t) = 9%%(o(t)) for each ¢ € [to,t1], is a solution of the Euler-
Lagrange system of .Z. Therefore if and only if vq is stationary. As for hypothesis
(i), it follows from the fact that the fiberwise Hessian of .% is positive-definite,
since

6vv$O (ta q, U) [w7 w]
= 0puZ (t, 977 (q), A" (q)v + Y (t, 9" (q))) [d9*" (q)w, dI** (q)w]
>0

for all (¢,q,v) € [to,t1] X TV, and w € T,V,, with w # 0, together with the fact
that

aUXO(tv q, 0)
= 0,2 (t,0""(q), Y (t,9"" (q))) o d™"(q) — 9, G(t, 95" (¢)) o A" (q)
-0

for all (t,q) € [to, t1] X Va. O

Unlike the Weierstrass theorem, the Tonelli theorem (Theorem 1.3.1) does
not imply that the action minimizers, whose existence is guaranteed there, are
smooth solutions of the Euler-Lagrange system of .Z. Indeed, Ball and Mizel
[BM85] provided several examples of Tonelli Lagrangian systems possessing action
minimizers that are not C'. However, this lack of regularity cannot occur if we
deal with Tonelli Lagrangians with global Euler-Lagrange flow.

Theorem 1.3.7 (Regularity of minimizers). Let £ : R x TM — R be a Tonelli
Lagrangian with global Euler-Lagrange flow. Then every action minimizer (with
respect to .£) is a smooth solution of the Euler-Lagrange system of £ .

Proof. Let 7 : [to,t1] — M be an action minimizer with respect to .Z. Since 7 is
absolutely continuous, its derivative 4(t) exists for almost every t € [to, t1]. Namely,
it exists for every t € I, where I is a subset of full Lebesgue measure in [to, t1].
Let us consider an arbitrary s, € I and let us fix a real quantity Co > [¥(x)|+(s.)-
Notice that, for some €7 > 0, we must have

dist(y(s0),7(s1)) < Co(s1 — so), Vsg € [« — €1, 84], S1 € [Sx, S« + 1]

By the Weierstrass theorem (Theorem 1.3.4), there exists g = ¢¢(Cp, t1) > 0 such
that, for each sg € [s. — €1, 8.) and 81 € (84, S« + 1] with |s1 — 59| < &g, there is
a unique action minimizer 7y, 4, : [So, $1] — M such that v, (S0) = qo := Y(s0)
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and 7gy,q, (51) = q1 = 7(s1). But since 7[5, 5,] is an action minimizer, we must
have v[(sy,5:] = Vgo,q:- This proves that I is a full measure open subset of [to, 1]
such that, for each interval J C I, the curve 7| is a solution of the Euler-Lagrange
system of .Z.

Now, let J be a connected component of I C [tg,t1], and let . := sup J.
We assume by contradiction that r. # ¢;. Since the Euler-Lagrange flow of .Z is
global, there exists a solution ¢ : R — M of the Euler-Lagrange system of .Z such
that ¢|; = |y, which implies that

lim [3() |y = 1C(ra)legre < 0.

Fix a real quantity Cy > |C'(r*)\<(,,*) and consider g = €¢(Cl, t1) > 0 given by the
Weierstrass theorem (Theorem 1.3.4). We can choose 7o € (. — % , ) sufficiently
close to r, such that

dist(y(r0), ¥(r«)) < Co(re — 10).

By the continuity of 7, we can further choose ry € (rs,r. 4+ ) sufficiently close
to rs such that

dist(y(ro),v(r1)) < Co(ry — ro).

By the Weierstrass theorem, there exists a unique action minimizer ¢ : [ro, 1] —
M such that ((ro) = v(ro) and ((r1) = 7(r1). But since 7|, ) is an action
minimizer, we must have |, »,] = ¢ and therefore [rq, 1] C J, contradicting the
definition of r,. This proves that sup J = sup I = t;. By the same proof, we have
inf J =inf I = tg. ]

The hypothesis of global flow is always fulfilled when the Tonelli Lagrangian
under consideration is autonomous, as a consequence of the conservation of energy
(i.e., the invariance of the Legendre-dual Hamiltonian along its Hamiltonian flow
lines). In fact, let £ : TM — R be an autonomous Tonelli Lagrangian with
Legendre-dual Hamiltonian 57 : T*M — R. Then

d

47 (@5 (a,p)) = A (2h0(a.0) Xor (D(q,p))

=0

(1.17)

for each (¢, q,p) € Rx T*M such that @%(q,p) is defined. Let I" : (to,t1) — T*M,
for some tg < 0 and ¢t; > 0, be a maximal solution of the Hamilton system of 7
with ¢ := J2(T'(0)). Since S is a Tonelli Hamiltonian, the fiberwise superlinearity
assumption (T2’) implies that J# is coercive, i.e.,

lim 7#(q,p) = oo, Vg e M,

Iplg—o00
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and in particular the hypersurface 5#~1(c) is compact. By (1.17) we have that
A (L(t) = A (D (I(0)) = #/(I(0)) = c, vt € (to, 1),

namely I' lies on the compact hypersurface #~1(c) and since it is a maximal

solution of the Hamilton system we must have (¢g, ¢1) = R. This proves that the

Hamiltonian flow of 5 (and equivalently the Euler-Lagrange flow of %) is global.
More generally, the following statement holds.

Proposition 1.3.8. Let . : R x TM — R be a Tonelli Lagrangian such that, for
some C' > 0 and D > 0, we have

0L

ot (t7Qa ’U) > C (Z(tv% ’U) - aﬂg(th7’U)U) - D7

Y(t,q,v) € R x TM.

(1.18)

Then the Euler-Lagrange flow of £ is global.

Proof. By the properties of Legendre-dual functions (see Proposition 1.2.2), for
each (t,q,p) € R x T*M we have

o 0
o ta0) = o [p(0,7(t0.9) = 2 (t, 0.0, (t.0.9))]
0 07

0
tap%” (t,q,p)

- a’uz(ta Q78p%(ta Q7p)) a
N~ ~ -

=p

0%
- 8t (t>Qa8p%(t7Qap))
and

%(tv Qap) =P (810%(757‘1’29)) - "%(t’ Q78p%(t7 Q7p))
= avg(t7 q76p%(t>q7p)) 8p%(t>Q7p) - g(t>Q7 ap%(t7Q7p))

Hence, the inequality (1.18) is equivalent to

A ap) SCH (gD +D,  Htap) ERXTM (119)

Let us fix (t9, g0, p0) € R x T*M and consider a smooth curve I' : (¢,t"") — T*M,
for some t' < ty and t” > tg, which is a maximal solution of the Hamilton system
of # with initial condition I'(tg) = (o, po). By (1.19), for each ¢ € (¢',¢") we have

i%(ar(t)) - 3f(t7r(t)) + A, T() X e (1, T(1))
_ 8§f(t,r(t)) +L\0(X3g>(t,F(t)\);X%(t7F(t))l

=0
<CH(t,T(t)+ D,
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and therefore, by the Gronwall lemma (see for instance [Ver96, Theorem 1.3]), we
have

D

A0) < (AT + ) ) 00— 0.

Now, let us assume by contradiction that t” < 4+o00. By the coercivity of #, the
curve T[4, 1) lies inside the compact set

K ={(g,p) € T"M | 5 (t, q,p) < ke Vt € [to,1"]},
where

L D Clt"—to| _ D
kg = (jf(to,r(to)) + C) e C € R,

but this contradicts the maximality of ¢. Hence ¢ = +o0o. Analogously, we must
have t' = —o0. O






Chapter 2

The Morse Indices in
Lagrangian Dynamics

In this chapter we introduce the Morse index and nullity for periodic orbits of
Euler-Lagrange systems of Tonelli type, an orbit being regarded as an extremal
point of the action functional. These indices were first introduced by Morse [Mor96]
in the study of closed geodesics. As we will see in the forthcoming chapters, they
play a crucial role in the proof of existence and multiplicity results of periodic
orbits. In Section 2.1 we give the definition of Morse index and nullity of a periodic
orbit, and we prove that they are always finite. In Section 2.2 we outline the
beautiful iteration theory of Bott, which studies the behavior of the Morse indices
as a periodic orbit is iterated. Finally, in Section 2.3 we describe the relation
between the Morse index and the Maslov index from symplectic geometry, which
is an index for periodic orbits of general Hamiltonian systems.

2.1 The Morse index and nullity

Let us consider a closed manifold M of dimension m > 1 with a fixed Riemannian
metric (-, )., and 1-periodic Tonelli Lagrangian . : R/Z x TM — R. We denote
by «7 the associated action defined on the space of 1-periodic curves v : R/Z — M
of class C?, given by

1
() = / LUAWAD) AL Yy € C2(R/Z; M),

The extremal points of this functional are precisely the 1-periodic solutions of the
Euler-Lagrange system of & (cf. Section 1.1). We want to compute the second

M. Mazzucchelli, Critical Point Theory for Lagrangian Systems, Progress in Mathematics 293, 29
DOI 10.1007/978-3-0348-0163-8_2, © Springer Basel AG 2012



30 Chapter 2. The Morse Indices in Lagrangian Dynamics

variation of the functional & at an extremal . Hence, let us consider a smooth
section o of the pull-back bundle v*TM. Notice that ¢ is 1-periodic, being a map
of the form o : R/Z — ~*TM. We can use this section to define a homotopy
Y:(—e,6) x R/Z — M of v as

E(S7t) = eXp’y(t)(s U(t))7 V(S,t) € (_575) X R/Zv
where € > 0 is a sufficiently small real constant and exp is the exponential map

associated to a Riemannian metric on M. The section o can be reobtained by
differentiating the homotopy ¥ in the s direction at s = 0, for

0

9s|._, Y(s,t) = dexpy)(0)(a(t)) = o(t) vVt € R/Z.
If we consider a finite atlas 4 = {¢y : Uy — R™ |a =0,...,u} for M, as in sec-
tion 1.1, we can find a subdivision 0 = rp < 1 < --- < r, = 1 such that

the support y([rg,rk+1]) is contained in some coordinate domain U,,, for each
k=0,...,n—1. We define

d2
‘%’Y(O-) = dSQ JZ{(E(Svt))
s=0
d o~ [T 9% ) 9?3,
“al S o (30 50) S

0. ox %,
4 O @z@magmﬁ oo (s at

6qak

m /T')C+1 |: n
(t,7,9)6%, 64
k= ojh 1 g, Ova j ’
82
o (i iodush, + ) o (Aol | e B
avakaqak bR Ogh 0, Boar

Notice that %, (c) is independent of the particular choice of the homotopy 3, and
for each 7 € R we have B, (ro) = r?%., (o). This shows that £, is a well-defined
quadratic form, and by polarization we can define the symmetric bilinear form

’ ’ { O-+£ (0'_6)} (2.1)
n—1 m Prol 82$ 623
k=0 j,h=1 /Tk [a”&a”& (Do ta + Ovl, O, (87,100, Ea,
82.,2” 823
+ (t, v, 7)05, &r + (7, 4)0l, €8 | dt,

dql, Ovl, dqh, O,
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where o and £ are smooth sections of v*TM. The above expression still makes
sense if we only require that o and & have W2 regularity!, and actually %,
extends to a bounded symmetric bilinear form

By WE2(y*TM) x WH2(y*TM) — R.

Here we have denoted by W2(y*TM) the space of W12 sections of 4*TM. This
is a Hilbert space with inner product

(€ CQhwra = / (6@, CO) 0 + (Vi€ Vi) at. Ve Ce W2y T,

where V; denotes the covariant derivative of the Riemannian manifold (M, (-,-).).

Before studying the properties of %., let us recall some definitions concerning
symmetric bilinear forms over a Hilbert space. Let E be a real separable Hilbert
space with inner product {(-,-)) g and norm || - |g. We denote by Bil(E) the set
of bounded (or, equivalently, continuous) bilinear forms on E, which is a Banach
space with norm

121 Bi(r) = max {B(v, w)|||v]e = |wle =1}, V% € Bil(E).

A bounded symmetric bilinear form % : E x E — R is called Fredholm when the
unique bounded self-adjoint linear operator B on E, given by

B(v,w) = (Bv,w) g, Yo, we E, (2.2)

is Fredholm (see section A.2). We define the Morse index ind(%) as the supremum
of the dimension of the vector subspaces of E on which £ is negative-definite.
Analogously, we define the nullity nul(%) as the dimension of the kernel of the
associated operator B, and the large Morse index ind*(%) as ind(%) + nul(4A).

Lemma 2.1.1. The Morse index [resp. the large Morse index] is lower semi-contin-
uous [resp. upper semi-continuous| over the space of Fredholm symmetric bilinear
forms on E.

Proof. Let 4 be a Fredholm symmetric bilinear form on FE, with associated oper-
ator B as in (2.2). By the spectral theorem, this operator induces an orthogonal
splitting E = E° @ E- @ E*, where EV is the kernel of B, and E~ [resp. ET]
is a subspace of E over which B is negative-definite [resp. positive-definite]. No-
tice that the dimension of E°, E~ and EV is respectively nul(%), ind(#) and
ind(—%).

Since B is a Fredholm operator, 0 € R is an isolated point in the spectrum
of B. In fact, the subspace EY is finite-dimensional, so that the quotient E/E° is
still a Hilbert space, and B induces a bounded self-adjoint linear operator B on
E/E° that is bijective. By the inverse mapping theorem, B is an isomorphism.

ISee Section 3.1 for the background on W12 sections of the pull-back bundle v*TM.



32 Chapter 2. The Morse Indices in Lagrangian Dynamics

Therefore, since the spectrum of B is the disjoint union of the spectrum of B and
{0}, the claim follows. This implies that there exists a constant cg > 0 such that

B(v,v) > cgllv|E, Vv e ET,
B(v,v) < —cp|v||%, Yve E™.
Now, consider an arbitrary Fredholm symmetric bilinear form %’ such that
| B — Bllgik) < c. For each v € E~\ {0} and w € ET \ {0}, we have
B (v,v) < B(v,v) + %' — Bl [vlE < (—cs +ca)llv]E =0,
B (w,w) > B(w,w) — | B~ Bz |wlk > (c5 — cp)llwl|E = 0.
Therefore, %' is still negative-definite on E~ and positive-definite on E+. This im-

plies that ind(#’) > ind(%) and ind(—%#') > ind(—%), which forces ind*(#') <
ind*(4). O

Lemma 2.1.2. Consider a bounded symmetric bilinear form # = &2 + ., where:

o # = (P, )E: ExE — R is a semipositive-definite symmetric bilinear
Fredholm form, i.e., Z(v,v) > 0 for eachv € E,

o ¥ =(K-,WE:FExE— R is acompact symmetric bilinear form, i.e., its
associated self-adjoint operator K is compact.

Then % is a Fredholm bilinear form and its Morse index ind(Z) is finite.

Proof. First of all, notice that the self-adjoint bounded operator B associated to
A is given by P+ K. In particular, B is a compact perturbation of the Fredholm
operator P, and therefore it is Fredholm (see, e.g., [Arv02, Section 3.3]). This
proves that Z is a Fredholm form. Now, consider the orthogonal splittings of E
induced by &, & and %, i.e.,

E=Ey,oELeE,=E,oE,=EY eE,aE,.

Here, Egg, Eog;. and Egg are the kernels of B, P and K respectively, and

+ B(v,v) >0 Yo € ES\ {0},
+ . (v,v) >0 Vv € EL \ {0},
P(v,v) > cp|v||E Vv € EY,

where cp > 0 is a constant determined by the spectrum of the Fredholm operator
P (see the proof of Lemma 2.1.1). We can further express the negative eigenspace
E7, as the orthogonal direct sum

E,=(E,NE%) & (EyNEL),

where the first direct summand E_ N EY, is finite-dimensional (since & is a
Fredholm form). Hence, in order to conclude we only need to show that the second
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summand E_ N E;}, is finite-dimensional as well. This is easily proved as follows.
For each v € (E N E},), we have

0> B(v,v) = P(v,v) + A (v,0) > cp||v]|i + A (v,v),
and therefore
E, ﬂE}; - Efi,_cP ={veE|X(v,v) <—cp HUH%}

Notice that Eé,_cP is the direct sum of the eigenspaces of K corresponding to
the eigenvalues less than or equal to —cp. Since K is a compact operator, each
of these eigenspaces is finite-dimensional. Moreover, by the spectral theorem for
compact self-adjoint operators (see, e.g., [Mac09, Section 4.3]), K admits only
a finite number of distinct eigenvalues less than or equal to —cp. This proves
that E;,*CP is finite-dimensional, which in turn implies that E_ N E} is finite-
dimensional. O

After these preliminaries, let us go back to consider the form %, defined
in (2.1). In order to simplify the notation, we denote its Morse index ind(%,) by
ind(y) and its nullity nul(Z,) by nul(y). In the following chapters, we will also
write them as ind(«7,v) and nul(«,~y) whenever we need to keep track of the
action functional with respect to which v is an extremal.

Remark 2.1.1. In the next chapter we will see that, for a certain subclass of Tonelli
Lagrangians .Z and for a suitable functional setting for the Lagrangian action <7,
the bilinear form %, is the Hessian (in the Gateaux or Fréchet sense, depending
on the properties of .Z) of &/ at «. Hence, in that case, the indices ind(vy) and
nul(vy) are respectively the Morse index and the nullity of the functional <7 at
the critical point v (see Section A.1). By abuse of terminology, for any Tonelli
Lagrangian ., from now on we will always call ind(y) and nul(+) the Morse index
and nullity of ~. ]

Proposition 2.1.3. The symmetric bilinear form 9., is Fredholm and the Morse
index ind(y) = ind(%,) is finite.
Proof. Consider the bounded bilinear forms
€ WY (y*TM) x WH2(y*TM) — R,
o LA(v*'TM) x L*(v*'TM) — R,
H' LAy TM) x WH2(v*TM) — R,
A" WE2(y*TM) x L2(v*TM) — R,
A" LA(y'TM) x L*(v*TM) — R,
given by

n—1 m Th41 2 ) .
o= [ L ) 40 65, (1) éh (1) dt,

h J
k=0 j,h=1"Tk vy, Ovay,
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ﬁ

660 = | G0, xX(D) dt,

n—1 m Thil 2 '
A=Y 3 / P2 .40 &, (1) " (1) dt,

k=0 j,h=1"Tk o, O,

z%/// n—1 m Thk+1 82$ . g .
@O=230 [ g IO O, @
k=0 j,h=1 o OV,
n—1 m Thal (929% -
HC) =33 / P (40) G (0 X, ()
k=0 j,h=1 aqakaqak

for each 0,6 € WH2(y*TM) and (,x € L?(y*TM). By the Rellich-Kondrachov
theorem (see [AF03, page 168]), the embedding W'2(y*TM) — L2(y*TM) is
compact. This implies that 7y, #7, #" and #"", restricted as bilinear forms

W2 (y*TM) x W (y*TM) — R,

are compact (meaning that their associated bounded operator on W12(y*TM) is
compact). The symmetric bilinear form % + J is Fredholm with

ind(¢ + #p) = nul(¥ + %) = 0.

In fact, it is easy to see that ¥ + £ is a positive-definite bounded symmetric bi-
linear form. Therefore its associated operator on W12(y*TM) is an isomorphism,
and in particular it is Fredholm. Notice that the forms %, and #7 + #" + %"
are both symmetric and compact, which implies that %, is a symmetric compact
perturbation of a positive-definite symmetric Fredholm form, for

By = (€ + )+ (A + A"+ 0" - 2%).

Applying the abstract Lemma 2.1.2, with E = W12(y*TM), & = € + #, and
H =K+ A"+ X" — K, we obtain the claim. O

The Morse indices are often used to distinguish among periodic orbits that
have been detected by abstract methods. To this purpose, it is useful to have some
a priori estimates for them, such as the one given by the following statement due
to Abbondandolo and Figalli [AF07, Lemma 2.2].

Proposition 2.1.4. Assume that the Euler-Lagrange flow ® ¢ of £ is global (see
Section 1.1). Then for each a € R there exists j = j(-£,a) € IN such that, for each
1-periodic solution ~y of the Euler-Lagrange system of ¥ with <7 (vy) < a, we have
ind(y) + nul(y) < j

Proof. For each ¢ € CY(R/Z; M), we can define a bilinear form %, as in equation
(2.1). We introduce the smooth infinite-dimensional vector bundle

& — CYR/Z; M)
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such that, for each ¢ € C'(R/Z; M), the fiber 771(({) is the space of Fredholm
symmetric bilinear forms on W2(¢*TM). By the dominated convergence theo-
rem, the map ¢ — Z¢ is a continuous section of this vector bundle. Now, we
claim that the set of 1-periodic orbits with action less than or equal to a are com-
pact in the C' topology. By the upper semi-continuity of the large Morse index
(Lemma 2.1.1), the thesis of the proposition follows. All we need to do in order to
conclude the proof is to establish the claim.

Consider v as in the statement. Since 7(y) < a, there exists t¢ € [0, 1] such
that

Z(to,7(to),¥(to)) < a. (2.3)

By the uniform fiberwise superlinearity of .Z (see Remark 1.2.1) there exists a
real constant C(.Z’) > 0 such that

ZL(t,q,v) > v|q — C(L), Y(t,q,v) € R/Z x TM. (2.4)

Since we are assuming that the Euler-Lagrange flow ® & is global, we can define
a compact subset of TM by

K =K(a)={®(q,v) € TM |t,s € [0,1], (q,v) € TM, |v], <a+C(L)}.

By (2.3) and (2.4), [¥(to)|y(t,) < a+ C(Z) and therefore, for each t € [0, 1], we
have that (v(t),%(t)) = @f’gfo (v(to), ¥(to)) belongs to the compact set K. By the
compactness of K and the arbitrariness of the choice of v, we obtain a uniform
C' bound for the 1-periodic orbits with action less than or equal to a. This im-
mediately implies also a uniform C? bound, since, for each 7 as above, the lifted
orbit (v,7%) is a 1-periodic integral curve of the (smooth and 1-periodic in time)
Fuler-Lagrange vector field X &, i.e.,

d

dt (V(t)fy(t)) = Xﬁf(tﬁ(t)ﬂ(t)% vVt € R/Z

This uniform C? bound, together with the Arzeld-Ascoli theorem, implies that the
set of 1-periodic orbits with action less than or equal to a is compact in the C!
topology. O

2.2 Bott’s iteration theory
Consider again the 1-periodic solution v of the Euler-Lagrange system of .. For
each n € IN, we denote by " : R/nZ — M its nth iteration defined as the

composition of v with the n-fold covering map of the circle R/nZ — R/Z, i.e.,

A (k4 1) = (1), Vk e {0,...,n—1}, te[0,1].



36 Chapter 2. The Morse Indices in Lagrangian Dynamics

Geometrically, v and v/ are the same curve. However, at a formal level they are
different objects, and indeed [ is an extremal point of the Lagrangian action
71" in period n, given by

R R ORI

Here, we consider <" as a functional defined on a space of n-periodic curves
¢ : R/nZ — M with suitable regularity (for instance C?). As we did in the
previous section, we can introduce the bilinear form 2., representing the second
variation of 7" at 4" the Morse index ind(y[")) and the nullity nul(l). In the
1950s, Bott [Bot56] studied the behavior of these indices as the period n varies.
Here, we wish to outline the part of his beautiful iteration theory that is relevant
in Lagrangian dynamics, more specifically to the problem of the multiplicity of
periodic orbits with unprescribed period (see Section 6.5)

For each integer n € N, consider the Hilbert space E" := Wh2((y[")*Tar)
with inner product

(s /0 (6, C)y ) + (Vi Vi) ] dt ¥E,C e B,

n
where V; denotes the covariant derivative of the Riemannian manifold (M, (-, -).).
Let BI" be the self-adjoint bounded operator on E!" associated to the bilinear
form £, ie.,

B (0,€) = (B, &) g, Vo, & € EM.

Notice that, for each 1-periodic section o € EU, the nth iteration of the curve
B¢ is precisely B"ol™ | ie.,

(Blg)l — plrl i), (2.5)

Consider the orthogonal spectral decomposition of E!™ associated to the operator
Bl The Morse index ind(y[™) and the nullity nul(y(™) are equal to the dimension
of the negative eigenspace and of the kernel of Bl respectively. Bott’s idea was
to study the eigenvalue problems associated to BI™ in the complexified setting
E!"l @ C: since B™ is a real self-adjoint operator, its eigenvalues are all real and
the dimension of its eigenspaces in El" is the same as the complex dimension
of its corresponding eigenspaces in E™ ® C. As we will see in a moment, in the
complexified setting, the Fourier decomposition allows to reduce the analysis in
period n to the one in period 1.

Let S C C be the unit circle in the complex plane. For each z € S' we define
the space of complex sections

ElM = {a € WYA(R; TM @ €) | 0(t) € T, (yM ® C, ot +n) = z0(t) Vt € ]R}.
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This is a complex Hilbert space with Hermitian inner product

(& g = 1/0 [<£(t)a<(t)>w(t) +(Vi&, ViQ) | dt, V¢, ¢ € Bl

n

In particular E[ "= gl g C, and the symmetric bilinear form %, . can be

extended as a Hermitian form on E{ ! By the same expression, for each ze St

we can define the Hermitian bilinear form %, ) and the associated operator B [n]
[n]
on E.".

Remark 2.2.1. Notice that E,[zl] is a vector subspace of ngl], hence the restric-

tion of the operator B . Egﬁ] — EBZ] to EE] is precisely Bl . EE] — EE]
(cf. equation (2.5)). O

For each A € R we consider the eigenvalue problem

Bllg = \o,
o E ELH].

We denote by ind., A7) the complex dimension of the vector space of solutions
of this eigenvalue problem, and we set

ind, 7["] Z ind,, 7["]
A<0

nul, (7)) := ind, ().

As for the standard Morse index, for each z € S* and A € R, the indices ind, (™)
are finite. Moreover, for each z € S*, the set of those A < 0 for which ind, ) (yI") #
0 is finite (in order to verify this, the reader can simply check that the proof of

Proposition 2.1.3 goes through in the complexified setting E,[z"]) Notice that the
standard Morse index and nullity are a particular case of these indices, as
ind(y") = ind, ("),
nul(y™) = nul; (1),
The advantage of working with these more general indices is that the function

z + ind, () completely determines the indices ind,, A(y[”]) in any period n. The
precise relation is described in the following statement.

Lemma 2.2.1. For eachn € IN, z € St and \ < 0 we have

ind, \(y") = z indy, A (7).

we Yz
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Proof. Every section o € EL"] admits a unique Fourier expansion

where each o, belongs to the vector space Eq[,}] and can be computed as
1 n—1
ou(t)= z; w7 o(t + ), Vvt € R.
j:

Now, as we already pointed out in Remark 2.2.1, EL} Vs a vector subspace of ELn]

and

B"o= %" Blg, = 3 Blg,.

we ¥z we Yz

Since Bl" o belongs to ELH] and each B! g, belongs to Eq[ﬂl], the above expression
gives the unique Fourier expansion of B[ . From this, we conclude that o satisfies
Bltlg = \o is and only if each o, satisfies Bllg, = Aoy, and the lemma follows.

|

Thanks to this lemma, we can now restrict ourselves to study the indices
indz,,\(v["]) for n = 1. To start with, let us investigate the properties of nul,(vy) =
ind, o(7y). Following Bott’s terminology, we call z € S* a Poincaré point of v when

nul, () # 0.

Lemma 2.2.2. The curve y has only finitely many Poincaré points, and we have

where m = dim(M).

Proof. By the definition of B[/ and after an integration by parts in (2.1), we infer
that a curve o € E,[ll] is contained in the kernel of the operator B! if and only if
it satisfies the linear second-order differential system that can by written in local
coordinates as

S [0 (1) 86) + (0) = by ) + g 0) 5°) + (s (®) - s (0) 7" )] =0,
h=1
7=1...,m,
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where
0*y .
Qpj (t) = vl ovi (ta ’Y(t)7 V(t))v
[ .
bhj (t) = thé)qj (ta V(t)v PY(t))a
[

Chj (t) - thaqj (t7 V(t)a V(t))

Since £ is a Tonelli Lagrangian, by condition (T1) in Section 1.2 the m x m
matrix a(t) = [ap;(t)] is invertible. Hence we can put the above differential system
in normal form as

m

i)=Y —alt); {(bhk(t) — ben(t) + ann(t)) 6™ (t) + (b (t) — cnr(t)) Uh(t)}a

k=1

j=1...,m,

Now, consider a curve o : R — TM with o(t) € T, M for each t € R, and
assume that o is a solution of this system. Then o(t) depends linearly on the
initial conditions (o(0),d(0)). Notice that the initial conditions belong to a vector
space that we can identify with T, )M & T, ) M. Therefore the vector space of
solutions of the above system has dimension at most 2m = dim(T. ) M ST ) M).
This proves the lemma.

Now, let us discuss the properties of the index ind. (7).

Lemma 2.2.3. Let zy,...,2. € S' be the Poincaré points of v. Then the function
z +— ind, (v) is locally constant on S*\ {z1,..., 2.} and lower semi-continuous on
the whole of S*. Moreover, the jump of this function at any Poincaré point z; is
bounded in absolute value by nul_,(7), i.e.,

ind;,(y) < lim ind.(y) <ind;, (y) + nul;, (7).

zZ—Z
J

Proof. For each z € S', the real self-adjoint linear operator B! : EB] — EE] is
Fredholm (this can be proved by the same argument as in Proposition 2.1.3). We
denote by o, its spectrum. By continuity, for each interval (a, 8] C R such that «
and 3 do not belong to o, there is a neighborhood of z in S* such that, for each
2" in this neighborhood, o and 3 do not belong to ¢, and moreover

Z ind, A(y) = Z ind.s (7).

AE(a,B8) A€ (a,B)

Assume that z € S! is not a Poincaré point of v, namely 0 does not belong to
o.. By the above continuity property, 0 does not belong to o, for each 2’ in a
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sufficiently small neighborhood of z, and therefore

ind,(vy) = Z ind, x(v) = Z ind, A (y) = ind (7).

A<0 A<0

Now, assume that z € S! is a Poincaré point of 5. Since B : EE] — EE] is a
Fredholm operator, 0 is an isolated point in the spectrum o (see the second para-
graph in the proof of Lemma 2.1.1). Therefore, we can fix a sufficiently small £ > 0
such that [—e,e]No, = {0}. By applying once more the above continuity property,
—e and € do not belong to o, for each 2z’ in a sufficiently small neighborhood of
z, and we have

ind.(y) = Y indoa(y)+ > indwa(y)

A< —¢ AE(—¢,0)

= inda(y)+ Y indua(y)

A<—¢ AE(—€,0)

=ind.(y) + Y inda(9).

AE(—¢,0)

This proves that ind,(y) < ind, (7). Finally

ind.(v) = ind:(y) + Z ind. x(7)
AE(—€,0)

<ind.(y)+ Y ind.a(y)
AE(—e,e)

=ind.(y) + Z ind, A (7)
AE(—¢,e)
= ind, () 4+ nul.(y). O

Now, we introduce the index ind(vy) defined by

1 2m
ind(y) = o /0 ind v () do.

We call ind(y) the mean Morse index of ~, as it is obtained by averaging the
indices ind,(y) on S'. Notice that, by Lemma 2.2.3, ind(v) is always finite (it is
a non-negative real number). We conclude the section by showing that the Morse
index of 4™ grows linearly in the period n, and the asymptotic slope is exactly
given by the mean Morse index. For a stronger result we refer the reader to Liu
and Long [LL98, LL0O0] (see also [Lon02, page 213]).

Proposition 2.2.4. For each periodic solution ~y of the Euler-Lagrange system of a
Tonelli Lagrangian £ : R/Z x TM — R, the following claims hold.
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(i) The nullity of ¥} is uniformly bounded by 2m = 2dim(M), i.e.,
nul('y["]) < 2m.
(ii) We have ind(y) = 0 if and only if ind(y[")) = 0 for every n € IN.
(iii) The Morse index of [} verifies the inequality
n ind(y") — 2m < ind(y!") < n ind(y"™) + 2m — nul(y").

In particular the mean Morse index ind(7y) can be computed as

ind(y) = lim 1ind(v["}).

n—oo N

Proof. Point (i) follows from Lemma 2.2.2 together with Lemma 2.2.1. By the
definition of mean Morse index, ind(y) = 0 if and only if the function z — ind, (v)
is zero almost everywhere. By Lemma 2.2.3, this function is locally constant outside
the Poincaré points and lower semi-continuous on the whole S*. Hence ind(7y) = 0
if and only if ind.(y) = 0 for every z € S!. This, together with Lemma 2.2.1,
proves point (ii). As for point (iii), let us denote by z1,...,2. € S the Poincaré
points of 7. By Lemma 2.2.1, the Poincaré points of the nth iteration [ are
precisely 27, ..., 2". By Lemma 2.2.3, for each w,z € S* we have

indy (v") + nuly, (v7") < ind. (y") + " nul (y1). (2.6)
j=1
By Lemmas 2.2.1 and 2.2.2 we have

Z nul.» (yInl) = Z nul, (y) < 2m,
j=1 j=1

and, together with (2.6), we obtain
ind,, (v + nul, (") <ind. (v[") 4 2m. (2.7)
Notice that, by Lemma 2.2.2, the mean nullity of v and of ") is zero, i.e.,

1 2w 1 2 (]
27T/o nulgis () d9 = 271_/0 nulgis (™) d¥ = 0,

whereas, by Lemma 2.2.1,

1

:277

2m
ind(y") : /0 ind,is (71™) d9 = n ind(v).

Now, by setting z = 1 and integrating w on S! in (2.7), we get
n ind(y) < ind(y™) + 2m.
By setting w = 1 and integrating z on S in (2.7), we get
ind(y™) + nul(y) < n ind(v) + 2m. O
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2.3 A symplectic excursion: the Maslov index

In this section we wish to provide a symplectic interpretation of the Morse index
for Tonelli Lagrangian systems: the Morse index of a periodic orbit coincides with
the Maslov index of the associated periodic orbit of the Legendre-dual Hamiltonian
system (see section 1.1). The Maslov index can actually be defined for periodic
orbits of more general Hamiltonian systems, and indeed it can be regarded as a
generalization of the Morse index.

We begin by recalling some background from linear symplectic geometry (we
refer the reader to [MS98, Chapter 2] for more details). The standard symplectic
structure on R?™ is given by the skew-symmetric bilinear form wg : R*™ AR?™ —
R defined by

wo(v,w) = (Jov,w), Yo, w € R*™.

Here, (-,-) denotes the Euclidean inner product of R?™, and Jo denotes the stan-
dard complex structure on R?>™ given in matrix form by

0 —I
w=| ¢ 3]

The symplectic group Sp(2m) is defined as the subgroup of GL(2m) given by the
matrices A such that A*w = w, or equivalently

Sp(2m) = {A S GL(Qm) |ATJ0A = Jo} ,

where AT denotes the transpose of A. We denote by Sp”(2m) the subset of Sp(2m)
consisting of matrices having 1 as an eigenvalue, and by Sp*(2m) the complemen-
tary subspace of Sp(2m), i.e.,

Sp’(2m) = {A € Sp(2m)| det(A —1) = 0},
Sp*(2m) = Sp(2m) \ Sp° (2m).

The space Sp°(2m) is a singular hypersurface of Sp(2m) that separates Sp*(2m)
in two connected components Sp™*(2m) and Sp~(2m) given by

SpE(2m) = {A € Sp(2m) | £ det(A — ) > 0}.
Every symplectic matrix A admits a unique polar decomposition
A= (AAT)2 (AAT)71/24,
N o~ I~ ~ -

P Q

where P € Sp(2m) is symmetric and positive-definite, while @ € Sp(2m)NO(2m).
The map 7(A) = (AAT)~Y/2 A is a retraction

r: Sp(2m) — Sp(2m) N O(2m)
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coming from the deformation retraction r; : Sp(2m) — Sp(2m) given by
ri(A) = (AAT)71/2 A, (2.8)

In particular r is a homotopy equivalence. Now, if we consider GL(m, C) to be a
subgroup of GL(2m) via the embedding

VX +iY € GL(m, C),

X+in—>{X _Y},

Y X

then Sp(2m) N O(2m) is identified with the unitary group U(m). We denote by
dete(M) : Sp(2m) N O(2m) — St C C the complex determinant function, that is

X -Y .
dete <{ v X }) = det(X +14Y).
We define the rotation function as the composition
p:=detgor:Sp(2m) — S*.

From our discussion above and the properties of the unitary group, it readily
follows that this map induces an isomorphism 7 (p) between the fundamental
groups of Sp(2m) and S*.

Let & be the space of continuous paths ¥ : [0,1] — Sp(2m) such that
U(0) = I. This space is the disjoint union of the subspaces #* and 2 given by
those ¥ such that ¥(1) € Sp*(2m) and ¥(1) € Sp°(2m) respectively. We fix the
2m x 2m diagonal symplectic matrices

W' = diag(2,1/2,-1,—1,...,—1),
W' := -1 =diag(—1,—1,...,—1).
Notice that
p(W') = (=)™t = —p(W"), (2.9)

and therefore W' and W belong to different connected components of Sp*(2m).
Now, consider a path ¥ € £* and fix arbitrarily an auxiliary continuous path
W : [1,2] — Sp*(2m) such that ¥(1) = ¥(1) and ¥(2) € {W', W”}. We denote by
Vel : [0,2] — Sp(2m) the concatenation of the paths ¥ and U, ie.,

(U o W)(t) = { ¥ (), te [0,1]j

W) = : (2.10)
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where 9 : [0,2] — R is a continuous function such that po (¥ e W)(t) = (), It
turns out that this index is well defined (i.e., it does not depend on the choice of the
auxiliary path ¥) and, due to (2.9), it is an integer. This notion of Maslov index is
due to Conley and Zehnder [CZ84] (indeed, some authors refer to it as the Conley-
Zehnder index), and it is related to other notions of Maslov index previously
defined by Gel’'fand and Lidskii [GL58] and Maslov [Mas72]. The original definition
of Conley and Zehnder, although equivalent, is different from the one given in
(2.10), which is due to Long and Zehnder [LZ90].

The main properties of the Maslov index are summarized in the following
statement. We refer the reader to [SZ92, Section 3] for a proof.

Proposition 2.3.1. The Maslov index satisfies the following properties:

(Naturality) For each ¥ € 22* and A € Sp(2m) we have 1(¥) = 1(A~1WA).

(Homotopy) For any two paths ¥, ¥’ € &* which are homotopic with fixed end-
points we have (V) = (V). O

Notice that the homotopy property stated above can be rephrased in the
following way. Let Sp(2m) be the universal cover of the symplectic linear group.
Here, we regard an element of gﬁ(?m) covering A € Sp(2m) as a homotopy class
(with fixed endpoints) of paths ¥ : [0,1] — Sp(2m) with ¥(0) =T and ¥(1) = A.
Then the Maslov index descends to a locally-constant integer-valued function on
the space of those [¥] € Sp(2m) with ¥(1) € Sp*(2m). This function does not
admit a continuous extension to the whole §f>(2m). Following Long [Lon90], we
define its extension as the maximal lower semi-continuous one?. More precisely,
for each path ¥ € 2° we define the Maslov index +(¥) as

() := liminf ,(¥'), (2.11)
vep”
where ¥/ — ¥ denotes pointwise convergence.
For paths ¥ € 29 (which might be regarded as “degenerate” paths), it is
useful to consider another index v(¥) that is equal to the multiplicity of 1 as an
eigenvalue of ¥(1), i.e.,

v(¥) := dimker(¥(1) —1).

The homotopy invariance property of the Maslov index in the general case is
described by the following statement, which is due to Long. We refer the reader
to [Lon90] or [Lon02, page 145] for a proof.

Proposition 2.3.2. Let ¥ : [0,1] x [0,1] — Sp(2m) be a continuous map such
that ¥(s,-) € & and v(¥(s,-)) = v(¥(0,-)) for each s € [0,1]. Then ¢(¥(s,-)) =
«(¥(0,-)) for each s € [0,1]. O
20ther extensions of the Maslov index on §f)(2m) have been considered in the literature. For

instance, in [RS93a], Robbin and Salamon consider the average between the maximal lower
semi-continuous extension and the minimal upper semi-continuous extension.
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Now, we wish to show how to associate a Maslov index to periodic orbits of
Hamiltonian systems. This can be done in very general Hamiltonian systems (for
instance for contractible periodic orbits of Hamiltonian systems on any symplectic
manifold (W,w) such that the first Chern class ¢;(TW) vanishes over ma (W),
see, e.g., [Sal99]). Here, we restrict to the case of Tonelli Hamiltonian systems on
cotangent bundles, and we follow Abbondandolo and Schwarz [AS06, Section 1.2].
Let us fix a 1-periodic Tonelli Hamiltonian 52 : R/ZxT*M — R that is Legendre-
dual to a Tonelli Lagrangian .Z : R/Z x TM — R, and consider a 1-periodic orbit
I': R/Z — T*M of the Hamiltonian flow of J#. This orbit corresponds to the
1-periodic solution v = 7* oI : R/Z — M of the Euler-Lagrange system of %,
where 7" : T*M — M is the projection onto the base of the cotangent bundle.
For simplicity, let us restrict to the case in which the pull-back bundle v*TM is
trivial. This assumption is always verified if the orbit v is contractible, or if the
manifold M is orientable (in fact, in this latter case, v*TM is an oriented vector
bundle over the circle and therefore it must be trivial). For the general case, we
refer the reader to Weber [Web02].

The Hamiltonian flow of 77 defines symplectic transformations of T*M. In
fact, assume that there exists an open set (to,t1) x U C R x T*M such that
@3; | is a well-defined diffeomorphism onto its image for each ¢,¢' € (to,¢1). This
diffeomorphism is symplectic, meaning

(5w =w.

In fact, (@g}t/)*w = (idy)*w = w, and by the Cartan formula

d ! * ! *
@5 = @) (AX o) + Xoro d) = 0.
=d =0

This implies that the differential d@%(F(O)) is a symplectic linear map. Therefore,
once we fix a trivialization of IT*TT* M, it defines a path in the symplectic group
Sp(2m) and in particular it has a Maslov index ¢(I"). However, in order to produce
an index for periodic orbits we have to make sure that ¢(I") does not depend on
the chosen trivialization, at least if we pick it in a certain family of trivializations
which are intrinsically associated to the symplectic manifold T* M.

We denote by TV'T*M the vertical subbundle of TT*M, i.e., TV'T*M =
ker(T7*). It is straightforward to verify that this vector bundle is isomorphic to
the pull-back of TM by the map 7*. Therefore, the pull-back bundle I'*TVe*T* M
is trivial, being

TV T*M ~T*(7*)*TM = ~*TM.
Consider an almost complex structure J on T*M that is compatible with the
canonical symplectic structure w of T*M. This means precisely that w(-,J-) is a
Riemannian metric on T* M. With respect to this metric, we can fix an orthogonal

trivialization ~
¢:R/Z xR —T*TV'T* M,
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and then we can extend (5 to a trivialization
¢:R/Z x R*™ = T*TT*M,
as
o(t,) = (=Jo gt )odo) @ o(t,1),  VtER/Z,

where Jo is the standard complex structure on R?™ introduced previously. By
construction, the trivialization ¢ sends the vertical Lagrangian subspace

V™ := {0} x R™ c R*™
diffeomorphically onto the vertical subbundle I'*TVe"T* M, i.e.,

bR zxvm : RJZ x V™ =TTV T* M. (2.12)
Let e1,...,€m, f1,--., fm be the standard symplectic basis of R?>™, which means
that ey, ..., e, is an orthonormal basis of R™ x {0} and f1,..., f,, is an orthonor-

mal basis of V™ = {0} x R™ with f; = Joe; for each j € {1,...,m}. For each
t € R/Z, if we set

fi= ot f;) = (. f;),
&= ¢(tej) = —Jod(t,") o Joe; = —J fj,

it is straightforward to verify that €q,..., €y, fi,..., fm is a symplectic basis of
the tangent space T ;) T* M, which means

w(éj’ éh) = w(fj7 fh) =0,
- o7y )1 j=h,
w(e])fh)_{ 0 ‘]%h
This shows that the trivialization ¢ is symplectic, in the sense that

o(t, ) w = wo, vVt € R/Z. (2.13)

Therefore, the differential of the Hamiltonian flow along I' defines a continuous
path T'y, : [0,1] — Sp(2m) by

Ty(t) := ¢(t, ) o d®(1(0)) 0 ¢(0,-), vt € [0,1].

Notice that I'y(0) = I, hence I'y € &?. We wish to define the Maslov index of T
as the Maslov index of this path. Before doing it, however, we need to verify that
this index does not depend on the specific choice of the trivialization ¢.

We denote by Sp(2m, V™) the subgroup of Sp(2m) consisting of those ma-
trices that preserve the vertical Lagrangian subspace V™ C R?™, i.e.,

Sp(2m, V™) = {A € Sp(2m) | AV™ = V™}

A0
{[A; AgHAlTAg_I, AlTAQ_A;rAl}.
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Lemma 2.3.3. Consider the inclusion j : Sp(2m, V™) — Sp(2m). Then the in-
duced fundamental group homomorphism w1 (j) : 1 (Sp(2m, V™)) — 71(Sp(2m))
is the zero homomorphism.

Proof. The deformation retraction of equation (2.8) restricts to a deformation
retraction of Sp(2m, V™) onto

Sp(2m, V™) N U(m) = H v } ‘Re O(m)}.

Therefore, we know that in the following diagram of inclusions

J

Sp(2m, V™) ¢ > Sp(2m)
A A
Sp2m, VM) NnUm) < " = U(m)

the vertical arrows are homotopy equivalences, and in order to conclude we just
need to show that i induces the zero homomorphism between fundamental groups.
The complex determinant det¢ induces a fundamental group isomorphism

m1(dete) : w1 (U(m)) — 71 (S?) ~ Z.
Consider an arbitrary [J] € m1(Sp(2m, V™) N U(m)), i.e.,
¥ : (R/Z,0) — (Sp(2m, V™) N U(m),I).

Since detg o ¥ = 1, we have w1 (detg) o w1 (h)[9] = [detg o ¥] = 0, and we conclude
st (h) [’lﬂ =0. O

Lemma 2.3.4. The Maslov index «(I'y) is independent of the trivialization ¢, pro-
vided ¢ satisfies (2.12) and (2.13).

Proof. Let ¢ : R/Z x R*™ = T*TT*M be another symplectic trivialization that
satisfies (2.12). Consider the loop ¥ : R/Z — Sp(2m, V™) defined by

9(t) = ¢(t,) " o (t, ), vVt € R/Z.

Notice that

Ly(t) = 9(t) " o Ty(t) 0 9(0), vt € R/Z.
By Lemma 2.3.3 there exists a homotopy © : [0,1] X R/Z — Sp(2m) such that
©(0,) = 9, O(s,0) = 9(0) for each s € [0,1], and O(1,-) = ¥(0). Hence we can
build a homotopy € : [0,1] x [0,1] — Sp(2m) as

Q(s,t) = O(s,t) "t o T'y(t) 0 9(0), Y(s,t) € [0,1] x [0,1],
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such that Q(0,-) =Ty, Q(1,-) = 9(0)"Lo Ty 09(0), Q(s,0) = I',(0) and (s, 1) =
I'y(1) for each s € [0, 1]. Since the homotopy €2 fixes the endpoints of the homo-
toped path, we have that v(Q(s,-)) = v(I'y) for each s € [0,1]. Hence, by the
homotopy invariance of the Maslov index (Proposition 2.3.2) we conclude

1(Ty) = 1(Qs, -)), Vs € [0,1],
and in particular
UTy) = ¢ (9(0) " o'y 09(0)) .
Finally, by the naturality property of the Maslov index, we conclude
UTy) = ¢ (9(0) " oLy 09(0)) = o(I'y). O

By the above lemma, we can define the Maslov index of the periodic orbit
I' as the integer «(T") := ¢(I'y), where ¢ is any trivialization satisfying (2.12) and
(2.13). Similarly we define v(I') := v(I'y), that is, the multiplicity of 1 as an
eigenvalue of the endomorphism d(b};}g(F(O)) of TryT*M. The indices ¢(I') and
v(I") turn out to be equal to the Morse index ind(7y) and the nullity nul(v), where
v := 7% o[ is the Euler-Lagrange 1-periodic orbit corresponding to I'. This is an
important result first established by Duistermaat [Dui76] in the non-degenerate
case nul(y) = 0, and by Viterbo [Vit90] in full generality. Alternative proofs were
also given by Long and An [LA98] and Abbondandolo [Abb03]. We refer the reader
to these papers or to [Lon02, Section 7.3] for a proof.

Theorem 2.3.5 (Maslov-Morse indices theorem). Let .7 : R/Z x T*M — R and
Z : R/Z x TM — R be Legendre-dual Tonelli Hamiltonians and Lagrangians,
and T' : R/Z — T*M a Hamiltonian periodic orbit corresponding to the Euler-
Lagrange periodic orbit vy. Assume further that v*TM is a trivial bundle. Then
the Maslov and Morse indices of these orbits are the same, i.e.,

y(T) = ind (),
v(T) = nul(y). O

An extensive study of the Maslov index has been carried out, starting in the
1990s, by Long and his collaborators, who in particular generalized Bott’s iteration
theory to the Maslov case and provided many applications to the existence of
periodic orbits in Hamiltonian systems more general than the Tonelli ones. We
refer the reader to Long’s monograph [Lon02] for a detailed account of these
developments.



Chapter 3

Functional Setting for the
Lagrangian Action

In order to apply the machinery of critical point theory to study the periodic
solutions of Tonelli Lagrangian systems on a closed manifold M, one needs to
find a nice functional setting for the Lagrangian action: a suitable free loop space
on M with a manifold structure, over which the action is regular, say at least
C', and such that its sublevels satisfy some sort of compactness, such as the
Palais-Smale condition. For the special case in which the Lagrangian is a squared
Riemannian norm (the “geodesic” case) a suitable free loop space is known to be
the Hilbert manifold W?(R/Z; M). For general Tonelli Lagrangians, a functional
setting such that the action functional fulfills the above requirements is not known.
However, W12(R/Z; M) is still a good choice for the subclass of Lagrangians that
are fiberwise convex with fiberwise quadratic-growth: the fact that a Lagrangian
grows at most quadratically guarantees that the action functional is regular, and
the fact that the Lagrangian grows at least quadratically implies the Palais-Smale
condition.

In Section 3.1 we recall how to associate Hilbert manifold structures to W12
path spaces. In Section 3.2 we discuss a few topological properties of the free loop
space that will be needed in the forthcoming chapters. In Section 3.3 we introduce
the class of convex quadratic-growth Lagrangians. In Section 3.4, we discuss the
regularity of the action functional associated to Lagrangians that are fiberwise
subquadratic. In Section 3.5 we study the critical points of the action functional
associated to convex quadratic-growth Lagrangians. In particular, we prove that,
in the W12 setting, the critical points of the action are always smooth solutions of
the Euler-Lagrange system, and we verify that the Palais-Smale condition holds.
Finally, in Section 3.6, we define the mean action functional in any integer period.

M. Mazzucchelli, Critical Point Theory for Lagrangian Systems, Progress in Mathematics 293, 49
DOI 10.1007/978-3-0348-0163-8_3, © Springer Basel AG 2012
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3.1 Hilbert manifold structures for path spaces

Let M be a smooth closed manifold of dimension m > 1. A free path space of
M is, loosely speaking, a set of maps from a compact interval, say I := [0, 1],
to the manifold M. It may be the set of all the continuous maps C°(I; M), as
is common in topology, or the smaller set of all the smooth maps C*°(I; M), as
is often considered in differential geometry. Each of these spaces is endowed with
the corresponding topology, i.e., the one induced by the uniform convergence for
C°(I; M) and the one induced by the uniform convergence of all the derivatives for
C°°(I; M). In nonlinear analysis it is rather useful to consider an intermediate free
path space, such as W2(I; M), that has the structure of an infinite-dimensional
Hilbert manifold.

Following Klingenberg [K1i78, Chapter 1], let us give a precise definition of
W12(I; M). By the Whitney embedding theorem (see [Lee03, Theorem 10.11]),
there exists a proper smooth embedding M «— R?™*! and we define

WYL M) = {y € WE(I;R2™1) | (1) € M},

where W12(I; R?™+1) is the Sobolev space of absolutely continuous maps v : I —
R2™*! whose (weak) derivative is square-integrable. On W12(I; M) we consider
the subspace topology induced by W12(I; R?™*1). Now, let us provide M with a
Riemannian metric (-, ), for instance the pull-back of the flat metric on R?™+!
via the embedding M — R?>™*! with corresponding norm |-|. For each v €
W1L2(I; M), we denote by W12(y*TM) the space of W2 sections of the pull-
back bundle v*TM — I, namely the space of absolutely continuous sections & of
v*TM — I that are weakly differentiable and such that

1
[l + 19ie ]t < .

Here, V; denotes the covariant derivative induced by the Levi-Civita connection of
the Riemannian manifold (M, (-,-) ). It turns out that W2(y*TM) is a separable
Hilbert space, with inner product given by

(€. = /0 (60, ¢y + (Vi ViQ)y | At VEC € Wy TM),

For each € > 0 we define
U, := {U e TM ’ |’U|T(U) < 5}7

where 7 : TM — M denotes the projection of the tangent bundle onto the base.
Let us fix v € C°(I; M) and denote by Wh2(y*U.) the subset of W12(y*TM)
consisting of those sections that take values in U.. Notice that, by the Sobolev
embedding theorem (see [AF03, page 85]), W2(y*U.) is actually an open subset
of WH2(y*TM). If ¢ is strictly less than the injectivity radius of M, then the
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exponential map exp, : U. N Ty;M — M is a diffeomorphism onto its image and
therefore can be used to define an injective map

exp., : Wh3(y*U.) — Wh3(I; M)

by
exp,, (§)(t) = exp, ) (£(1)), VEe WHA(y*UL), tel.

We denote by %, ¢ W'2(I; M) the image of the map exp,. It is easy to see that
U, is an open set in W2(I; M), so that exp,, is a homeomorphism onto it.

Now, notice that each v € W12(I; M) can be approximated by smooth maps
in the topology of the uniform convergence. In fact, consider the Whitney embed-
ding M — R?™*! as before and a tubular neighborhood N C R?"*! of M with
associated retraction r : N — M. Since C°°(I; R*™ ") is dense in C°(I; R*™*1),
there exists a sequence {v,} C C°(I; R?*™*!) that converges uniformly to . Up
to ignoring a finite number of elements of this sequence, we can assume that each
v has support inside N. Hence, the sequence {r o~} C C°(I; M) converges
uniformly to v as well.

This density argument implies that the family {2 |y € C*(I; M)} is an
open cover of the path space W12(I; M). Moreover, for each 1,7, € C(I; M)
such that %, N %,, # 2, it turns out that the composition

—1 . —1 —1
eXp"/l © eXp’Yz |exp;21(%wl NUyy) -~ exp"/g (gZ/’Yl N %72) - expwl (%’71 N 02/’72)

is a diffeomorphism between open subsets of the Hilbert spaces W12 (y3TM) and
W12(y3TM). Hence we can endow W12(I; M) with a Hilbert manifold structure
given by the atlas

{(%W,expv_l) |y e C®(I; M)} .

The tangent space of W12(I; M) at a point v is given by
T, W (I M) = W2 (4 TM),

and ((-,-). is a Hilbert-Riemannian metric on W12(I; M). By means of this metric,
the free path space W12(I; M) turns out to be a complete Hilbert-Riemannian
manifold (see the definition in Section A.3).

Now, following Abbondandolo and Schwarz [AS09], for each smooth closed
submanifold V' C M x M, we consider the subspace Wég(]l; M) of WH2(I; M)
given by the paths whose pair of endpoints lies in V| i.e.,

Wy M) = {y € WH2(I; M) | (v(0),~(1)) € V'}.

This space turns out to be a smooth submanifold of W12(I; M). In fact, if we
consider the smooth submersion 7 : W12(I; M) — M x M given by w(y) =
(7(0),7(1)) for each v € WH2(I; M), then W *(I; M) is precisely given by the
preimage of V' by m, i.e.,

WA (I M) = =L (V).
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Let us consider an arbitrary v € W‘l/’Q(]I; M), and set
Vi=Th0aa0)V:

The tangent space of W‘l,’Q(]I; M) at 7 consists of the W12 sections of v*TM — T
whose pair of endpoints lies in the vector space V, i.e.,

T, Wy (I, M) = Wy (" TM) = {¢ € W (y*TM) | (£(0),£(1)) € V}.

This tangent space is clearly a Hilbert subspace of the tangent space of W2(I; M)
at . Therefore, the path space W‘l/’2(]I; M), together with the metric (-, -)). inher-
ited from W12(I; M), is a complete Hilbert-Riemannian manifold.

If V is a connected 0-dimensional smooth manifold, i.e., V' = {(qo,q1)} for
some qo,q1 € M, then W‘l,’Q(]I; M) = Wk2 (I; M) is precisely the set of W2

40,91
paths joining go and g;. With this choice of V' we have

V' =T0),apV = {0}
and therefore

Ty WA, (LR™) = Wo (" TM) = {€ € WH2(5"TM) | £(0) = £(1) = 0}

40,91

If we rather take V to be the diagonal, i.e., V = {(q,q)|q € M}, then
W‘l/’z(]l; M) becomes the free loop space of M, namely the space W12(T; M)
of W2 maps from the circle T = R/Z to M. In this case, we have that

V =Ty 0)5anV = {(v,0) |[v € Ty0) M}

Hence, the tangent space of W?(T; M) at v consists of the W12 sections of the
pull-back bundle v*TM — I that are 1-periodic, i.e.,

T, WH(T; M) = {§ € WH(y"TM) [£(0) = £(1)} -
Equivalently, the tangent space of W12(T; M) at « consists in the W2 sections
of the pull-back bundle v*TM — T.

Remark 3.1.1. In order to compute expressions in local coordinates, it is often
convenient to work with other charts of the free path space W12(I; M) that are
compatible with the ones in the atlas {(%.Y,expgl) |y € C>(I; M)} introduced
above. These charts are obtained as follows. Let us fix a smooth v : T — M. Since
the interval T is contractible, the pull-back bundle v*TM — I admits a smooth
trivialization

¢y Y TM T x R™. (3.1)
This trivialization induces an isomorphism of Hilbert spaces

W1,2(¢’y) . W1’2('Y*TM) i} Wl,Q(H; Rm)
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given by
WH2()()(t) = m2 0 65 (¢, (1)), vE e WHA(y'TM), t e,

where 75 : IXR™ — R™ is the projection onto the R™ factor of Ix R™. Therefore,
we can provide W12(I; M) with a compatible atlas {(%,,®.) |y € C=(I; M)},
whose charts are given by

., = Wh3(¢,) oexp ' : %, — WHAH(IR™). (3.2)

This atlas restricts to compatible atlases for the submanifolds qud?m (I; M) and
W12(T; M). In fact, for each smooth v : I — M such that y(ty) = ¢o and
Y(t1) = qu, the chart @, defined in (3.2) restricts to a chart for W% (I; M) of
the form

O, %, NWE? (I, M) — Wy (I; R™),

490,91

where
Wo(LR™) = {¢ € WML R™) [ ¢(0) = ¢(1) = 0}

As for WH2(T; M), for each smooth v : I — M with v(0) = (1) consider the
trivialization ¢~ as in (3.1) and define the m-dimensional vector subspace V C
R™ x R™ by

V = {(m2 0 $4(0,v),m2 0 ¢ (1,v)) |v € ToyoyM = Ty M} . (3.3)
The chart ®. defined in (3.2) restricts to a chart for W2(T; M) of the form
O, U, NWE(T; M) — W (I R™),
where
WP (R™) = {¢ € WHA(IR™) | (C(0),¢(1) € V1.

Notice that, whenever the bundle v*TM — T is trivial (e.g., when the manifold M
is orientable or if the loop + is contractible), we can choose ¢~ to be a trivialization
of the form

¢y V" TM =T x R™,

so that the vector space V is simply the diagonal vector subspace of R™ x R™
and therefore Wy ?(I; R™) = W12(T; R™). O

Now, let us consider a nonzero positive integer n € IN and denote by T
the n-periodic circle R/nZ. The n-periodic free loop space leQ(T["];M) is dif-
feomorphic to the 1-periodic one W12(T; M) simply by the map v + 7, where
3(t) = y(nt) for each t € I. On WH2(T!"; M) we can put the rescaled Hilbert-
Riemannian metric given by

€ C0= [ (€00 + (6,700
Yy € WH2(T; M), €,¢ e WH2(y*TM).
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We define the nth iteration map ¢[™ : W2(T; M) — W12(TI"; M) by
) =4 vy e WA M),

where, as in Section 2.2, 4[" denotes the composition of v with the n-fold cov-
ering map of the circle Tl — T. We can easily show that the iteration map
[ is smooth. In fact, if we consider two correspondent charts (U, exps 1) and

(%,Y[n],exp;[i]) of WH2(T; M) and WH2(T™; M), the composition

exp;[i] o™ o exp., 1 Uy — Uyin)

is simply the analogous iteration map between the Hilbert spaces W12(y*TM)
and W12(y"*T M ). This latter map, in turn, is bounded linear and in particular it
is smooth. Hence 4™ is smooth as well. For each v € WL2(T; M), the differential
of the iteration map at +,

Ayl (y) : WH2(y"TM) — W2 (4T M),
is the iteration map between the above Hilbert spaces, i.e.,
e =, Ve e WAy TM),
By our choice of the Hilbert-Riemannian metrics on the loop spaces, we have
(€ )y = (€, €M1, vE € WH(y"TM).

This shows that " is an isometry, and we can consider WH2(T; M) as a sub-
manifold of W12(T"); M) with the pulled-back Hilbert-Riemannian metric.

3.2 Topological properties of the free loop space

In terms of homotopy type, the free loop spaces C>(T; M), W12(T; M) and
C°(T; M) are indistinguishable. The fact that the inclusion map

Wh2(T; M) € C°(T; M),

which is continuous by the Sobolev embedding theorem, is a homotopy equivalence
follows from an abstract theorem of Palais [Pal66, page 5] about dense inclusions
of infinite-dimensional vector spaces (see also [KIi78, page 15]). Here, we give a
proof that the continuous inclusion

C>®(T; M) ¢ WH(T; M)

is also a homotopy equivalence, by means of a simple convolution argument.

Proposition 3.2.1. The continuous inclusion C*°(T; M) C W2(T; M) is a homo-
topy equivalence.
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Proof. We will prove the statement by building a continuous homotopy
I I x WH(T; M) — WH(T; M)

such that _#(0,-) is the identity on W?(T; M), and _#(1,-) is a map of the
form #(1,-) : WH3(T; M) — C°°(T; M) that is continuous with respect to the
topologies of W12(T; M) and C>(T; M).

First of all, we define a smooth function k£ : R — R by

k() = Cexp(tgl_l), if |¢] <1,
i 11 > 1,

)

where C' > 0 is a constant such that

/]Rk(t)dtzl.

For each € > 0 we define a smooth function k. : R — R by k.(t) = e tk(te™1).
Notice that

/ k() dt =1,  Ve>0,
R

and k. tends to the Dirac delta as ¢ — 0, in the sense of distributions. The func-
tions in the family {kc|e > 0} can be used as convolution kernels to regularize
W12 maps (in the convolution literature, this family is sometimes called approx-
imate identity, see for instance [Rud73, page 157]). We define

K (0,00) x WEH(T; R2™H) — C°°(T; R*™ 1) (3.4)
as . (g,() = k. * ¢ for each € > 0 and ¢ € WH2(T; R?™*1), i.e.,
H(e,0)(1) :/ E-(t —s)((s)ds vt e R.
R

Notice that " is in fact a map of the form (3.4) (since the convolution of periodic
maps is still periodic) and it is a continuous map. Moreover £ can be continuously
extended to a continuous map

L%/ . [0’ OO) % WI’Q(T; ]R,2m+1) — Wl,Q(T; R2m+1)

by setting # (0, () = ¢ for each ¢ € W12(T; R?™+1).

Recall that, by the Whitney embedding theorem, we may assume that M is a
closed submanifold of R?™*!. Consider an open tubular neighborhood N C R?m+1!
of M, and a corresponding retractionr : N — M. This retraction induces a smooth
map

Wh2(r) : WH(T; N) — WH(T; M)
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given by W12(r)(¢) = r o, for each ¢ € WH2(T; N). Moreover, W12 (r) restricts
to a smooth map
C®(r): C*°(T; N) — C*(T; M).

Notice that W12(T; N) and C°°(T; N) are open subsets of W12(T; R?*™*!) and
C°°(T; R?™+1) respectively.

Now, for each v € C°°(T; M) we choose a real ¢, > 0 and an open neighbor-
hood #., C W12(T; M) of ~ such that 2 ([0,e,] x #,) C WL2(T; N). The family
0 = {#, |y € C>®(T; M)} is an open cover of W'2(T; M), and since this latter
is a Hilbert manifold (in particular, it is paracompact) there exists a partition of
unity {p, |y € C°°(T; M)} subordinated to the open cover 20. We define a smooth
function e : W12(T; M) — (0,00) by

e(() = Z €xp~(C)-

yeC>(T;M)

Notice that 2 (¢(¢),¢) € C°°(T; N) for each ¢ € WH2(T; M). A homotopy _# as
claimed at the beginning can be built by setting

S (5,0) = WH(r) 0 (s£(0), Q) - .

From now on, let us assume that the closed manifold M is connected (for
non-connected manifolds, all the forthcoming arguments can be applied separately
to each connected component). There is a well-known relationship between the
connected components of the free loop space and the fundamental group of the
underlying manifold M. We are going to recall it with the next proposition. For
each continuous loop v : T — M such that v(0) = ¢, is a fixed basepoint on the
configuration space M, we denote by C',) the conjugacy class of the element of
w1 (M) = 71 (M, g.) represented by 7, i.e.,

Clyy = {BIMIBI™" € m(M) | [8] € m (M)}

Proposition 3.2.2. The connected components of the free loop spaces C*(T; M),
W12(T; M) and C°(T; M) are in one-to-one correspondence with the conjugacy
classes of w1 (M). Under this correspondence, the connected component associated
to any conjugacy class C},) C m(M) is given by those loops that are homotopic
to 7.

Proof. First of all, notice that there is a one-to-one correspondence among the
connected components of C°°(T; M), W12(T; M) and C°(T; M), as these spaces
are homotopically equivalent. Moreover, since these spaces are all locally path-
connected, their connected components are actually path-connected components.
Therefore we just need to prove the statement for the path-connected components
of C°(T; M).

Let us fix an arbitrary basepoint g, on the manifold M. Notice that any loop
v € C°T; M) is homotopic to a loop 7. € C°(T; M) such that 7.(0) = g.. In
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o I'(s)

qx qs

(a) (b)

Figure 3.1. (a) Example of path 8 joining the basepoint g« with the starting point of the loop ~.
(b) Loop I'(s) of the corresponding homotopy.

fact, let 3 : I — M be a continuous path joining the basepoint ¢, with v(0), i.e.,
B(0) = g. and B(1) = v(0). We define a homotopy I' : I — C°(T; M) by

B(s+3t), tefo0,5°],
D)) = 7( 5 (0= 15%) te [5°%50], (3.5)
B(s+3—3t), te [*55,1].

This homotopy begins at a loop 7, := I'(0) with the desired properties, and ends
at I'(1) = v (see Figure 3.1).

Therefore, for any loop 7, its path-connected component in C°(T; M) con-
tains a loop 7. as above that represents an element of the fundamental group
m1 (M) = 71 (M, q.). In order to conclude the proof, all we have to show is that
any given loops 7o, v1 € C(T; M) with 79(0) = 71(0) = ¢« are homotopic if and
only if they represent conjugated elements of 1 (M), that is, if and only if there
exists [3] € m1(M) such that [yo] = [B][11][8] 7! € m(M).

If [y0] = [B][v][B]7" in 71 (M), then the loops 7o and v; are homotopic
(by a homotopy analogous to the one in (3.5)). Conversely, assume that we have a
continuous path I' : T — CY(T; M) joining v and 71, i.e., ['(0) = vo and T'(1) = 7.
We define a loop 8 € C°(T; M) by (t) := I'(t)(0) for each t € T, and a homotopy
H:1xT— M by

B(3L), telo.5],
H(s,t):=q D(s)(3%), te[51-3], (3.6)
B(3—3t), te[l—3,1].

Notice that the homotopy H preserves the basepoint, namely H(s,0) = g. for
each s € I (see Figure 3.2). Therefore, in m (M), we have that

ol = [H(0,)] = [H(1, )] = [B]m] (B8]~ U
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vy

(a) (b)

Figure 3.2. (a) An example of a path T' : T — C°(T; M) joining two loops 7o and 1 with
g+ = 70(0) = ~1(0). (b) The corresponding homotopy H defined by equation (3.6).

Concerning the richness of the homotopy and homology of the free loop
space, a first easy remark is that the connected component of contractible loops
on M inherits all the homology and homotopy of the manifold M. This is in fact
a particular case of the following general property. Let Top be the category of
topological spaces and continuous maps, C an arbitrary category and F : Top —
C a functor. We denote by W2, (T; M) the connected component, of W2(T; M)
given by the contractible loops, and by ¢ : M — Wcl(;itr (T; M) the map that sends

a point to the constant loop at that point, i.e., (q)(t) = ¢ for each ¢ € M and
teT.

Proposition 3.2.3. The induced morphism F(:) : F(M) — F(WL2 (T; M)) is a
monomorphism (in the sense of category theory).

Proof. Let ev: W12(T; M) — M be the evaluation map defined by
ev(y) =~(0),  VyeWA(T;M).
This map is continuous (and even smooth), since it is the restriction of the bounded

linear map ev : WH2(T; R?™+!) — R?™T! defined analogously. We obtain the
following commutative diagram of continuous maps.

Wogzer(T; M)

id
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The endomorphism F(idys) : F(M) — F(M) is the identity on F(M), and in
particular it is an isomorphism in the sense of category theory. By functoriality,
we have F(idy;) = F(ev) o F(¢), and therefore F(¢) is a monomorphism in the
sense of category theory. O

Notice that, in the category Grp of groups and homomorphisms, the notions
of monomorphism and isomorphism are the usual ones. Therefore, by choosing
F to be the homotopy functor 7, and the singular homology functor H, (with
arbitrary coefficient group), we obtain the following.

Corollary 3.2.4. The homotopy homomorphism 7,(t) and homology homomor-
phism H, (1) are injective. 0

An important result due to Vigué-Poirrier and Sullivan implies that the free
loop space of M has nontrivial homology with real coefficients in infinitely many
degrees, provided the closed manifold M is simply connected. We refer the reader
to [VPST76] for a proof of this (and actually of a stronger) result.

Theorem 3.2.5. Let H, be the homology functor with real coefficients. If M is a
simply connected closed manifold of positive dimension, then Hy(W%2(T; M)) is
nontrivial for infinitely many d € IN. O

3.3 Convex quadratic-growth Lagrangians

Let M be a closed manifold of dimension m > 1, over which we fix a Riemannian
metric (-, ). and a finite atlas (so that every expression in local coordinates will be
implicitly understood with respect to some chart of this atlas). We will consider
smooth Lagrangian functions . : I x TM — R that satisfy the following two
conditions:

(Q1) there is a positive constant £y such that

0y P 2
vt Ovi (t7 q, U) w'w! > Ly |w|q )
i,j=1
for all (t,¢,v) € Ix TM and all w € T,M,;
(Q2) there is a positive constant ¢; such that

[
ovt Qvl
02y
Oqt Ovi
[
oq* dq’
for all (¢,q,v) €I x TM and i,j=1,...,m.

(t,q,’l)) S Ela
(ta(LU) S 81(1 + |’U|q)7

(tv Q7U) S 61(1 + |’U|§)’
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If we integrate the inequalities in (Q2) along the fibers of TM we obtain, for some
positive constants £3,£4 > 0,

0L

‘ 9y (t,q,v)| < l3(1+|vlq), (3.7)

0Z

O 00| < a1+ ), 55)
Lt < Gl + o), 3.9)

for all (¢,q,v) € Ix TM and i = 1,...,m. Analogously, integrating the inequality
in (Q1) along the fibers of TM we get, for some positive constants £5, £g > 0,

t,q,’l)) 2 £5(|U|q - 1)a

8vi(
g(talbv) > £6(|U|3 - 1)a

‘83

for all (¢,q,v) € Ix TM and ¢ = 1,...,m. Notice that the Euler-Lagrange system
is unchanged if we add a constant to the Lagrangian .Z. Therefore, by adding fg
to .Z and setting ¢ := lg and £ := {4 + {4, we infer

€|v|§ < Z(t,q,v) §€(|U|§—|—1)7 Y(t,q,v) € I x TM. (3.10)

From these bounds we readily obtain that .Z is a Tonelli Lagrangian. In the
following, we will informally refer to the class of smooth Lagrangian functions that
satisfy (Q1) and (Q2) as to the class of convex quadratic-growth Lagrangians.

Apparently, conditions (Q1) and (Q2) depend on the choice of the Rieman-
nian metric and of the finite atlas on M. However, this is not the case, as stated
by the following.

Proposition 3.3.1. Up to changing the constants £y and {1, conditions (Q1) and
(Q2) are independent of the choice of the Riemannian metric and of the finite atlas
on M.

Proof. Let 4 = {¢o : Uy — R™|a = 0,...,u} be the previously fixed atlas on
M, and consider another finite atlas ' = {¢g : Uy — R™|B = 0,...,u'}. As
in section 1.1, we denote by T4 = {T¢, : TU, — R™ x R™|a = 0,...,u} and
TU = {T¢p : TU; — R™ x R™|B = 0,...,u’} the associated atlases on the
tangent bundle of M. We denote the components of the introduced charts by

¢a:(q(1w”.7q;n)7 d’ﬁ:(QEav(JZLL

Too = (qL,...,q™ vk, ..., v™), Tog = (qé,...,qg,vé,...7v?).

Notice that, whenever the domains of two charts ¢, € Y and ¢g € U’ intersect,
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on the intersection we have

_i i 04, v, aq,
= 2. i g
= 8q vy Ogy

: _i °q, vl S Py
o, 2="%9¢) agk ¢ aqh — — P aq aqh ogk’
ah = O0ay0qf Y% o 999493943

Vi, j,h € {1,...,m}.

By the compactness of M, there exists a constant ¢ > 0 such that, for each
¢ € Y and ¢g € Y with U, ﬂU,é # & and for each ¢q € U, ﬂUé, v € TyM and
i,j7 €{1,...,m}, we have

8 % 82 7
@) <c ) jf’;k<q>| <e,
ds 45 043
ot 0!
(g, v)| < clvlg, - (g v)] < elulg
|3qé ' Oq5 g ’
This, together with (Q2), implies that
02Z A oqh  OgF
L (tq,v)| = t,q,v) . ¢ @ < l*mP.
a%a%( q )| 2 oul avg( q )aqzﬁ (a) o) (@) <t
By (3.7) and (3.8), we have
R 0 N4 g
t,q, = ; t,q, o
odt, 007 J( q,v) od, (hz_:l avg( q,v) aqg(Q)
X% 0%qh
= Z (taqa ) S (Q)
h i
h_1<av°‘ g g
[ P gk oql
- (oo :0) 505 ) 0% )
2\ agk oot gy " og)
0’ ok ogh
+ o 00 0% @) 0% ) )
vk ovh dq5 " g},
<> (ég L+ [olg)e+ > (G (1 +[o]g)e? +€102|v|q)>
h=1 k=1

< (mlze+2m2 ) (1 4+ |vl,y).
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Moreover
aj;";é<t7q,v>| o0, @ (Zﬁw >§Z§;<q> o 8.0 >Zzg<q>>>|

= (5 0 s @ g 00
3 (oo 1) o 0 a0
ooy 0% oyt ) s
* ont oo 697 o >Zqﬁ< )
* out oot 690 o @ ij >))‘

< i(fg(l + [v]2)e + L3(1 + |v]g)clv]q

h=1

) (@) + (L + [v]g)e?|vlg
k=1

+ (1 + |v|g)P|v]g + €1621}3))
< (3mlzc+ 6m20yc*) (1 + |v|g)

These estimates prove that condition (Q2) still holds with respect to the atlas I,
up to replacing the constant ¢1 with (3mfsc + 6m?¢1¢?). Condition (Q1) holds
with respect to the atlas {’, even without changing the constant £y. In fact, for
each (t,q,v) € R x TM and w € T¢M, we have

m 2 2
3 PL i =

vt v, ds? Lt g, v+ sw)

s=0

m
a?z .
= Z (t, 9, v) wjw,

i,j=1

which implies that condition (Q1) is coordinate independent. Finally, the fact that
conditions (Q1) and (Q2) still hold with respect to a different Riemannian metric
follows from the compactness of M, together with the fact that all the Riemannian
metrics on it are locally equivalent. Namely, if (-, -)). is another Riemannian metric
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on M with correspondent norm || - ||., there exists a constant d > 1 such that
d~olg < [lvllq < dlolg, V(q,v) € TM. O

Classical examples of convex quadratic-growth Lagrangians are given by func-
tions .Z : I x TM — R of the form

‘i’p(tq’ U) = Oé(t, q)[U,U] + ﬁ(ta Q)U - V(t7Q)a

where « is a time-dependent symmetric and positive-definite (0, 2)-tensor field on
M, (B is a time-dependent one-form on M and V : I x M — R is a function.
In physics, Lagrangians of this form are called electro-magnetic: « is the kinetic
tensor of the system, 3 is the magnetic form and V is the potential energy.

3.4 Regularity of the action functional

Let £ : 1 x TM — R be a smooth Lagrangian with associated action functional

() = / L(AW)AW) AL, Yy e WHT M),

We require . to satisfy (Q2), and in particular, by (3.9), to have subquadratic-
growth on each fiber of TM. This implies that every W12 curve has finite action.
Namely, </ is a well-defined functional of the form < : WY3(I; M) — R. Its
regularity is described by the following statement, essentially due to Benci [Ben86],
and by Proposition 3.4.3, which is due to Abbondandolo and Schwarz [AS09].

Proposition 3.4.1. Let ¥ : I x TM — R be a smooth Lagrangian satisfying
(Q2). Then its action functional o/ : W2(I; M) — R is C', and the differential
deo/ : TWH2(I; M) — R is Gateaux-differentiable and locally Lipschitz-continu-
ous.

Remark 3.4.1 (Localization). In order to do analysis with the Lagrangian action
functional locally at a curve v € C°(I; M), it is often worthwhile to employ the
chart @, : %, — WH2(I; R™) introduced in Remark 3.1.1. More precisely, let U
be a sufficiently small open neighborhood of the origin in R™, so that the closed
set Wh2(I;U) ¢ WH2(I; R™) is contained in the image of the chart ®., and let
¢~ be the trivialization (3.1) that enters the definition of ®,. We write

IL, := o wremy) : WHA(ILU) — %,

and we define a smooth embedding 7., : I x U x R™ — I x TM in the following
way: for each (t,q,v) € Ix U x R™ we set

7T"/(t7 Q7 U) = <t7 qlv U/)7
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where
q = exp, 09y (tq),
V' = d(expy 0671 (0)(0,0) + 5 (exps) 0 65 (1,0).
Notice that, if £ satisfies (Q1) [resp. (Q2)], then the pull-back Lagrangian
ZLom,:IxUxR™ =R

satisfies (Q1) [resp. (Q2)] as well, up to changing the constant £ [resp. £1]. More-
over, the pulled-back functional

o oll, : WH(ILU) —» R

turns out to be the action functional associated to the Lagrangian . o 7., i.e.,

o oTL,(() = / Lom (bt CB)d, Ve WHRILD).

This localization procedure can be also employed when we consider the action
functional 7 restricted to either W12 (I; M) (for any g, q1 € M) or WH2(T; M).

q0,91
In fact, in the first case, for each smooth v : T — M with v(0) = ¢o and y(1) = ¢,
we localize &/ : W% (I; M) — R by considering the restriction of &/ o IL, to the
open set

Wy (L U) == WYL U) n Wy (I R™).

In the second case, for each smooth v : T — M with v(0) = ~(1), we localize
o : WH2(T; M) — R by considering the restriction of &7 o IL, to the open set

W (LU) == WHWHILU) 0 W (I R™),

where the vector space V.C R™ x R™ is defined in (3.3). Moreover, if the pull-
back bundle v*TM — T is trivial, with a suitable trivialization the vector space
V turns out to be the diagonal in R™ x R™, and therefore

W A(LU) = WH2(T; U). 0

The proof of Proposition 3.4.1 makes use of the following elementary fact
about convergences in metric spaces.

Lemma 3.4.2. In a metric space, a sequence {x;} converges to = as j — oo if
and only if every subsequence {;} has a further subsequence {;n))} that
converges to x as h — oco.

Proof. The “only if” part is trivial. For the other implication, assume that {x;}
does not converge to x as j — oco. This means that there exists € > 0 such that,
for each k € IN, there exists j(k) > k such that dist(z;4), ) > €. Hence the
subsequence {z;(x)} has no subsequence converging to z. (]
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Proof of Proposition 3.4.1. Since the statement is of a local nature, by adopting
the localization argument of Remark 3.4.1 we can assume that our Lagrangian
has the form . : I x U x R™ — R, where U is a bounded open subset of R™,
so that the action functional 7 is defined on the open subset W12(I; U) of the
Sobolev space W12(I; R™). On this latter space we can consider either the usual
norm || - [y1.2 or the equivalent norm || - [y1.2 given by

Iz = (€O + 1€122) "2, vE € WA R™).

It will be useful for the reader to keep in mind the following inequalities:

€Ny < [1€lle < 1€l < 1EO)] + 1€l < V2(IEO)7 + [1E17:) ™ < V20€llwr.z,
Ve e WHAHIR™).

1/2

Consider ( € WH2(I;U) and ¢ € WH2(I;R™). For each ¢ € R with suffi-
ciently small absolute value we have that ¢ + ¢ belongs to W2(I; U). Then

A (¢ +e€) — A (C)

3
1,1

— [ [@uttt.¢ 4 se.C b 526).6) + (02006 + 526, ), )] dtas,
0J0

where we denoted by 9, and 0,.Z the gradients of . with respect to the ¢ and v
variables respectively. By (3.7) and (3.8) we can apply the dominated convergence
theorem to assert that, for ¢ — 0, the above quantity tends to

i @+ — Q)

e—0 £

de ()€

- [ [ozeco.o+ 02.00.0] 0

The functional d<7(¢) : WH2(I; R™) — R is the Gateaux-differential of the action
4/ at ¢, being a bounded linear functional on W12(I; R™). Now, we want to prove
that the map do/ : WH2(I; U) — WL2(I; R™)* is continuous, namely we want
to prove that, for an arbitrary sequence {(;} C W2, U) converging to some
¢ € WLA(I; U), we have

Jim sup {de/ (G € = A/ (Q) € | lellwz =1} = 0.

First of all, for each (,\ € W12(I; U) and £ € WH2(I; R™), we have the estimate
(de? (¢) — A’ (N)) €] < 105L(-,¢, ) = 0L (5 A M| €]l e
+ 002 ¢,€) = 0L (A V) L2 ]I€]l 2
< (\/2“8q$(7<.’<) - 6(12(', /\7).\)||L1
+ 1002 (¢, {) = 0L A Nl z2) IEllw 2

(3.11)
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Let us assume that the sequence {¢;} € W2(I; U) converges to ¢ in W2, This
implies that {¢;} converges to ¢ uniformly and {CJ} converges to ¢ in L2. In partic-
ular there exists a function f € L?(I; R) such that |(;| < f almost everywhere for
all j. The L? convergence implies that, for every subsequence {éj(k)}, there exists

a further subsequence {éj(k(h))} converging to ¢ almost everywhere. Therefore, by
(3.7) and (3.8), we can apply the dominated convergence theorem as before to get

aqg('vgj(k(h))v(jj(k(h)))h_> 9,2 (-.¢,¢) in LY R™),

— 00

0 (- itk Gikny) = O Z (€, Q) im L*(LR™).

These convergences, together with the estimate in (3.11), imply that the subse-
quence {de/ (Cj(k(ny))} converges to de/(¢) in WH2(I; R™)* as h — oo. By Lem-
ma 3.4.2 we conclude that the whole sequence {d<7((;)} converges to de/(¢) in
WLE2(I; R™)* as j — oo. By the total differential theorem, the functional & is C*
with Fréchet differential d.o7.

Now, consider ¢ € WL2(I; U), &, 0 € WH2(I; R™) and € € R with sufficiently
small absolute value so that ¢ 4+ o belongs to W12(I; U). We have

de/((+e0)§ —da(() €

€
1,1
= [ [ 022 te.c o+ seoé o senréo) + 02,20, + seo.d 4 sete o)
0Jo
+ <3§U$(t, ¢+ se0,C + s20)E,0) + (ang(t, ¢ + se0,C + se6)€, o) | dt ds.

By (Q2), we can apply the dominated convergence theorem to assert that the
above quantity converges, as ¢ — 0, to

Hesse/ (¢)[o, ] := lim de/ (( +e0)§ —d ()€

e—0 3

1
-/ [<83v$<t,<,é>é,d> (02,2 (¢, )
(02,2, ¢, O o) + (2,2 (1, C. )0 |t

Since Hess«Z (¢) : WH2(I; R™) x W12(I; R™) — R is a bounded symmetric bilinear
form on W12(I; R™), the bounded linear map

27 (¢) : WAL R™) — WHA(I; R™)*
given by
(d*4/(¢)o)¢ := Hess/ (¢)[o, €], vé, 0 € WHAIR™),
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is the Gateaux-differential of do7 at ¢. By (Q2), we obtain the estimate

(@ (Q)o)e] < all€llzzl6llzz + La (€]l o161 2r + lICl 2 €]l 16 22)
+ (€l llol oo + NIC 2 €]l 2l o)
+ ([l < lloll e + 1€ ool o 11172
=h ((2v2+3)+ 4|||C|||w1 2 + 2|l 2) I€lw 2l w2
w(dllyr.2)

Notice that the function w : [0,00) — [0,00) is continuous and monotone in-
creasing. For each R > 0 and, for each {,\ € W13(I; U) with [|(|ly12 < R and
IMlw2 < R, we have

4o (3) — A (Ol sy = m / a1 - e

(W1,2)=

1 d%zf((l — )¢+ rA) (A =) dr

(W1.2)
/ (11 = P)¢ + rAlwea) A = Clse dr

< w(max{||¢flwrz; [Alwz}) |A = Cllwe.
S W(R) A = Cllwr 2,

which proves that d« is locally Lipschitz-continuous. O

Proposition 3.4.3. Let £ : 1 x TM — R be a smooth Lagrangian satistying (Q2).
Then its action functional &/ : WY2(I; M) — R is C? if and only if, for each
(t,q) € I x M, the function Z(t,q,-) : T¢4M — R is a polynomial of degree at
most two. Moreover, if o/ is C?, then it is C™.

Proof. Adopting the localization argument of Remark 3.4.1, we will assume that
our Lagrangian has the form . : I x U x R™ — R, where U is a bounded open
subset of R™. Throughout this proof, on the Sobolev space W2(I; R™) we will
consider the equivalent norm || - |ly1.2 given by

Il = (€O + 11€122) "2, vE € WAL R™).

If .Z is fiberwise a polynomial of degree at most 2, then after the localization
it has the form

ZL(t,q,v) = {(a(t,q)v,v) + (b(t, q),v) — c(t, q), V(t,q,v) eI x U xR™,

where a : I xU — R™™, b :1IxU — R™ and ¢ : I x U — R. We denote
by Bil(W12(I; R™)) the Banach space of bounded bilinear forms on W1H2(I; R™).
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We have already proved in Proposition 3.4.1 that the action functional admits a
second Gateaux differential d2¢7. For each ¢ € W12(I; U) and &, A € WH2(I; R™)

we have
(@ (¢)o)e = 2()o, €] + 2()lo, €] + 2(Q)[€, o] + Z({)]o, €],

where 2, 2, % : W12(I; R™) — Bil(WY2(I; R™)) are given by

1

P()[o,€] = / (@2, 2(1,C, O, &)t = / (alt,0) + a(t, O, &),
1
2(Q)[0,€] = / (02,2 (t,¢.O)E, 6)dt,

1
A€ = [ 102,206, )¢ o).
0
For each (,A € WL2(I; U) and £, 0 € WH2(I; R™), we have the estimates

(2() — 2Vl €ll < 2lal-¢) — al- V= €]l 2116 12

< 2fla(¢) — al, |z Il 2 o,
(2() — 20)[0, €]l < 192,20, C,€) — 02, L( A N2l e ] 2

< V2022, C.€) = 02, L ( ANzl o,
() — B0, €] < 02,20, ¢, €)= 02,20 A M Il llol] L

< 202,2(¢.&) = 2L (AN lelwrz follwve.

Now, let us consider an arbitrary sequence {¢;} € WH2(I;U) converging to ¢ in
W12, This implies that {¢;} converges to ¢ uniformly and {Cj} converges to ¢ in
L2. In particular there exists a function f € L?(I; R) such that |{;| < f almost ev-
erywhere for all j. The L? convergence implies that, for every subsequence {C'j(;g)},
there exists a further subsequence {éj(k(h))} converging to ( almost everywhere.
Therefore, by (Q2), we can apply the dominated convergence theorem to get

a(s Gewny) =2 al- ¢) i L=(LR™),
02,-L (. Citk(ny)» Cik(ny)) e 02,2(-,¢,¢) in L*(IR™),
03,2 (> Citkny)» k) P 03,2 (-,¢,¢) in L'(I;R™).
These convergences, together with the above estimates on &, 2 and Z, imply
that {d*</((j(k(n)))} converges to d®#/(¢) in Bil(W!'(I;R™)) as h — oo. By
Lemma 3.4.2 we conclude that the full sequence {d?<7((;)} converges to d*47(¢)
in Bil(W12(I;R™)) as h — oo. Therefore, by the total differential theorem, the

functional &7 is C? with second Fréchet differential d2.«7. By an inductive argu-
ment, one can easily prove that o/ is actually C°°. In fact, knowing that 7 is
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CP~! for some integer p > 2, one easily shows that the pth Gateaux differential of
4/, seen as a symmetric bounded multilinear form on W12(I; R™), is given by

2m 1 ] ‘
FA (o1, 09, 0] = Y /0 [0 -0, L6, C(6), WS (E) ... S (1) dt,
Jsensdp=1

V¢ e WHALU), 24,...,%, € WH(ILR™),

where, for each j = 1,...,p, we have set &; = (0;,6;) € L*(I;R™ x R™) and we
have adopted the shorthand notation

o [0 itje{l,...,m},
T Oy, ifje{m+1,...,2m}.

Beside the calligraphic complications, with a reasoning analogous to the case p =
2 one can prove that the p'" Gateaux differential dP.7 is continuous, and then
conclude that <7 is CP by the total differential theorem. We leave the details to
the reader.

In order to conclude the proof, it only remains to establish the “only if” part
of the first statement of the proposition. Let us assume that, for some (t.,q.) €
Ix U, the function £ (t«, g«,-) : R™ — R is not a polynomial of degree at most 2.
Equivalently, we have that the matrix-valued map 92, % (t., ¢, ) : R™ — R™*™
is not constant. By continuity, there exist an open neighborhood J x V C I x U
of (t«, q«), three nonzero vectors v, wy, z. € R™ and ¢, > 0 such that

<[63v$(ta qx, O) - 83v$(ta q7v*)]w*7 Z*> Z Cxs V(t, q) eJxV.

Let ( : I — U be the stationary curve ( = g,. For each ¢ > 0 sufficiently small,
there exists a measurable subset J. C J having Lebesgue measure pren(J:) = €,
and we can define a curve (. € WH2(I; V) by

C(t) i==qu + (/ XJ.(8) ds) Vs, vt e I
0

Here x. is the characteristic functions of set J.. The sequence {(.} clearly con-
verges to ¢ in W12 as ¢ — 0. Now, notice that the proof of the continuity of 2
and Z given above did not need the assumption that £ is a fiberwise polyno-
mial of degree at most 2, but only the (Q1) assumption. Therefore, we have that
{2(¢)} and {Z((.)} converge respectively to 2(¢) and Z(¢) in Bil(W2(I; R™))
as € — 0. If we show that {£((.)} does not converge to 2 () in Bil(W12(I; R™))
as ¢ — 0, we will immediately obtain that d2.¢ is not continuous at (. For each
£ > 0 as before, we define the vector fields &, 0. € WH2(I; R™) by

= o [as)u o= (0 [ -
vt e L.
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Notice that ||& w2 = |loc|lwr.2 = 1. Therefore, we conclude

12(C) = Z(C)llBagw-2)
= max {|(Z(¢) = 2(¢)IE, o]l | lellwr2 = lollwre =1}

> |(‘@(C) - ‘@(CE))K&UEH
1
_ ‘ [ @260 - 8,20 )t .00 dt]
_ 1 2 a2
| oo [, (20,00 = 8,20, ) o
>cCu
> & O
% |2

Remark 3.4.2. In [AS09, Proposition 2.3], Abbondandolo and Schwarz actually
proved a stronger version of Proposition 3.4.3. Under the same assumptions, they
proved that <7 is twice Fréchet-differentiable if and only if, for each (¢,¢q) € Ix M,
the function .Z(¢,q,-) : T¢M — R is a polynomial of degree at most 2, and in this
case & is even C'*°. O

Let V.C M x M be either a 0-dimensional manifold {(go,q1)} or the diag-
onal {(¢,q)| ¢ € M}. With the notation of Section 3.1 we consider the Hilbert
submanifold W,*(I; M) ¢ WH2(I; M), ie.,

1,2 Wlllt)772Q1(]I’M) lfV: {(q07q1)}7
Wy (I, M) = L '
Wh2(T; M) if V={(q,q)|qe M}.

If the action functional ./ : WH2(I; M) — R is CP, for some positive integer p,
then its restriction to W&’Q(]I; M) must be CP as well. Furthermore, it is easy to
check that, after minor modifications, the proof of Theorem 3.4.3 goes through
even for the restricted action functional, and therefore we have the following.

Proposition 3.4.4. Let £ : T x TM — R be a smooth Lagrangian satisfying (Q2),
andV C M x M be either {(qo,q1)} or{(q,q) | q € M}. Then the associated action
functional </ : W‘l,’Q(]I; M) — R is C? if and only if, for each (t,q) € I x M, the
function Z(t,q,-) : T¢M — R is a polynomial of degree at most 2. a

3.5 Critical points of the action functional

Let Z :1x TM — R be a convex quadratic-growth Lagrangian, and V' a smooth
submanifold of M x M. We consider the Euler-Lagrange system of ., which in
local coordinates can be written as

d 0Z

.0 .
dt a/vj (t7 <7C) - aq‘? (t7 C’ C) = 07 Vj = 17 A 7m7 (3'12)
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together with the nonlocal boundary conditions

(€(0),¢(1)) € (3.13)
9u2(0,¢(0),£(0)) vo =9, 3(1 ¢(1),¢(M)vr,  Y(vo,v1) € TcoycnVs  (3.14)

where 9,.Z denotes the fiberwise derivative of .Z (see Section 1.1).

Remark 3.5.1. If V is the 0-dimensional manifold {(go, ¢1)}, then the boundary
condition (3.14) is always satisfied, while the boundary condition (3.13) becomes

¢0) =qo, <(1) =aqu.

If V is the diagonal {(g,q)|q € M} and the Lagrangian . is 1-periodic in time
(i.e., if it has the form % : T x TM — R), then the boundary conditions (3.13)
and (3.14) can be rewritten as

Namely, in this case, the solutions of the Euler-Lagrange system subject to the
imposed boundary conditions are precisely the 1-periodic orbits. (|

Proposition 3.5.1. Let £ : IxTM — R be a convex quadratic-growth Lagrangian,
and V. C M x M be either {(qo,q1)} or {(¢,q) | ¢ € M }. Then the critical points of
the associated action functional & : Wiy*(I; M) — R are precisely the (smooth)
solutions ¢ : I — M of the Euler-Lagrange system (3.12) subject to the boundary
conditions (3.13) and (3.14).

Proof. Since the statement is of a local nature, we can adopt the localization
argument of Remark 3.4.1. More precisely, with the notation employed there, fix
a smooth curve v : T — M such that (y(0),~v(1)) € V and consider the associated
maps

Tyt IxUxR™ —1xTM,
I, =& ' Wy (LU) — %, N WA (I M).
Here, V is the trivial vector space {0} if V' = {(qo,q1)}, and is defined by (3.3)
if V.= 1{(q,q)|q € M}. Note that a curve ( € %, is a (smooth) solution of the
Euler-Lagrange system of . subject to the boundary conditions (3.13) and (3.14)

if and only if the curve ¢, := ®,(¢) is a smooth solution of the Euler-Lagrange
system of .Z, := £ o m, subject to the boundary conditions

(64(0),6(1) €V, (3.15)
<av$7(07 C’Y(O)7 é’y(o))7 U0> = (811"%7(1’ <7(1)> é“/(l))v U1>’ V(Uo, Ul) eVv. (3'16)

From now on, we will simply write .2 and &/ for .Z, and & o 11, respectively.
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Let ¢ € Wé,’2(]l; U) be a critical point of o/, which means that, for each
¢ € W (I R™), we have

1O = [ [0.20.6.0.0+0.20.00.8)a =0 (317

If we take any smooth & such that £(0) = (1) = 0, integrating the above equation
by parts we obtain

/0 (- / 0,2 (5,C(5), €(5)) ds + 0,2 (1, (1), (1), E(1) ) dr = 0.

By the Du Bois-Reymond lemma, there exists a vector wes € R™ such that, for
almost every t € I, we have

~ [ 05,0060, C s + 0, 20,01, 0) = e (3.18)

Now, consider the Hamiltonian! /7 : I x U x R™ — R which is Legendre-dual to
Z. Notice that .Z is a Tonelli Lagrangian, since it satisfies (Q1), and therefore
4 is a Tonelli Hamiltonian. By Proposition 1.2.2(ii), we have

Oy H(t,q,") = 0,L(t,q,) 1 : R™ —R™, Y(t,q) €I x U,
which, together with (3.18), implies

((t) = Opt (t,C(t%W +/O 3q-$(8,4(8),€(8))d5) (3.19)

for almost every t € I. We can conclude that ¢ is smooth by means of a standard
boot-strap argument: we know that ( is continuous, since it is in Wé,’z(ll; U); if
we assume that it is CP, for some integer p > 0, then the right-hand side of
equation (3.19) is CP in the variable ¢, which forces ¢ to be CP and therefore ¢
to be CP*1. Now, by applying a different integration by parts in (3.17), we obtain
that

1 . d )
0:/0 <aqg(t7<aC)_dtavf(t7CvC)»§>dt

+(00-2(0,¢(0),¢(0)), £(0)) — (85-2(1,¢(1), (1)), £(1))

(3.20)

for each & € Wé,’z (I; R™). Since this equality holds in particular for all the smooth
¢ such that £(0) = £(1) = 0, the fundamental lemma of the calculus of variations

In order to simplify the notation, we are making the identification R™ = (R™)* via the Eu-
clidean inner product.
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implies that the curve ( satisfies the Euler-Lagrange system of .#. Therefore,
equation (3.20) reduces to

(052(0,€(0),(0)),£(0)) = (9,Z(1,¢(1),¢(1)), (1)) =0, V&€ € Wy (LR™),

which is equivalent to the boundary condition (3.16).

Conversely, let ¢ : T — U be a solution of the Euler-Lagrange system of &
subject to the boundary conditions (3.15) and (3.16). Since, by condition (Q1),
the Lagrangian .Z is non-degenerate (see Section 1.1), the orbit ¢ must be smooth.
Therefore, an integration by parts as in equation (3.20) shows that d.«7 () vanishes.

O

In order to study the critical points of the Lagrangian action functional by
means of critical point theory, we have to make sure that its sublevels satisfy some
sort of compactness. A sufficient requirement, as discussed in the Appendix, is
given by the Palais-Smale condition. In [Ben86], Benci proved that this condition
holds provided the involved Lagrangian is convex quadratic-growth. Here, we give
a proof of this statement following [AF07].

Proposition 3.5.2. Let £ : IxTM — R be a convex quadratic-growth Lagrangian,
andV C M x M be either {(qo, q1)} or {(¢,q) | ¢ € M }. Then the associated action
functional </ : W‘l/’g(]l; M) — R satisfies the Palais-Smale condition.

Proof. Consider an arbitrary sequence {(; | j € N} € W*(I; M) such that

c:=sup{H((;)|j € N} < +o0, (3.21)
i flde? (G)ll¢; =0, (3.22)

where
e (¢)lle, = sup {laer ()¢l | € € Te, Wi (5 M), Jélle, =1}

In order to conclude we have to prove that there exists a subsequence that con-
verges to some ( € W‘l,’Q(II; M) in the W12 topology.

First of all, without loss of generality, we can assume that the Lagrangian .Z
satisfies (3.10). The sequence of nonnegative real numbers

1
{A|@@ﬁwﬁﬂjem}

is bounded, for

1 1
/O \éj(t)@j(t)dtg*/o L(t,Gt), Gb) dt = 71 (() < e
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For every to,t1 € I with ty < t;, we have

dist(¢; (to), & (1)) < / 60t

1
< It — to] /2 ( / |cj<t>|§j<t>dt)

< ‘tl _ t0|1/2(5710)1/2.

1/2

This proves that the sequence {(;|j € IN} is equi-1/2-H6lder continuous. By the
Arzela-Ascoli theorem, up to passing to a subsequence, {(; |j € IN} converges uni-
formly to some continuous curve ¢ : I — M with (¢(0),{(1)) € V. Up to further
ignoring a finite number of entries of the sequence, we can assume that {¢; | j € IN}
and ( are contained in some coordinate open set %, C W‘l,’Q(]I; M) (see Section 3.1
for the notation), where v : I — M is a smooth curve which is arbitrarily C°-close
to (. Adopting the localization argument of Remark 3.4.1, we consider the maps

Ty IxUxR™ —1xTM,
IL, = & ' Wy (LU) — %, N WA (I M),

where V is the trivial vector space {0} if V' = {(qo,¢1)} and is defined by (3.3) if
V ={(q,9) | ¢ € M}. From now on, we can consider .Z to be a Lagrangian of the
form £ : Tx U xR™ — R, so that {¢; | j € N} and ¢ are contained in Wy*(I; U).
Therefore, equation (3.22) can be written as

Jim 4/(G)) w2 = 0- (3.23)

In order to conclude, we must show that {¢;|j € IN} admits a subsequence that
converges to ¢ in the Hilbert space Wé,’z(]l; R™).

The sequence {¢; | j € N} is bounded in Wy,*(T; R"™). Thus, up to a choice
of a subsequence, we can assume that it converges to some (, in the weak W12
topology and uniformly. This forces (, = ( € W\l,’Q(]I; U). Now, it only remains to
establish the convergence in the (strong) W12 topology. By (3.23), we have

0= Jim de’(6;)(; — )
1

1 . . . .
:/O <aq$<t,<j,<j>,<j—c>dt+/0 (021, C) s — )t

By (3.8), the sequence {9,.2(-,(;,(;) | j € N} is bounded in L*(I; R™) and, since
the sequence {(; — (|j € IN} converges to zero uniformly, we obtain that

hm Ij = 0,

J—00
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which also implies

lim II; = 0. (3.24)

J—o0

Now, condition (Q1) implies that, for almost every ¢ € I

<av$(tagjaéj)7éj - C> - <av$(t7<ja<)7<.j - <>
1
= [ 1002061 G4 5(G = )G = 0.6 = Das
> LolG; () = C()*.

Integrating this inequality, we get

1 1 1

By (3.7), we have that

0o (6> ) — 0uZ(,(,C) in LA(R™),

and since the sequence {CJ | i € N} converges to C weakly in the L? topology, we
conclude that

lim III; = 0. (3.25)

J—00

Equations (3.24) and (3.25) imply
1, . 1
lim / |G —¢|*dt < lim  (II; — III;) = 0,
j— Jo Jj—00 EO
and therefore that {¢;|j € IN} converges to ¢ in the (strong) W2 topology. [

A first easy consequence of the Palais-Smale condition is the existence of
minima for the action functional.

Proposition 3.5.3. Let £ : IXxTM — R be a convex quadratic-growth Lagrangian,
V C M x M be either {(qo,q1)} or {(¢,q)|q € M}, o : W*(I; M) — R be the
action functional associated to £, and € be either W‘l/’z(]l; M) or a connected
component of it. Then </ |4 admits a global minimum which is a (smooth) solution
of the Euler-Lagrange system of ¥ subject to the boundary conditions (3.13)
and (3.14).
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Proof. The action functional & is bounded from below by the infimum of £,
which is a real number since . satisfies (Q1). We set U := {{(}|( € €}. By
applying the Minimax theorem as in Remark A.6.1, we obtain that

412%{,527(()} = mlnhmax,gz/

is a critical value of 7. Therefore, there exists a critical point (¢ of &/ such that
A () = inf { .
(Ge) = it {(0)

By Proposition 3.5.1, (¢ is a (smooth) solution of the Euler-Lagrange system of
Z subject to the boundary conditions (3.13) and (3.14). O

As a particular case of the above proposition, we reobtain the Tonelli the-
orem (cf. Theorem 1.3.1) for convex quadratic-growth Lagrangians. Notice that,
in this case, the regularity of the action minimizer (cf. Theorem 1.3.7) is always
guaranteed.

Theorem 3.5.4 (Tonelli theorem for convex quadratic-growth Lagrangians). Let
Z 1 xTM — R be a convex quadratic-growth Lagrangian. For each interval
[to,t1] C T and for all qo,q1 € M there exists an action minimizer® (with respect
to L) v with v(to) = qo and ¥(t1) = q1. Furthermore, 7 is a smooth solution of
the Euler-Lagrange system of .Z.

Proof. We denote by «/'o-*1 the action functional of .# defined on the space
W2 ([tg,t1]; M), i.e.,

q0,91

31
Q) = [ Lacw.endn e W (o, tliM).
to
Notice that, for what concerns the functional properties of the action, dealing
with the interval [to, 1] is equivalent to dealing with the interval I. By Proposi-
tion 3.5.3, /"% admits a global minimum ¢, which is a smooth solution of the
Euler-Lagrange system of .Z. Now, let us assume without loss of generality that
the Lagrangian .% satisfies (3.10). For each absolutely continuous curve A : T — R,
the quantity

/tl L(t,A\(1), (1)) dt

0

is finite if and only A € W12([to, t1]; M), for
t1 . t1 . t1 .
E/ A3 dt < LN, \t))dt < ¢ ((t1 —to) +/ A3 dt) .
to to to

This shows that the minima of «7%0:%1 are also action minimizers in the sense of
Section 1.3. 0

2Here we mean action minimizer in the sense of Section 1.3.
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In the time-periodic case, Proposition 3.5.3 implies the following elementary
multiplicity result for periodic orbits.

Theorem 3.5.5. Let . : T x TM — R be a 1-periodic convex quadratic-growth
Lagrangian. For each conjugacy class C of w1 (M), the Euler-Lagrange system
of £ admits a l-periodic orbit v that is homotopic to some (and therefore all)
¢ : T — M representing C. Moreover, v minimizes the action among all the
absolutely continuous 1-periodic curves that are homotopic to (.

Proof. Consider an arbitrary ¢ that represents C'. By Proposition 3.2.2, the space
of those W12 loops that are homotopic to ¢ is a connected component € of
WH2(T; M). Let & : WH2(T; M) — R be the action functional associated to
Z. By Proposition 3.5.3, &/|¢ admits a global minimum -+, which is a (smooth)
1-periodic solution of the Euler-Lagrange system of .. Now, as we showed in
the proof of Theorem 3.5.4, for each absolutely continuous curve A : T — M the
quantity

/ 1 Lt A1), A1) dt
0

is finite if and only if A\ € W12(T; M). Therefore, v minimizes the action among
all the absolutely continuous 1-periodic curves that are homotopic to (. O

3.6 The mean action functional in higher periods

Let Z: T x TM — R be a 1-periodic convex quadratic-growth Lagrangian. For
each period n € IN, consider the n' iteration map

YU WA M) — WH(T; M)

introduced in section 3.1. By this map we interpret W2(T; M) as a Hilbert sub-
manifold of W2(TM; M). A natural extension of the action functional & to
W12(T™; M) is given by the mean action functional .oz : W12(TM; M) — R,
defined as in section 2.2 by

a0 = [" g éopan e wiHEr ),

Notice that <71 o [ = 7. Of course, &/} has the same functional properties
of 7. In particular, it is C'*! and its critical points are the n-periodic solutions of
the Euler-Lagrange system of .Z.






Chapter 4

Discretizations

The W2 functional setting for the action functional 27, introduced in Chap-
ter 3, presents several drawbacks. First of all, the regularity that we can expect
for o/ is only C'!, at least if we work with a general convex quadratic-growth
Lagrangian. This prevents the applicability of all those abstract results that re-
quire more smoothness, for instance the Morse lemma from critical point theory.
Moreover, the W12 topology is sometimes uncomfortable to work with. In fact,
on several occasions it is useful to deal with a topology that is as strong as the C!
topology, or at least the W topology. This would guarantee that the restriction
of the action functional &/ to a small neighborhood of a loop v only depends on
the values that the Lagrangian assumes on a small neighborhood of the support of
the lifted loop (7,%) in the tangent bundle of the configuration space. In order to
overcome these difficulties, in this chapter we develop a discretization technique
that provides a suitable finite-dimensional setting for the Lagrangian action func-
tional. This approach was pioneered by Morse (see [Mil63, Section 16] or [KIi78,
Section A.1]) with his broken geodesics approximation of the path space, and then
further investigated in the Finsler case by Rademacher [Rad92] and by Bangert
and Long [BL10]. In the Hamiltonian formulation, an analogous approach based
on generating functions was followed by Chaperon [Cha84] and later by Lauden-
bach and Sikorav [LS85] and by Robbin and Salamon [RS93b], see also the book
of McDuff and Salamon [MS98; Section 9.2] and the bibliography therein.

In Section 4.1 we prove a stronger version of the Weierstrass theorem (Theo-
rem 1.3.4) asserting the uniqueness of action minimizing curves joining two suffi-
ciently close given points. This result, as well as the forthcoming arguments in the
chapter, are valid for the class of convex quadratic-growth Lagrangian functions
defined in Chapter 3. In Section 4.2 we introduce the discretization technique, that
basically consists in reducing our analysis to the spaces A (for each integer & suffi-

M. Mazzucchelli, Critical Point Theory for Lagrangian Systems, Progress in Mathematics 293, 79
DOI 10.1007/978-3-0348-0163-8_4, © Springer Basel AG 2012
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ciently large) of continuous loops that are k-broken solutions of the Euler-Lagrange
system. These loop spaces are finite-dimensional submanifolds of W2(T; M), and
in particular all the reasonable topologies coincide on them. In Section 4.3 we study
the discrete action functional, that is, the restriction of the action functional to
the broken Euler-Lagrange loop spaces. We prove that it is smooth and it has
compact sublevels, and hence that it is suitable for a Morse-theoretic analysis. In
Section 4.4 we study its critical points, proving that they correspond to critical
points of the full action functional. Moreover, we prove that the Morse index and
nullity of corresponding critical points of the action and of the discrete action
functionals are the same. In Section 4.5 we show that the discretization technique
can be used to build finite-dimensional homotopic approximations of the action
sublevels and, more importantly, that the action and the discrete action func-
tionals have the same local homology groups. In Section 4.6, we apply minimax
techniques (see Section A.6) to the discrete action functional in order to prove an
important multiplicity result for its critical points, originally due to Benci [Ben86].
This result implies that the Euler-Lagrange system of a convex quadratic-growth
Lagrangian has infinitely many 1-periodic solutions, provided the configuration
space has finite or abelian fundamental group. Finally, in Section 4.7, we intro-
duce the notation concerning discretizations in an arbitrary period, and we define
the iteration map in the discrete setting of broken Euler-Lagrange loops.

4.1 Uniqueness of the action minimizers

Throughout this chapter, M will be a smooth closed manifold of dimension m > 1,
equipped with a Riemannian metric (-,-). that turns it into a complete metric
space with respect to the induced Riemannian distance dist : M x M — [0, 00).
Let £ : T x TM — R be a 1-periodic convex quadratic-growth Lagrangian. As
we have already shown in Section 3.3, without loss of generality we can assume
that there exist two positive constants ¢ < ¢ such that

ol < Z(ta0) <P +1),  V(ba) e TxTM.  (4.1)

For every compact interval [tg,t1] C R and for every absolutely continuous curve
¢ : [to,t1] — M, we denote by «7!0!1(¢) the usual Lagrangian action of the curve,

ie.,
t1 A

AN = [ L,C0).C(1)dt € RU {+o00}.

to

Notice that, by (4.1), @'t (¢) is finite if and only if the derivative of ¢ is an L?
curve. In other words, 7% is a well-defined functional of the form

ot Wh2([tg, t1]; M) — R,

and we know, by Proposition 3.4.1, that it is C™!' and twice Gateaux-differentiable.
The Weierstrass theorem (Theorem 1.3.4) asserts that, for each Cy > 0, the re-
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striction of the action functional 2% to the space

W2 ([to, t1]; M) = {¢ € WH([to, ta]; M) | {(t0) = qo, ¢(t1) = q1}

admits a unique global minimum provided that t; — t¢ is small enough and
dist(go, q1) < Co(t1 — to). For our purposes, we will need the following stronger
version of this result, that requires the convex quadratic-growth assumptions on
the involved Lagrangian. Under slightly stronger assumptions this result can be
found in Manié [Mn91, page 53|, while the current version is taken from [Maz11].

Theorem 4.1.1 (Uniqueness of the action minimizers). Let £ : TxTM — R be a
1-periodic convex quadratic-growth Lagrangian. Then there exist eg = £9(£) > 0
and pg = po(-£) > 0 such that, for each interval [to,t1] C R with 0 < t; —to < &g
and for all qo,q1 € M with dist(qo,q1) < po, there is a unique action minimizer
(with respect to L) Ygo.q0 : [tost1] — M with vg.q (to) = go and V49,4, (t1) = ¢1.
Moreover, vq,,q, is a smooth solution of the Euler-Lagrange system of £ .

Proof. Let us consider two arbitrary points ¢qg,q1 € M and two arbitrary real
numbers tg < t1. We set

p = dist(qo, 1), e:=1t1 — to.

In order to prove the statement, we have to show that, for p and € sufficiently small,
the functional /' : W2 ([to, t1]; M) — R admits a unique global minimum.
Let us fix a real constant x> 1. By compactness, the manifold M admits a finite
atlas U = {(Uq, o) | = 1,...,u} such that for all « € {1,...,u}, q,¢' € U, and

v € TyM we have

1" e (@) — dald)| < dist(q, ¢') < pt]dal(q) — ¢a(d)], (4.2)
pt dga(q)v] < [ol, < pldea(g)v]. 4.3

Here we have denoted by |-| the Euclidean norm in R™ and by ||, the Riemannian
norm in T, M as usual. Without loss of generality, we can further assume that
the image ¢, (U, ) of every chart is a convex ball of R™. Let Leb(4) denote the
Lebesgue number of the atlas 4l and consider the two points gg,q1 € M chosen
at the beginning with dist(qo,q1) = p. By definition of the Lebesgue number, the
Riemannian closed ball

B(qo, Leb(1)/2) = {q € M |dist(q, qo) < Leb(il)/2}

is contained in a coordinate open set U, for some « € {1,...,u}. Therefore if we
require that p < Leb(44)/2 the points gp and ¢; lie in the same open set U,.
Let 7 : [tg, t1] — U, be the segment from ¢g to q; given by

t — 1o

w0 =07 (" oatar+ T o). e
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Assuming without loss of generality that . satisfies (4.1), by (4.2) and (4.3) we
obtain

t1
to,t1 - 2 - 2
gt (ry <4 (/to () [yt + E) </ <€ten[1?)>t<1] {|r(t)|r(t)} + 5)
_ 2 i 2
— <#2|¢a<q1> Oa(a0)] +E> iy <u4dlbt((10,Q1) +€)

3 3

2 2
Sﬁ/f(pg +6> zC(p6 +€>.

Notice that the positive constant C' := £u* does not depend on g, q1 and [to,t1].
This estimate, in turn, furnishes an upper bound for the action of the minima, i.e.,

40,91

min {dto,tl(() ’ ¢ e W2 ([to,tﬂ;M)} <o (pj +8> '

In particular, the action sublevel

2
Uyt (p.e) = {C e W2 (lto, ta]; M) ‘Q{to,tl(o <C (/)5 + g>} (4.4)

is not empty. By Theorem 3.5.4, this action sublevel must contain a global mini-

mum vy, 4, of &% which is also a smooth solution of the Euler-Lagrange system

of Z. All we have to do in order to conclude is to show that, for p and e sufficiently

small, the sublevel %!l = 7%/l (p,e) cannot contain other minima of the action.
By the first inequality in (4.1) we have

t1 .
/ CORdt < L™ (Q),  YC € WA (ltosta): M),

to

and this, in turn, gives the following bound for all ¢ € %}/

31 . 2 ty .
max _dist(¢(to), ((£))* < (/t |C(t)|<(t)dt) §5/t C(B)|Z4ydt

telto,t1]

el toartoti(¢) < CUTH(p? + €.

Therefore, all the curves ¢ € %qz(”;;ll (p,€) have image inside the coordinate open

set U, C M provided p and ¢ satisfy

14
242 < 2, 4.
p-+e” < 4CLeb(ii) ( 5)

This allows us to restrict our attention to the open set U,. From now on we will
identify U, with ¢, (U,) C R™, so that

9 = dalqo) €R™,  q1 = ¢a(q1) € R™.
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Without loss of generality we can also assume that gy = ¢a(q0) = 0 € R™. We

will also consider .Z to be a convex quadratic-growth Lagrangian of the form
LT X ¢da(Uy) x R = R

by means of the identification

Z(t,q,0) = ZL(t, 05" (0),deog " (da(@)v)-

Now, consider the following closed convex subset of W12 ([tg, 1]; R™):

40,41 40,91 ?

G =609 = {Ce W00l

) 2
Clt0) =10 =0. <o) =an, [€1: < nce™ (7 +¢) ] @0

Since ||¢[|2« < €|¢]|22, for p and ¢ sufficiently small all the curves ¢ € Ghoott have

support inside the open set U,. Moreover, by (4.1), (4.3) and (4.4) we have

. t1 3 2
6l <u [ OB < e <ot (7T ve) . vee g

to

which implies
%tmh C cgto,tl

q0,91 — 7 qo,q1°

Now, since all the minima of .&7***1 lie in the closed convex set €21, in order to

conclude that 74, 4, is the unique minimum we only need to show that the Hessian
of the action is positive-definite on ‘5;(?5; provided p and ¢ are sufficiently small.
Namely, we need to show that there exist py > 0 and gy > 0 such that, for all

p € (0,p0) and € € (0, 0], we have
Hess.o/'' (()[o,0] >0, V(e €t (pe), o€ Wyi([to, t1; R™). (4.7

40,91

As usual, we have denoted by I/Vol’z([to7 t1]; R™) the tangent space to ‘553511 at ¢,

W (b, s R™) = {o € W ([to, 1; R™) | olte) = o(t1) = 0} .

For every ¢ € €0/t and o € W, 2 ([to, t1]; R™), we have

Hess./''' (()[o, o]

_ / 1 (102, 2(1,¢, )6, 6) + 2002, 2(1,¢, O)o,6) + (02,2 (1,¢, E)or o))

to

t1 t1 . 11 .
> [ty lof2a - / 201 (1 + plc)) |o] 6] dt — / G+ 2R ol dt,
to \t() _ \t()

~ ~

=: Il = 12

-
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where ¢y and ¢; are the positive constants that appear in (Q1) and (Q2) with
respect to the atlas 4. Now, the quantities I; and I5 can be estimated from above
as follows:

o)

< 20 uvellollzs (Velollze + 1] lo1 e
= 2016135 (= + Veldllze)

I < 04y (Jlolle + o3 1€132 ) < o3 (2 + €l

1 < 20apio) e (161122 +|1¢] - 151

and since by (4.6) we have
. p2
6l < nce (7 +e).
we conclude that

Hess.e ' (¢)[o, 0]
> bollol|7: — I — I

> |62, (EO — 20 (\/,uCE_l + 1) (p+e)— by (Ce™' +1) (p* + 52)) .

=: F(p,e)

Notice that the quantity F'(p,e) is independent of the specific choice of the points
qo, ¢1 and of the interval [to, ¢1], but depends only on p = dist(qo, ¢1) and € = t1—tp.
Moreover, there exist pp > 0 and ¢ > 0 small enough so that for all p € (0, pg)
and € € (0,¢¢] the quantity F(p,¢) is positive. This proves (4.7). O

Now, we wish to prove that the unique action minimizers vy, 4,, whose ex-
istence is asserted by the previous theorem, depend smoothly on their endpoints
qo and ¢;. If pg is the constant given by Theorem 4.1.1, we denote by A(pp) the
open neighborhood of the diagonal submanifold of M x M given by

A(po) = {(q0,q1) € M x M |dist(qo,q1) < po} -

Theorem 4.1.2 (Smooth dependence on endpoints). With the notation of Theo-
rem 4.1.1, for each real interval [to,t1] C R with 0 < t; — tg < g¢ the assignment

(90, 01) = Ygo.q0 * [tosta] = M (4.8)
defines a smooth map A(pg) — C([to, t1]; M).

Proof. By Theorem 4.1.1, the map given by (4.8) is well defined and has the form
A(po) — C*=([to,t1]; M). Thus, we just need to show that the dependence of 4,4
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on (qo,q1) is smooth. For ¢ :=t; — ¢y € (0,e0] and (go,q1) € A(po), in the proof
of Theorem 4.1.1 we have already shown that ~g, 4, @ [to,t1] — M has image
contained in a coordinate neighborhood U, C M that we can identify with an
open set of R™. Since 74,,q, i & smooth solution of the Euler-Lagrange system of
£, we have

(I)t7t0 (q07 ’Uo) = (7qO7q1 (t), "VQO7q1 (t)>7 vt e [tO’ tl]?

where vy = g4 (to) and <I> 70 is the Euler-Lagrange flow associated to .Z (see
section 1.1). We define

QY :=TodY UL x V. = U,, Vit € [to, t1],

where U! C U, is a small neighborhood of ¢o, V., C R™ is a small neighborhood
of vg, and 7 : R™ x R™ — R™ is the projection onto the first m components, i.e.,
7(g,v) = ¢ for all (¢,v) € R™ x R™. We claim that

dQ'L* (go,v0)({0} x R™) = R™. (4.9)

In fact, assume by contradiction that (4.9) does not hold. Then there exists a
nonzero vector v € R™ such that

d
ds|,_,

Let us define the curve o : [tg,t1] — R™ by

" (qo, vo + sv) = 0.

o(t) = 20 (qo, vo + sv), Vit € [to, t1]-

s=0

Thus o(tg) = o(t;) = 0. Now notice that the curve ¢ — Q'2°(qgo,vo + sv) is a
solution of the Euler-Lagrange system of .. By differentiating this system in s at
s = 0, we obtain that o is a solution of the linearized Euler-Lagrange system

d
d&t (a6 +bo)—b"6—co=0,

where, for each t € [to, t1], we have put
a(t) = 63v$(t7 Yq0,q1> ;qu,ql)’
b(t) - agqg(tv ’Yqoﬁhv;yfloﬂh)a
C(t) = agqg(t7 Yq0,91> ’.YQOJH)‘
This implies that

Hess.? "™ (v40.41) [0, 0] (aé,6)+2(bo,5) + (co,0))dt

/ d(ac+bo)+b' 6+ coo)dt
0,



86 Chapter 4. Discretizations

which contradicts the positive definitiveness of Hess.a?0:%1 (v, .. ) (see (4.7) in the
proof of Theorem 4.1.1). Therefore, (4.9) must hold.

By the implicit function theorem we obtain a neighborhood Uy, 4, C R™ xR™
of (qo,q1), a neighborhood U,, C R™ of vy, and a smooth map wy : Uy .4 —
Uy, such that, for each (g}, q},v)) € Ugyqr % Usy, we have Q%% (gh,vh) = ¢} if
and only if vj = wo(q),q)). Thus we can define a smooth map from Uy, 4, to
C>([to, t1]; Ua) by

(90, 91) = Cap.as (4.10)

where for each t € [t, t1] we have

CQ(/p‘h( ) Qt to(q(l)7w0(Q67qg>>'

In order to conclude we only have to show that the map in (4.10) coincides with the
one in (4.8) on Uy, 4, provided this latter neighborhood is small enough, i.e., after
possibly shrinking Uy, 4, we have to show that ¢, 4 is a unique action minimizer
for all (g4, q1) € Ugy,q.- This is easily seen as follows. By construction, the curves
Cqy,q; are critical points of the action

aftots :Wq q ([to, t1]; Us) — R,
being solutions of the Euler-Lagrange system of .Z. By the arguments in the proof
of Theorem 4.1.1, each of these curves (, , is a unique action minimizer if and

only if it lies in the convex set %to ’;1 defined in (4.6). We already know that

_ to,t1
Cao,1 = Vao.an € (gqoxlh

Since the map in (4.10) is smooth, for (qg, ¢}) close to (go,q1) we obtain that the
curve (g o is C'-close t0 Cgo.q, = Vgo.q:» and therefore

e gt O

<q{) Ny a4.d,

4.2 The broken Euler-Lagrange loop spaces

For each k € I, let Zy := Z/kZ be the cyclic group of order k. We consider
the space Cp°(T; M) of continuous and k-broken smooth loops, which consists of
those continuous loops ¢ : T — M such that, for each j € Zj, the restriction
Clii/k,(j+1)/k) 18 smooth. We can endow C3°(T; M) with a topology that turns it
into a Fréchet manifold (see for instance [Ham82, Section I1.4]) in the following
way. Let us denote by % the product of Fréchet manifolds

C([0, 11 M) x C([3, ¥l M) x - > C=([* 1] M),
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Consider the smooth submersion

WktijMX”'XM
~ ~ -
2k times

given by

T (Cose -y Comt) = (C0(0), (L), G (L), Gi(2), ey Gemr (F2Y), Gmn (1)),
V(Co’u-,Ckﬂ) € Jk.

Moreover, consider the smooth submanifold of the 2k-fold product of M given by
Q= {(90,9, 91,91+ Gh-1,dj—1) € M X -+ x M| qj = g1 Vj € Zi} .
The space Cp°(T; M) is precisely the preimage of €, by the submersion 7y, i.e.,
O (T; M) = mp ().

Therefore %), induces a Fréchet manifold structure on Cp°(T; M) that makes
it a closed Fréchet submanifold!. It can be easily shown that Cg°(T; M), with
the topology induced by its Fréchet structure, smoothly embeds into the Hilbert
manifold W12(T; M).

Let Z: T x TM — R be a 1-periodic convex quadratic-growth Lagrangian.
We consider the positive constants g9 = £0(.¢) and py = po(-£) given by Theo-
rem 4.1.1 and, for each k € IN, we denote by Ax = Ar(po(¥)) the neighborhood
of the diagonal submanifold of the k-fold product M x --- x M given by

Ap:={(q0,. .- qu—1) € M x -+ x M |dist(gj,qj+1) < po Vj € Zy} .
By Theorem 4.1.2, for each integer k > 1/g¢(.Z’), we can define a smooth embed-
ding
)\k :/\k7g . Ak ‘HCEO(T,M) (411)
in the following way: for each ¢ = (qo,...,qx—1) € Ay we put Ay(q) := 74, where
7q is the loop whose restrictions ygl(;/k,(j+1)/%) are the unique action minimizers

(with respect to ) with endpoints ¢; and g;41, for each j € Zj;. We define the
k-broken Euler-Lagrange loop space (with respect to .£) as

Ap = Ak,g = )\k(Ak:)
Notice that Ay is a smooth submanifold of Cp°(T; M) (and of W'2(T; M)) with
finite dimension km, where m is the dimension of M.

Remark 4.2.1 (Localization). The differentiable atlas of W12(T; M) introduced
in Remark 3.1.1 induces a nice atlas on the open manifold Ay in the following
way. Fix a point ¢’ € Ay and assume, for simplicity, that the associated loop

IThis construction is an example of fiber product of Fréchet manifolds (see [Ham82, page 93]).
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vg = Ak(q’) is contractible. Consider any smooth contractible loop v : T — M.
Since the vector bundle v*TM — T is trivial, we will implicitly identify its total
space v*TM with T x R™. There exists a bounded open neighborhood U C R™
of the origin such that, for each ¢ € T, the exponential map exp.; is well defined

on U and is a diffeomorphism onto its image. By requiring v to be sufficiently
CP-close to 74/, we can assume that v/ (t) is contained in exp, ) (U), for each
t € T. Therefore, we can define a diffeomorphism

I: Wh3(T;U) =% ¢ WH(T; M)

by
H(O)(t) = expy ) (C(1)), V¢ e WH(T;U), teT,

so that ® := II"! : Z — WH%(T;U) is a chart of W'2(T; M) whose domain
contains 4. Now, we define Uy, := /\,;1(%), which is an open neighborhood of q’
in Ag. On this open set we can build a chart

O Uy —Ux---xU
~ ~ ’Z
k times

for Ay, by
61(a) = (exD3 o) (@), exDT4 1 (@1), - exDT gy g (ar-1) )
Vq = (q0a FER) Qkfl) S Uk

If we set Wi := ¢r(Ux), we obtain an embedding Mz such that the following
diagram commutes.

Uk q: > Wy

Ak A (4.12)
v ® v
4 - = WL(T;U)

Now, we define the smooth embedding 7 : T x U x R™ — T x TM by

d
t,0.0) = (1300 0 dlexp ) )0 + 3y (e300 (a)).
Y(t,q,v) € Tx U x R™,

so that o/ oIl : W12(T;U) — R is the action functional associated to the convex
quadratic-growth Lagrangian Zon: T x U x R™ — R, i.e.,

o oll(o) = /Olgow(t,g(t),g'(t))dt, v¢ € WHA(T; U).
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With the notation of (4.11), the embedding e in diagram (4.12) is given by
Ak, 2or. Namely, for each ¢ = (qo, ..., qx—1) € Wk, 7q = Ax(q) is the unique loop
such that vg|(j/&,(j+1)/# 1S @ unique action minimizer (with respect to £ o) with
endpoints ¢; and g;41, for each j € Zy.

The general case in which ~, TM is possibly nontrivial can be handled in a
similar way by means of the charts of W2(T; M) introduced in Remark 3.1.1.
We leave the details to the reader. From now on and until the end of section 4.4,
for notational convenience, we will restrict ourselves to the connected components
of Ay, given by the g’s such that vy TM is trivial (but all the results will hold in
the general case). O

4.3 The discrete action functional

Let 7 : W12(T; M) — R be the action functional associated to the Lagrangian
£ of the previous section, i.e.,

#(C) = / L0, CE) L Ve WHA(T; M),

We define the discrete action functional <7 : Ay — R as the composition &7 o A,
i.e.,

1
S(q) :/0 Lt 3a)dt, Vg e Ag,

where 74 = Ar(q). Despite the lack of C? regularity of &7 (see Proposition 3.4.4),
the discrete action functional is always smooth, as asserted by the following state-
ment.

Proposition 4.3.1. The discrete action functional <7, : A — R is C°.

Proof. Since the statement is of a local nature, by adopting the localization argu-
ment of Remark 4.2.1 we can assume that our Lagrangian function has the form
Z T xUxR"™ — R, where U is a bounded open subset of R™, so that the
discrete action functional has the form @ : Wi — R, where W}, is a suitable
bounded open subset of the k-fold product of U. The result can be easily proved
by induction. By Proposition 3.4.1 we know that ./ is C!*! and twice Gateaux
differentiable, and so is .7,. Now, let us assume that <7 is CP~!, for some integer
p > 2. For each (g,v) € Wi x R¥™ we define the vector field

g = dA\p(g)v € C°(T; R™).
We also define the smooth vector field

Ygv = (0quv,0qw): T\ {i |j € Zk} — TM.
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A straightforward computation shows that the pth Gateaux differential of .7, seen
as a symmetric multilinear form, is given by

APt (q) [V, 0", ... @)
1 .
. /0 [0y - 05y Lt A g (£)] Tik (). Z ) (),

Vg € W, v/, v", ..., o® e RF",
where we have set

o _ | 0 ifie{1,...,m),
¢ avifm,, iflE{TTl—i—l,.,Qm}

Since Ay : Wi — Cp°(T; M) is smooth, if g, — g as n — oo then we have
Yan =2 Ve I G (T; R™)

and, for each v € R™,

: %) .pm
Ognv — Oqo in C22(T; R™).
n—oo

Hence, for each v’,v”,...,v® € R*" we have

(0101, 2 (- Vau a0 g o0+ S o (0400, 2 (- 7g 1)IZg 0 - B

q,v(®)
uniformly in ¢ € T \ {i |j € Zy}, which implies
APty (o) [V, ..., 0P| — APty (q)[v), ..., 0P)].

By the total differential theorem we conclude that <7 is CP, and by induction we
obtain the claim. O

Now, we want to show that the discrete action functional .7, is suitable for
Morse theory. In fact, every closed sublevel of @7, is a compact subset of Ay,
provided the discretization pass k € IN is large enough.

Proposition 4.3.2. For each ¢ € R there exists k = k(c) € N such that, for each
k > k, the closed sublevel ,Q%kfl(foo, c| is compact.

Proof. Consider the compact subset of Ay defined by
Cr :=={(qo, .-, qr—1) € Ag[dist(g;,qj4+1) < po/2 Vj € Zy} .
In order to prove the statement, we just need to show that

klim min {#(q) | q € 0C)} = co.
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As explained in Section 3.3, without loss of generality we can assume that there
exists a constant ¢ > 0 such that

L(t,q,v) > L|v]2, V(t,q,v) € T x TM.

For each ¢ = (q1,...,qx) that belongs to the boundary of Cj, we have that
dist(g;, gj+1) = po/2 for some j € Zj and therefore we obtain the desired es-
timate

(+1)/k (G+1)/k

L(t,74(t), Aq()) dt > / a2, ¢ dt

ala) = [ "

ilk

(G+1)/k 2 ,
>nel | L Balhdt) 2 kedinig g0
J

> kl(po/2)°. O

4.4 Critical points of the discrete action

We know from Proposition 3.5.1 that the critical points of the action functional
o/ are precisely the smooth 1-periodic solution of the Euler-Lagrange system of
%. This implies that, for each k € IN sufficiently large, the loop = belongs to the
k-broken Euler-Lagrange loop space Aj, and therefore the corresponding point
q= /\;1(7) € Ay is a critical point of the discrete action &7, = & o \;. Now,
we want to prove the converse implication, namely that the critical points of .27,
correspond to critical points of o7

Since our arguments will have a local nature, we will implicitly adopt the
localization argument of Remark 4.2.1. Hence, we will assume that our Lagrangian
function has the form .Z : T x U x R™ — R, where U is a bounded open subset of
R™. Consequently, the associated action functional and discrete action functional
will have the form o7 : W12(T;U) — R and 7, : Wy, — R, where W} is a suitable
bounded open subset of the k-fold product of U.

Proposition 4.4.1. For each ¢ € Wy, and v = (v1,...,v5) € R™ x -+ x R™ we
have

?T‘
,_.

+

de.(q) v <5 2 7a(1) a4 ) = 02 (4 7a(3) e (2 )5 vi),s

<.
Il
o

where vqg = A\i(q).

Proof. For eachv € R™ x---xR™, let 04, := dA\i(g)v € C°(T

['; R™). Since 7q is
a solution of the Euler-Lagrange system of .#" on each interval [,

R
717, integration
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by parts gives

—1 rGHD/k

dst(a)v //k (002t 50 i) ) + (00 (1,70 Fa): 7))

?y‘b
)—‘O

[<av$<ﬁ,;wq<f+l> 50T, 0g ()

=0
i+

— (0L 7a(1): a1 ), 0q,0(1))

(G+1)/k J _ )
+ / (= dtavf(t, YarVq) + 0L (t, g5 Vq), 0q0)dl
]/k ~ :/0 4

<av$(k=7q( )’Vq( )) 3$(k,'yq( )’Vq(

>
|
—

+

)): 04, v(i))

I§
=)

J

Thus, by definition of the embedding A\, we have

. d . d .
ogv(}) = ds| _, Yat+sov(3) = ds| (q; + svj) = vy, Vj € Zy,
and the claim follows. O

Corollary 4.4.2. If g € W}, is a critical point of <, then the corresponding loop
Vg = M(q) Is a smooth solution of the Euler-Lagrange system of £, and in
particular it is a critical point of the action functional <7 .

Proof. By Proposition 4.4.1, q is a critical point of @7, if and only if
. .ot .
Assumption (Q1) (see Section 3.3) implies that the maps
0L (L, vq(1), ) : R™ — R™, Vi € Zy,

are diffeomorphisms, as we have proved in Section 1.2. Hence the equality in (4.13)

holds if and only if *‘yq({) = Jq(1, ) for each j € Zy, that is if and only if 4 is
C'. This implies that 74 : T — ]Rm satisfies the Euler-Lagrange system of £ on
the whole T, and therefore it is smooth. O

Now, let us fix a critical point ¢’ € Wy, of the discrete action functional <.
The tangent space of A, at the smooth loop v/, that is the image of the differential

dAk(q) : Tg Ay — T, Ag,
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can be characterized as follows. We define a Lagrangian L : T x R™ x R"™ — R by

Lt a,0) = (alt)o,0) + ((0)a,0) +  (e(0)0,0),
Y(t,q,v) € T x R™ x R™,

(4.14)

where, for each ¢t € T, a(t), b(t) and ¢(t) are the m x m matrices given by

02 .

Q5 (t) = vt Ovi (t7 Yq' (t)a Yq' (t))v
0>y )

bij (t) = vt gl (t7 Vg (t)7 Vg’ (t))v
0>y

cij (t) = 6(]1 8qj (t7 qu/ (t)ﬂ ;Yq/ (t))

A straightforward computation shows that the Euler-Lagrange system associated
to L is given by the following linear system of ordinary differential equations for
curves o on R™,

as+Ob+a—b")o+(b—c)o=0. (4.15)

This is precisely the linearization of the Euler-Lagrange system of .Z along the
periodic solution 4. The 1-periodic solutions ¢ : T — R™ of (4.15) are precisely
the critical points of the action functional A : W2(T; R™) — R associated to L,
given as usual by

1
A(e) = /0 LLE().E0)d,  YE € WH(T,R™).

Lemma 4.4.3. The tangent space T A,q,Ak is the space of continuous and piecewise
smooth loops o : T — R™ such that, for each j € Zy, the restriction o|; /i, (j+1)/k
is a solution of the Euler-Lagrange system (4.15).

Proof. By definition of tangent space, Tq,q,Ak consists of those continuous loops
o: T — R™ given by

o(t) = X(s, 1), vt e T, (4.16)
0s|,_g
for some continuous ¥ : (—¢,¢) x T — R™ such that:

e the restriction X|(_. oyx(j/k,(j+1)/k is smooth for all j € Zj,
o X(s,-) € Ay for all s € (—¢,¢),
e (0, ) =Vq'-
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Namely, ¥ is a piecewise smooth variation of 4/ such that the loops ¥, = ¥(s, )
satisfy the Euler-Lagrange equations associated to £ on the intervals [, 7 J,gl] for
all j € Zy, i.e.,

2, L (1,55, 5) Sy + 02, L (1,55, 55) 85 + 02, L(1, 54, 55) — 8, L (1,54, 55) = 0,
vt e [j/k,(j+1)/k].

By differentiating the above equation with respect to s at s = 0, we obtain the
Euler-Lagrange system (4.15) for the loop o (as before, satisfied on the intervals
[i» j—,’;l] for all j € Zy,). Conversely, a continuous loop ¢ : T — R™ whose restric-
tions o[k, (j+1)/% satisfy (4.15) is of the form (4.16) for some X as above, and
therefore it is an element of T, Ay O

Now, we want to investigate the relationship between the Morse indices of
the functionals o7, and &7 at the corresponding critical points @’ and 4. We begin
by characterizing the null-space of the Hessian of &7 at vq.

Lemma 4.4.4. The null-space of Hess</ (vq') consists of smooth loops o : T — R™
that are solutions of the Euler-Lagrange system (4.15) on the whole T.

Proof. For every o,& € WH2(T; R™) we have

Hess (1q7)[0, €] = /O (00,8 + (b0.&) + (b7 6.6) + (c0.8)) dt = dA()E.

Therefore o is in the null-space of Hesse? (74 ) if and only if it is a critical point of A,
that is if and only if it is a (smooth) solution of the Euler-Lagrange system (4.15).
O

Remark 4.4.1. In the case where .Z is the autonomous Lagrangian given by
Z(q,v) = \v\g, Y(q,v) € TM,

the null-space of Hess<? (v4/) is given by the 1-periodic Jacobi vector fields along
the closed geodesics 4/, and the Euler-Lagrange system (4.15) is called the Jacobi
system. This latter can also be intrinsically expressed as

Vfd -+ R(O’7 ".Yq/)".)/q/ = O’

where V; and R are respectively the covariant derivative and the Riemann tensor
of the Riemannian manifold (M, (-,-)). O

As a consequence of Lemmas 4.4.3 and 4.4.4, the null-space of Hess.oZ (vq) is
contained in T,Y,;/A;€7 and therefore it is contained in the null-space of the Hessian
of the restricted action Hesso/|a, (74 ). This inclusion is actually an equality, as
shown by the following.

Lemma 4.4.5. Hesso? (vq) and Hesso/ |5, (7q/) have the same null-space, and in
particular nul(<7, vq) = nul(|a,, Vg )-
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Proof. We only need to show that any loop o € qu/Ak that is not everywhere
smooth cannot be in the null-space of Hess.eZ|a, (74). In fact, since o is always
smooth outside the points j/k (for j € Zy), for each { € T, , Ax we have

k=1 n(j+1)/k . .
Hess. o |a, (7q')]0, €] = / ((a&,ﬁ) +{bo,&) + <bT 7,€) + (co, §>> dt
j=0”i/k
k=1 G+1)/k
= (—a6—bo—ad—bo+b" 6+ co,&)dt
;/J/k S ao g CLO';,O g g Cg
it ((G+1)/k)
+ (ag+bo,&)|
= G/R+
=) (a({)o(y ) —a()LE0)- (4.17)
=0

By assumption we have d(f) + c’r({) for some j € Zy, and therefore
a6 )= ) #0.

Here we are using the fact that, by assumption (Q1), the matrix a(3) is invertible.
Now, consider § € T, , Ay, such that

+

wy_ { aDe(ZT) —6()], h=j,
5()—{0, s

By (4.17) we have

it

Hesse |, (7). €] = [a(D)[o(2") — ()] #0,

and we conclude that o is not in the null-space of HessZ|a, (vq/)- O

Corollary 4.4.6. The discrete action functional <7}, and the full action functional
o/ have the same nullity at the critical points q' and -4 respectively, i.e.,

nul(, q") = nul(<, vq).

Proof. First of all, notice that d\x(qg') : R™ — T,,, Ay is an isomorphism, and we
have

Hess. 7, (q')[v, w] = Hess.o |4, (7)) [k (q")v, dN (¢ )w], Vv, w € R™.

This implies that <7, and 7|5, have the same nullity at ¢’ and 4 respectively, i.e.,
nul(er, ¢') = nul(/|a,,vq'), and by Lemma 4.4.5 we obtain the assertion. O
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So far we have proved that o and & have the same nullity at the corre-
sponding critical points ¢’ and 74 . Now we want to prove that they also have the
same Morse index provided that £ € IN is sufficiently large. First of all, we need
some preliminaries.

Let E be a real Hilbert space and & : E x E — R a bounded symmetric
bilinear form. We recall that the Morse index ind(4) of this form is the supremum
of the dimension of the vector subspaces of E on which 4 is negative-definite. Now,
let us fix an infinite sequence {E,, |n € IN} of Hilbert subspaces of E such that

Ei.CE,CE;C---CE,

and that their union is dense in F, i.e.,

U E.=E. (4.18)

The following holds.

Lemma 4.4.7. If the Morse index of A is finite, then it coincides with the Morse
index of A restricted to E, for all the sufficiently large n € IN, i.e.,

ind(#) = ind(#

E,xE, )‘

Proof. The inequality ind(#) > ind(%|E, xE, ) is trivial, hence we only have to
prove that ind(#) < ind(%|g, xE, ). For each n € IN, we denote by P, : E — E,
the orthogonal projector onto E,,. Let V be a vector subspace of E of dimension
¢ = ind(#) € N, such that Z is negative-definite on V. We denote by S(V') the
(¢ — 1)-dimensional sphere in V|, i.e.,

S(V)={ecVllele =1}

By (4.18) and since % is continuous, for each e € S(V') there exists a positive
integer ne € IN and a neighborhood U, C S(V) of e such that

'@(Pnfvpnf)<03 VnanfGUe-
By compactness, S(V') admits a finite cover Us,, ..., Ue,. For every integer n >
max {Ne,, ..., Ne, } and for every nonzero v = P,w € P,V we have
_ 2
B(o,0) = ol 2 (Pa 10 P i) <O
- ~ -
<0

and therefore 4 is negative-definite on P, V. In order to conclude the proof we just
need to show that P,V still has dimension ¢ = ind(%) provided n is sufficiently
large. This is easily seen as follows. Let vq,...,v, be a basis for V. By (4.18),
for each j = 1,...,t, we have that P,v; — v; as n — oo. This implies that, for
n sufficiently large, the vectors P,v1,..., P,v, are still linearly independent, and
therefore P,V has dimension . O
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In order to apply this abstract lemma to our situation, we first need the
following remark about the density of the spaces of broken affine loops in the
Sobolev space W12(T; R™). For each k € IN, we define the k-broken affine loop
space of R™ as

Af‘fk(T;IRm> = {0’ T — Rm‘
a(jzs) =(1 —s)a(i) —1—80(7'21) Vse[0,1], j € Zk}.

This space is isomorphic to the k-fold product R™ x --- x R™ by the linear map
ap : Aff(T; R™) — R™ x -+ x R™ given by

ar(o) = (0(0),0(3),....a(" 1), Vo € Aff,(T; R™).

In particular, since Affy(T; R™) is a finite-dimensional vector space, it is a Hilbert
subspace of W12(T; R™).

Lemma 4.4.8. The union of the spaces Affy,(T; R™), for all k € IN, is dense in
WL2(T; R™), i.e.,

J AfFR(T;Rm) = WH2(T; R™).
keN

Proof. Tt is well known that C°°(T;R™) is dense in W12(T; R™), see for instance
[AF03, page 68]. Hence, all we have to do in order to prove the lemma is to show
that, for an arbitrary v € C*°(T;R™), there exists a sequence {vx |k € IN} such
that v, € Affx(T; R™) and v, — v in WH2(T; R™). A candidate for this sequence
is built by defining ~y, to be the map in Aff;(T;R™) such that 'yk(i) = fy(i) for
each j € Zy, see Figure 4.1.

Since 7 is smooth and 1-periodic, if we fix an arbitrary € > 0 there exists a
positive § > 0 such that, for each ¢t € T and for each dp,d; > 0 with 0 < dg+3d7 < 6,
we have

t+01) —(t = do)

<e. 4.1
01+ do =c (4.19)

\ww—”

Now, notice that, for each k € IN, the periodic curve v; : T — R is differentiable
outside the points j/k (for each j € Zj) and we have

)=k [y (B = (B)], teT\{Lliez},

where |-| gives the integer part of its argument. In particular, for each irrational
number ¢ € R\ Q, or more precisely for each ¢t € (R \ Q)/Z, we have

Tim 54 () = 4(0).
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Figure 4.1. Example of a smooth loop  (solid line) and the corresponding piecewise affine loops
v3 (dotted line) and ~6 (dashed line) of the sequence {74 |k € IN}.

Since the rational numbers have Lebesgue measure 0, the above equation implies
that 4% converges to 4 almost everywhere as k — oo. By (4.19), for each € > 0
there exists 6 > 0 such that, for each k > 6! and for almost every ¢t € T, we have

Let]+1\ [ Lkt]
[Y(t) = (t)] = W)v( * )1 7( ’ ) <e.
k

We can then apply the dominated convergence theorem to conclude that 4, — %
in L?(T;R™) as k — oo, and therefore 75 — « in WH2(T; R™) as k — oc. |

Once these preliminaries are established, we can prove the previously an-
nounced result about the Morse index of the discrete action functionals.

Lemma 4.4.9. For all k € IN sufficiently large, the Morse index of <7, at q' coincides
with the Morse index of &/ at vq, i.e.,

ind(#;, q') = ind(,vq).

Proof. Since the functionals o7, and 7|, have the same Morse index and nullity
(see the proof of Corollary 4.4.6), we just need to prove that

ind(yﬂf\k ) 'Yq’) = ind(’Q{7 'Vq’)

for all k£ € IN sufficiently large.
By definition of Morse index, there exists an ind(<7, 4 )-dimensional vector
subspace V. C W12(T; R™) on which Hess</ (v4/) is negative-definite, i.e.,

Hesso (vq)[0,0] <0, VoeV\{0}. (4.20)



4.5. Homotopic approximation of the action sublevels 99

By Lemmas 4.4.8 and 4.4.7, we can choose V to be a subspace of Affy(T;R™).
Let us define a linear map K : V. — T, Ay by K (o) = &, where ¢ is the unique
element in Tﬂ,q,Ak such that

o(1)=a(]), Vi € Zy.

Notice that K is injective. In fact, if K(o) = 0, we have a(i) = 0 for each j € Zy,
and since o € Aff(T;R™) we conclude that ¢ = 0. Hence, V = KV is an
ind (7, v4/)-dimensional vector subspace of qu/Ak-

In order to conclude we just have to show that Hesse/ (74 ) is negative-definite
on the vector space V. First of all, notice that, for each ¢ € W1H2(T; R"™), we have

He$£fm@qp;o]:LA ((a6,6) + (b0,6) + (BT 6,0) + (o, o)) dt
(4.21)

1
:2A‘MuﬂﬂJ@»&:2Aw)

Now, consider an arbitrary & € V '\ {0} and set 0 = K~%(5) € V \ {0}. For
each j € Zy the curve &|[j/,(j+1)/x 15 an action minimizer with respect to L, and
therefore A(g) < A(o). By (4.20) and (4.21) we conclude

Hesso |p, (7q)[0,0] =2 A(6) < 2 A(0) = Hess (4 )[0, 0] < 0. O

4.5 Homotopic approximation of the action sublevels

The discretization technique introduced in this chapter can also be used to build
finite-dimensional homotopic approximations of the sublevels of the action func-
tional. Let . : T x TM — R be a 1-periodic convex quadratic-growth Lagrangian
with associated action & : W12(T; M) — R, as in the previous sections, and con-
sider the constants g = £0(-%) > 0 and pg = po(-¢) > 0 given by Theorem 4.1.1.
We will need the following statement.

Proposition 4.5.1. For each ¢ € R there exists £ = &(%,c) > 0 such that, for
each ¢ € WH2(T; M) with «/(¢) < ¢ and for each interval [to,t1] C R with
0 < t1 —to < & we have dist (¢(t0),((t1)) < po-

Proof. Up to adding a positive constant to the convex quadratic-growth Lagrang-
ian .| we can always assume that there exists a constant £ > 0 such that

ZL(t,q,0) > L |v]2, Y(t,q,v) € T x TM.

Let us consider an arbitrary loop ¢ € W'2(T; M) such that </(¢) < c. For each
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interval [tg,t1] C R with 0 < t; — ¢y < 1 we have

i 2 i
dist(g(to)7C(t1))2§(/t |<<t>|<<t>dt) < (t1 —to) / 1E(1) 2 dt

< ( fto)/ 1 CEL(L, ), C()) dt < (b — o)l e (C)
< (tl — to)g_lc.

Hence, for £ = (%, ¢) := p3 £ c~1, we obtain the claim. O

From now on, we will denote the open sublevels of the action and of the
discrete action by

()= (~00,¢), (Fi)e = ' (—00,0), Ve € R.

Let us consider the integer

)= [mas{ g ] N

We want to show that, for each ¢ € R and for each integer k > k(.Z, ¢), the map
g 0 A — WH2(T; M) (see the definition after (4.11)) restricts to a homotopy
equivalence
Aot () —— (A )e.

Since @), = o/ o A\, and since A\ maps Ay diffeomorphically onto Ay, this property
can be equivalently expressed by saying that the inclusion of the open sublevel
(| )e = (). N Ay into (7). is a homotopy equivalence.

A candidate homotopy inverse of \j is given by the map 7y : (). — (%),
defined by

me(¢) = (€(0),¢ (). C(" ) V¢ € (e (4.22)

Notice that, by Proposition 4.5.1, each ¢ € (&), satisfies dist(C(i), C(jJ,gl)) < po
for each j € Zj. Hence the map ry is well defined. The composition r o Ag is the
identity on (@#).. As for the inverse composition, A\; o 1, we build a homotopy
Ry : [0,1] x (&) — (&), as follows: for each j € Zy, s € [i, j'};l] and ¢ € (&),
the loop Ry(s, () is defined by setting

Ri(s, Q0,58 = Mk 0 k(O j0,5/k]»
Rk(&C)

and by setting Rg(s,()|[;/k,s to be the unique action minimizer with endpoints
C(i) and ((s), see Figure 4.2. Then Ry (0, -) is the identity on (&), R(1,-) is the
composition A\ o 1, and

A (Ri(s,Q)) < #(Q) V¢ € (), s €[0,1].

(,1] = Cl[s,1]5

Therefore Ry, is a well-defined homotopy from the identity on (). to g o 1.
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Figure 4.2. (a) Example of a loop ¢ (solid line) and the corresponding A5 o75(¢) (dotted line), for
the case of the autonomous Lagrangian generating the geodesic flow on the flat R2,
ie., Z(t q,v) = Z(v) = v? + v3. (b) Homotoped curve Rs(s, () (solid line).

Remark 4.5.1. Actually, Ry is even a strong deformation retraction. In fact, for
each ¢ € (&)., we have that Ry(s,() = ¢ for all s € [0,1] if and only if ¢ € Ay, =
Ak (Ag). O

If ¢1 < 2 < ¢, the same homotopy Ry can be used to show that the pair
() ey ()¢, ) deformation retracts strongly onto ((&7|a, )ess (9|A, )ey ). Further-
more, if v € W2(T; M) is a critical point of &7 with <7(y) = ¢, up to increas-
ing k we have that v € Ay and Ry gives a deformation retraction of the pair
(()c U7}, (#)c) onto ((a,)e U {7}, (44, )e)-

Summing up, we have obtained the following.

Lemma 4.5.2.

(i) Let ¢y < ca < co. Then there exists a positive integer k = k(Z,c) such

that, for every integer k > k, the embedding Ay restricts to a homotopy
equivalence of topological pairs

~

Ak ((ﬂk)cw (’Q{k)cl) ‘—>((VQ{)CW (ﬂ)cl)

(ii) Let q € Ay be a critical point of @7, such that <.(q) = c. Then there exists a
positive integer k = k(£, ¢) such that, for every integer k > k, the embedding
Ak restricts to a homotopy equivalence of topological pairs

k() ULad (o)) == (()e U {rg} s (4)e),

where v = A\, (q). O

In the forthcoming chapters, we will mainly apply the above lemma to show
that Ay induces isomorphisms between invariant groups that are fundamental in
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Morse theory: the local homology groups (see Section A.4). We recall that the
local homology of @7, at a critical point q is defined as

C*(&Q{ka Q) = H* ((ﬂk)c U {Q} 5 ('/(Z{k)c) P

where H, in the right-hand side denotes the singular homology functor (with
any coeflicient group). The local homology of the full action functional &/ at the
corresponding critical point v4 = A (q) is defined analogously as

Cu(,7q) = He () U{7g}, ()e) -

Hence, point (ii) of the above Lemma 4.5.2 has the following immediate conse-
quence.

Corollary 4.5.3. For each integer k >> k(.%,c) the embedding )y, induces the
homology isomorphism

H, (\) 0 Co( s, @) — Cul, 7q). O

It is well known that the local homology groups of a C? functional at a critical
point are trivial in dimension that is smaller than the Morse index or larger than
the sum of the Morse index and the nullity (Corollary A.5.4). This result can be
recovered for the C! action functional & : W12(T; M) — R.

Corollary 4.5.4. Let v be an isolated critical point of o/ . Then the local homology
group C;(,~) is trivial if j < ind(<7,v) or j > ind(</, ) + nul(<, 7).

Proof. For each sufficiently large k € IN, there exists g € Ay such that

¥ =7 = M(q)

and q is an isolated critical point of the discrete action functional @7, (see Sec-
tion 4.4). By Corollary 4.4.6 and Lemma 4.4.9, up to increasing k we have that

ind(%ka q) = lnd(%7 ’yll)a
nul(e;, q) = nul(, vq).

By the above Corollary 4.5.3, up to further increasing k& we have
C*(JZ{IC’ q) = C*("Q{a 'Yq)

Therefore our claim follows from Corollary A.5.4 applied to the local homology
group C.(%,q). |
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4.6 Multiplicity of periodic orbits with
prescribed period

In this section we apply the discretization technique that we have discussed so
far in order to prove a multiplicity result, originally due to Benci [Ben86], for
1-periodic orbits of the Euler-Lagrange system associated to a convex quadratic-
growth Lagrangian . : T x TM — R. Following the notation of Section A.6, for
each homology class a we denote by &, the family of the supports of those cycles
representing a. If a € H.(W2(T; M)), we recall that the minimax of & over &,
is the quantity
minimax &/ := inf sup {<&(7)} € R.
Sa HES, VEKX

Theorem 4.6.1. Let M be a smooth closed manifold of positive dimension, and
consider a 1-periodic convex quadratic-growth Lagrangian & : T x TM — R with
associated action functional o7 : WY2(T; M) — R.

(i) If a € Hy(Wh2(T; M)) is a nonzero homology class, then minimaxe, & is
a critical value of 7. Moreover, if the critical points of </ corresponding to
this minimax critical value are isolated, there exists a critical point v of &/
such that

</ (y) = minimax <7,

a

ind(«,v) <d <ind(«,v) + nul(«, 7). (4.23)
(i) If? a < b in H,(WY2(T; M)), then
minimax &/ < min@imax;zf
a b
and either the inequality above is strict or </ has infinitely many critical
points corresponding to the critical value minimaxg, ./ = minimaxg, 27
(iii) The number of critical points of < is at least CL(WY2(T; M)) + 1, where
CL(WY2(T; M)) is the cup-length of W2(T; M).
Thus, the multiplicity of the 1-periodic orbits is guaranteed by the richness
of the homology of the free loop space of M. From Theorem 3.2.5, we know that

the homology of the free loop space is rich whenever the configuration space is
simply connected. More generally, we have the following.

Corollary 4.6.2. If w1 (M) is finite, then the Euler-Lagrange system of £ admits
infinitely many contractible 1-periodic orbits. If they are all isolated, then there
exists an infinite sequence of contractible 1-periodic orbits {7, |n € N} such that

lim o (y,) = oo,

n—oo

lim ind(e,v,) = cc.

n—oo

2See Section A.6 for the definition of the homological relation “<”.
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Proof. Let us assume that the contractible 1-periodic orbits of the Euler-Lagrange
system of .Z are all isolated (otherwise there is nothing to prove). Let 7 : M — M
be the universal covering of M. Since m1 (M) is finite, M has finite degree and in
particular it is compact. We can lift .Z to a convex quadratic-growth Lagrangian
Z:TxTM — R by setting

L(t,§,0) = L, x(q),dn(§)D), V(t,g,v) € T x TM.

Notice that, if ¥ : T — M is a (contractible) 1-periodic solution of the Euler-
Lagrange system of ,5”/, then its projection v := 7 0 ¥ is a contractible 1-periodic
solution of the Euler-Lagrange system of .Z and, if we denote the action of 2 by
be/f'\,/ we have

A7) = (y),
ind(e7,7) = ind(«, ),
nul(ssz\ji) = nul(, 7).

Hence, we only need to prove the statement for the Euler-Lagrange system asso-
ciated to .Z.
By Theorem 3.2.5, there exists an infinite sequence of homology classes

{an € Hy, (WY2(T; M)) | n € 1N}

such that d,, — oo as n — oco. By Theorem 4.6.1, there exists an associated
sequence {7, |n € IN} of 1-periodic solutions of the Euler-Lagrange system of .Z
such that . .

lim {ind(d, Tn) + nul(%ﬁn)} = 0.

n—oo
This, together with Proposition 2.1.4, implies that

lim Jz/{\zﬁn) = o0.
Finally, since the nullity of the action functional at a critical point is always less
than or equal to 2dim(M) = 2dim(M) (see Lemma 4.4.4), we obtain

lim ind(<7,7,) = oco. O
n—oo
Corollary 4.6.3. If 1 (M) is abelian (e.g., if M is a Lie group or, more generally, an
H-space?), then the Euler-Lagrange system of £ admits infinitely many 1-periodic
orbits.
3We recall that a topological space X is an H-space, “H” standing for “Hopf”, when there is
a multiplication map * : X X X — X and an identity element e € X such that the two maps

X — X given by x +— z * e and  — e * & are homotopic to the identity on X with homotopies
relative to {e}.
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Proof. If w1 (M) is finite, then the statement follows from Corollary 4.6.2. If 7 (M)
is infinite and abelian, then it has infinitely many conjugacy classes (each element
of w1 (M) is a conjugacy class) and the statement follows from Theorem 3.5.5. [

In the remainder of this section we will prove Theorem 4.6.1. As the reader
might guess, we want to apply the abstract minimax statements from section A.6.
However, in order to get the estimate (4.23) on the Morse index and nullity pair of
the periodic orbits, we cannot immediately apply Theorem A.6.3 since the action
functional &7 is not C2. The idea here is to apply the homological minimax theorem
to the (smooth) discrete action functional. First of all, we show that the minimax
values of the action functional and of the discrete action functional are the same.
Consider a nonzero homology class a € H,(W12(T; M)) represented by the cycle
a. We denote by #, C W12(T; M) the (compact) support of o, and we choose a
constant ¢ € R such that

c> 52% {Z(v)} € R. (4.24)

Notice that « also represents a nonzero homology class o’ € H.((<7).), and

mirgmax o/ = minimax <. (4.25)

a a’

Now, consider the constant k(.Z,c) € IN given by Lemma 4.5.2. For each integer
k> k(Z,c), the embedding g : (%), — (&), is a homotopy equivalence, with a
homotopic inverse 7, : (&) — (# ). given by (4.22), and therefore we can define
a nonzero homology class

a = H. () a' € H(()e).

Lemma 4.6.4. minimax &/ = minimax 7.

a apg

Proof. By (4.25), we only need to prove that

minimax ./ = minimax .%7,.

a’ ap

For each # € &,,, we have A\ (%) € &,, therefore

minimax o/ < minimax 7.

a’ ag

On the other hand, for each v € (&), we have that <7 (ri(v)) < /() and, for
each #' € &,/, we have that ri(£") € &,,. Therefore

minimax ./ = inf  sup {&(y)} > inf  sup {F(rx(y))} = minimax 7.
Sar H'eS veHX’ H'ES veHX Gak

O
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Proof of Theorem 4.6.1. Everything beside the estimate (4.23) follows from the
abstract Theorems A.6.2, A.6.5 and from Corollary A.6.6. As for (4.23), consider
a cycle a representing the homology class a € Hy(W2(T; M)), and a real constant
c satisfying (4.24). The cycle « also represents a nonzero a’ € Hy((«).) and, for
each integer k > k(Z,¢), we obtain a nonzero ay := Hy(rx)a’ € Hy((<).) such
that, by Lemma 4.6.4,
minimax ./ = minimax .27},.
a ap

Now, assume that the critical level minimaxg, ./ contains only isolated critical
points of 7. Since & satisfies the Palais-Smale condition (Proposition 3.5.2),

there exist only finitely many critical points ~1,...,7s of &/ with critical value
minimaxeg, /. This implies that there exist only finitely many critical points
qi,...,qs of o with critical value minimaxe,, o7, = minimaxg, /. Notice that,

up to increasing k, by Corollary 4.4.6 and Lemma 4.4.9 we have

ind(%;, q;) = ind(, ),
nul(@%, q;)) = nul(<, v;),

for all j = 1,...,s. Now, since the discrete action 7 is C*°, by Theorem A.6.3
there exists ¢ € {qu,...,qs} such that

A, (q) = minimax <,

Ak

ind(#;,q) < d < ind(%, q) + nul(<, q). O

4.7 Discretizations in higher period

So far we have only dealt with 1-periodic loop spaces, but our arguments extend to
every period n € IN as follows. Consider the smooth 1-periodic convex quadratic-
growth Lagrangian .2 : T x TM — R of the previous sections. For each k € IN
we define C}° (']I‘[”]; M) as the space of continuous n-periodic curves ( : T — M
such that, for each j € Zy, the restriction (|(;/x,(j+1)/%) is smooth. We endow
this space with the broken smooth topology that turns it into a Fréchet manifold,
as we did for C°(T; M). If k > 1/e¢(.Z), we define a smooth embedding

>

P =N Ay O (T M)

in the following way: for each ¢ = (qo, .-, Gnk—1) € Anr we set )\EQ"] (@) = 7q:
where 74 is the unique loop whose restrictions g /k,(j+1)/x are the unique action
minimizers (with respect to .Z’) with endpoints ¢; and g; 1, for each j € Zy;. We
define the k-broken n-periodic Euler-Lagrange loop space (with respect to %) as
the image

ALY = AT =B
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of the embedding )\L"]. As for the 1-periodic case, AE:] is a smooth submanifold of
O°(TM; M) (and of WH2(TM; M)) with finite dimension nkm, where m is the
dimension of M. Finally, we define the discrete mean action functional

M A — R

as the composition of the mean action functional /" of .Z (see Section 3.6) with
)\Ln], namely

n L :
@)= ) [ L0 Vae A,

All the results of Sections 4.3, 4.4, 4.5 and 4.6 still hold if we replace &/ and <
with the mean versions .7 and ,Q/k[n], for each n € IN.

The nth-iteration map ¥ : WL2(T; M) — WL2(TM; M) restricts to a
continuous embedding of k-broken Euler-Lagrange loop spaces

Pl Ay A

Moreover, by means of the diffeomorphisms A\; and /\Ln] we can define the discrete
nth-iteration map

G Ap > A,

in such a way that the following diagram commutes.

i
TAVAS > Apk
A ~ )\Ec"]
\% [n] v
AT s

Namely, for each g € Ay, we have w}[@n] (q) = q!™, where

" = (q....,q).
N~ ~ ~

n times






Chapter 5

Local Homology and
Hilbert Subspaces

In a Lagrangian system associated to a Lagrangian function .¢ : R/Z x TM — R,
a periodic orbit v : R/Z — M produces a critical point of the action functional
in any period n € IN. Namely, the iterated curve 7™ is a critical point of .7
As we already saw in Section 4.6, critical point theory allows us to investigate
the multiplicity of periodic orbits with prescribed period n. On the other hand,
if one is interested in the multiplicity of periodic orbits with any period, some
additional arguments are needed in order to recognize when an n-periodic orbit is
the iteration of a periodic orbit of smaller period. Bott’s theory, which we discussed
in Section 2.2, served this purpose by studying the behavior of the Morse index
and nullity of iterated periodic orbits. Now, we wish to go one step further, and
investigate the behavior of the local homology of periodic orbits under iteration.

The first result in this direction is due to Gromoll and Meyer [GM69b, The-
orem 3]. In the setting of closed geodesics (i.e., when the Lagrangian is given by
a squared Riemannian norm), they proved that the local homology of an isolated
closed geodesic is unchanged under an iteration that does not change the nullity,
up to a shift in the degree that is given by the shift of the Morse index of the iter-
ated geodesic. For mechanical Lagrangians (i.e., fiberwise quadratic Lagrangians
of the form kinetic plus potential energy), Long [Lon00, Theorem 3.7] proved that,
if an isolated periodic orbit v and its iteration 7™ have the same Morse index and
nullity, the isomorphism between the local homology of v and the local homology
of v is induced by the iteration map. This fact turns out to be crucial in the
study of the multiplicity of periodic orbits with unprescribed period, as we will
see in Section 6.5 of the next chapter.

M. Mazzucchelli, Critical Point Theory for Lagrangian Systems, Progress in Mathematics 293, 109
DOI 10.1007/978-3-0348-0163-8_5, © Springer Basel AG 2012
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In this chapter, following [Maz11, Section 4], we carry out Long’s argument
in an abstract setting: given a C? function defined on an open set of a separable
Hilbert space, the local homology of the function at an isolated critical point does
not change if we restrict the function to a Hilbert subspace containing the critical
point, provided the Morse index and the nullity of the critical point do not change
under the restriction. In Section 5.1 we state this result. The proof will be carried
out in Section 5.4, after establishing several preliminaries in Sections 5.2 and 5.3.
Finally, in Section 5.5 we discuss applications to the Lagrangian action functional,
proving Long’s result for the more general case of Lagrangian systems associated
to convex quadratic-growth Lagrangians. We refer the reader to the Appendix for
the background needed from Morse theory.

5.1 The abstract result

Let % be an open set of a real separable Hilbert space E, and .% :  — R a
C? function that satisfies the Palais-Smale condition. Assume that @ € % is an
isolated critical point of .% with finite Morse index and assume that the Hessian of
F at x is Fredholm. We recall that this latter condition means that the associated
bounded self-adjoint operator H on E is Fredholm, where

Hess.Z (x)[v,w] = ({(Hv,w) E, Yo, w e E. (5.1)

In particular the nullity of .% at « is finite, being the dimension of the kernel of H.

Now, let E, be a Hilbert subspace of E containing the critical point .
We assume that %, := % N E, is invariant under the gradient flow of .%. This
requirement can be expressed in terms of the isometric inclusion J : % — % as

(Grad#) o J = J o Grad(Z o J). (5.2)

Throughout this chapter, for simplicity, all the homology groups are assumed
to have coefficients in a field IF' (in this way we avoid the torsion terms that appear
in the Kiinneth formula). We recall that the local homology of the function .# at
x is defined as

Cu( 7, z) == H. ((F)e U{z}, (F)e) s

where ¢ = Z(z) and (F), = F (—o0,c). If we denote by F, : % — R
the restricted function .%|4,, then x is a critical point of %, as well and the
local homology C. (%, x) is defined analogously as H.((:% ). U{x},(Z).). The
inclusion J restricts to a continuous map of pairs

J: ((Fe)e Uiz}, (Fo)e) = (F)e Uz}, (F)e),
and therefore induces the homology homomorphism
Hy(J) : Cu(Fe,x) — Cu(F, ).

The main result of this chapter is the following.



5.1. The abstract result 111

Theorem 5.1.1. If the Morse indices and nullity of % and %, at x coincide, i.e.,

ind(#,x) = ind(F., x),
nul(F, x) = nul(F,, ),

then H,(J) is an isomorphism of local homology groups.

The proof of this theorem will be carried out in Section 5.4, after several
preliminaries.

Remark 5.1.1. One might ask if Theorem 5.1.1 still holds without the assump-
tion (5.2). This is true in the case where @ is a non-degenerate critical point: a rel-
ative cycle that represents a generator of Ciyq(.#,a)(Fe, T) also represents a gener-
ator of Ciyq(.# ) (-7, x), and in every other degree j # ind(.#, z) = ind(Z,, ) the
local homology groups C;(.%,,x) and C;(.%,x) are trivial (see Theorem A.4.1).
However, in the general case, assumption (5.2) cannot be dropped, as is shown
by the following simple example. Consider the function % : R? — R from Exam-
ple A.4 in the Appendix, i.e.,

F(x,y) = (y — 2%)(y — 227), V(z,y) € R2.

The origin 0 is clearly an isolated critical point of .%#, and the corresponding
Hessian is given in matrix form by

Hess.Z (0, 0) — [ 8 g } . (5.3)

Now, let us consider the inclusion J : R < R? given by J(z) = (z,0), namely the
inclusion of the z-axis in R2. Then

ind(#,0) = ind(.Z o J,0) =0, (5.4)
= F0J,0 )

F
nul(.%#,0) = nul(
However the gradient of .% on the z-axis is given by

Grad.Z (z,0) = (823, —3z?), Vo € R.

Hence condition (5.2) is not satisfied for the inclusion J. The local homology
groups of .% and % o J at the origin are not isomorphic (and consequently H.(J)
is not an isomorphism). In fact, by examining the sublevel (&), (see Figure A.5
in the Appendix) it is clear that the origin is a saddle point of % and a minimum
of % o J. Therefore we have

F =1, F j=0,
cj(ﬂ,o)_{o j#l cj(ﬁoj,o)_{o j#o. 0
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Remark 5.1.2. The C? regularity of the involved function is also an essential
assumption in Theorem 5.1.1. In fact, let us modify the function .# of the previous
remark in the following way:

Fx,y) = (y — x2)(y — 2362) + 328 arctan (li) , Y(z,y) € R2.

This function is C' and twice Gateaux differentiable, but it is not C? at the
origin, which is an isolated critical point. The Hessian of .%# at the origin is still
as in equation (5.3). The gradient of .# on the z-axis is given by

Grad.Z (z,0) = (823,0), Vo € R.
Hence, condition (5.2) is satisfied, i.e.,
(Grad.#) o J = Grad(:# o J),

where J : R — R? is given by J(x) = (z,0). The Morse index and nullity of .#
and .7 at the origin are still as in (5.4). Moreover, 0 is a local minimum of .% o J,
which implies

F =0,

0 j # 0.

However, the origin 0 € R? is not a local minimum of the function .%. In fact,
a straightforward computation shows that 0 is a local maximum of the function
Z restricted to the parabola y = gacz, namely 0 € R is a local maximum of the
function

C;(F 0J,0) = {

1 3
T F (x, gmz) —4:1:4 + 328 arctan <2x2> .

This readily implies that Cy(%,0) is trivial. O

5.2 The generalized Morse lemma revisited

In order to prove Theorem 5.1.1 we need to reconsider the generalized Morse lemma
(Lemma A.2.1): more specifically, for reasons that will become clear in the next
two sections, we need to specify how the map ¢ and the function .#° appearing
in the statement are defined. This can be done by inspecting the original proof
in [GM69a] or, alternatively, in [MW89, page 189] and [Cha93, page 44]. For the
reader’s convenience, we will include the proof here with all the details.

In order to simplify the notation, from now on we will assume, without loss
of generality, that £ = 0 € E. Consider the operator H associated to the Hessian
of .Z at the critical point 0 defined in (5.1). According to the spectral theorem, we
have an orthogonal splitting E = ET @ E~ @ E°, where E* [resp. E~] is a vector
subspace of E on which H is positive-definite [resp. negative-definite], while E° is
the finite-dimensional kernel of H. We will write every vector v € E as

'v:vo—l—vi,
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where v+ € E* := E* @ E~ and v’ € E. On E*\ {0} we introduce the local
flow ©y defined by Oy (s,0(0)) = o(s), where o : (sg,s1) — E* \ {0} (with
s0 < 0 < s1) is a curve that satisfies

Ho(s)

THo(s)ly oS o

a(s) =

We also set ©5(0,0) := 0. Notice that Oy is a reparametrization of the anti-
gradient flow of the function .#* : E* — R defined by

FE(vF) = LHess. 7 (0)[vF, v*] = L(Hv* v ) g, Yot € BT, (5.6)

The generalized Morse lemma can be restated as follows.

Lemma 5.2.1 (Generalized Morse Lemma revisited). If ¥ C FE is a sufficiently
small open neighborhood of 0, there exist

(i) a C" map ¢ : (¥ N E° 0) — (E*,0) implicitly defined by

d.F (v° +(v"))| e =0, v’ € ¥ NE°, (5.7)

(ii) a map ¢ : (¥,0) — (%,0) that is a homeomorphism onto its image, de-
fined by

$(v) =" + Opu(1(v - Y(v")),v* =9 (v%)),

Vo =0’ + vt e ¥, (5:8)
where T is a continuous function implicitly defined by
()] < 5llv* e,
FEOp(r(v),vH) =F (v+ (%) = F (v° +(v?)).
Then we have
Fodpt(v) =.7°W°) +.7F(vh), Vo = o0 +vF € ¢(¥), (5.9)
where Z° : ¥ N EY — R is the C? function
FO") = Z (@ + (), Vol € ¥ N E°. (5.10)

Moreover, the origin is a totally degenerate isolated critical point of Z#° and a
non-degenerate critical point of F*.

Proof. Since the Hessian of .% at 0 is non-degenerate when restricted to E* x E*,
by the implicit function theorem we can find an open neighborhood #° ¢ % N E°
of 0 and a C* map ¢ : (#°,0) — (E*,0) that is implicitly defined as in (5.7).
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Consider the function .79 : #° — R defined as in (5.10). The origin is an isolated
critical point of .#°, for 1/(0) = 0 and

dZ°(°) = dZ (v’ + ¥(v°)) + d.F (v° + ¥ (v°)) dp(v°)
= d.Z (0" + 1 (v°)).
Moreover,
Hess.Z°(v°) = Hess.Z (v° + 1 (v°))[(I 4 dep(v°))-, ],

where I denotes the identity on E°. This shows that #Y is a C? function whose
Hessian vanishes at the origin (i.e., the origin is a totally degenerate critical point
of Z0). As for the function .#* : E¥ — R defined in (5.6), the origin is clearly
a non-degenerate critical point of it. In order to conclude the proof, we need to
show that we can define a map ¢ as in point (ii) of the statement such that (5.9)
holds.

Consider the flow © g introduced above. We claim that Oy is well defined on

{(s,vi) cRx E*||s| < ||vi||E} .
In fact, for any nonzero v+ € E*, consider the maximal flow line
o : (s0,51) — E*\ {0}

of Oy with sy < 0 < 57 and 0(0) = v* (see equation (5.5)). Assume by contra-
diction that s; < ||v* || g. Since ||6(s)||g = 1 for each s € (sq,s1), we have

/Osd(r)dr . g/os lo(r)|| g dr = |s].

Therefore 0 < [|o(s1)||lg < 2||vE||g and &(s1) = —Ho(s1)/||Ho(s1)|| g is well
defined, contradicting the maximality of s;. An analogous argument shows that
so < —[lv*| e

Since H is a Fredholm operator, 0 is an isolated point in the spectrum of H
(see the proof of Lemma 2.1.1). Fix € > 0 such that the interval [—¢, €] intersects
the spectrum of H only in 0. For each v* € E* \ {0}, the function s — F* o
Op(s,vT) is strictly decreasing, and

Id$vﬂm‘

[s|
(4 Ou(s.v) = 74 = [ 1H6ulrv*)s dr
0
[s]
>c [ jeutrv*) g dr
0

[s]
25/ (H’UiHE—T) dr
0

+ s?
>z (I el - )
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In particular, for s = }[|v®|| g, we have

FE(On(=s,v7)) = FF(vF) > '[[v*|E,

5.11
FEwE) - T O u(s,0)) > o], (511

where &’ := (3 — §)e > 0. Now, consider an open neighborhood of #* C E* of 0
such that
V=1Vt Ccu.

For each v = v* + v° € ¥ we have

F(v+9(0") = F(0° + ("))
= /1 dZ (sv* + 00 + 9 (v°))v* ds
0

1,1
:// s Hess.Z (rsv™ +v° + ¢ (v?)) wt, v drds.
0Jo

Since the function % is C2, up to shrinking the neighborhood ¥ of 0, for each
v =v% +v° € ¥ we have

|7 (v + (%) = F(0° +9(0°)) = FF (v

s (Hessﬂ‘(rsvi + %) [v*, vt] — Hess.Z (0)[v™, fvi]) drds

IN

3¢ v 1%
Set s = }||v¥||g. This estimate, together with the ones in (5.11), implies that
|7 (v + 9 (7)) = F (7 + (%)) = FH(On(s,v7))|
> |FE (W) — FE (O (s, 0h))]
— | F @+ 0@") - F@° + (o) - FE (05|
> ¢’ lv* %
>0,
and actually
FEOp(s,vF)) < F(v +9Y(0°) — F(0° +¢(v°) < FE(On(—s,v)). (5.12)
Notice that these inequalities become equalities in case v* = 0. If v* # 0 and

Ir| < ||v*| &, we have

d
3 T Ol vh) = [ HOu(r.v¥) 5 <0,

and by the implicit function theorem there exists a C' function

7\ (7@ {0}) - R
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such that
FEOu(1(v),v7)) = F(v+9(v°) = F(0° + ¢ (v?)),

Vo = v +v* € ¥\ {0}. (5-13)

Notice that, by the estimates (5.12), we have |7(v)| < }||v®| g. Therefore we can
extend 7 to a continuous function defined on all of 7.

Once more, since the function .# is C2, up to further shrinking the neigh-
borhood 7 of 0, for each v = v+ + v° € ¥ with v* # 0 and |r| < ||vF| g we
have

1 2@+ 0 (rv*) + 9())

dr
_ 0 + oy HOu(r,v®)
= —dF(v" +Opu(r,v7) + (v ))||H@H(7‘,Ui)”E
1 HGH(Tavi)

- _ A + 0 -

= /O Hess7 (v” + sOp (r,v™) + ¢ (v")) [@H(r,v ) H@H(T,'Ui)”E} o
. +

< Sellon(r v - [ e [Onro®), g O s
0

1HOm (r, v*)| e

sellOu(r,v) e — [HOH(r,v™)| e
< —3el®u(r,v™)|e
< 0.

Up to further shrinking the neighborhood ¥ of 0, by the implicit function theorem
there exists a C' function

c: 7\ @e{0}) >R
such that
FEw™) = F(w’ +0p(0(w), w™) + v(w’)) - F(w’ + (w’)),
Vw = w’ + w* € ¥\ {0}.
If we set v = v0 + vF, v’ = w® and v* = O (o(w), w*), then
w* = Oy (t(v),v), (5.14)

and hence we can extend ¢ to a continuous function defined on all of ¥ such that
o(w?) = 0.

Finally, up to shrinking one last time the neighborhood 7" of 0, we can define
the map ¢ : ¥ — % as in (5.8). This map is a homeomorphism onto its image
with inverse

o Hw) :wo—i—@H(a(w),wi)—I—w('wo), Vw = w® + wt e o).

Equation (5.9) is then a direct consequence of (5.13). O
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5.3 Naturality of the Morse lemma

Let H, be the bounded self-adjoint linear operator on FE, C E associated to the
Hessian of the restricted function #, = Z#|g, at 0. Then H o J = J o H,. This
follows immediately from condition (5.2), for

HoJ=d(Grad.Z)(0) o
= d((Grad#) o )(0)
= d(J o Grad(%,))(0)
= J o d(Grad(%#,))(0)
=JoH,.

Namely, the restriction of H to E, coincides with H,, i.e.,
H|g, = H., (5.15)

and in particular H, is a self-adjoint Fredholm operator on E,. If we denote by
E, = E{ © E} © E, the orthogonal splitting associated to the operator H,
according to the spectral theorem, equation (5.15) readily implies that

E)CE’ EfCE" E;jCE". (5.16)

Lemma 5.2.1 applies to both the functions .# and .%,, and the following is a list
of the various symbols involved in the corresponding statements. The top line
contains the symbols used with %, and the bottom line denotes the symbols used
with Z,.

Ei7 EO7 4//7 @Ha (bv 1% T, g\oa jﬂ:,
E.i7 E97 7/0’ GH.; (b.a '(/)07 Te, y007 yi'

We want to show that, under the hypotheses of Theorem 5.1.1, the decomposition
of F as F*+ 4.7V restricts to the corresponding decomposition of .%, as .Z}t +.70.

Proposition 5.3.1. fﬂE.i =7FF.

Proof. This is a direct consequence of (5.15) and the definitions of the functions
F* and FF. O

Lemma 5.3.2.

(i) If ind(#,0) = ind(%#,,0), then E~ = E, .
(i) If nul(.Z,0) = nul(.%,,0), then E° = E?.

Proof. The claims follow at once from (5.16), since
dim E; = ind(%,,0) =ind(%,0) =dim E~,
dim E? = nul(.%,,0) = nul(.#,0) = dim E". O
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Proposition 5.3.3. If nul(.#,0) = nul(%,, 0), the following equalities hold:

(i) 1 = e on a neighborhood of 0 in EY = E°,
(i) #° = .Z2 on a neighborhood of 0 in E) = E°,
(iii) ¢ = ¢ on a neighborhood of 0 in E, C E.

Proof. By Lemma 5.3.2(ii), the domains of the maps ¢ and 1), are open neigh-
borhoods of 0 in E° = E?. Up to shrinking these neighborhoods, we can assume
that both 1 and 1) have common domain #° c E°. Let P* : E — E* and
P} : E, — EF be orthogonal projectors. Notice that

Pi\E%:Pi

The function 1, is implicitly defined as in point (i) of Lemma 5.2.1, or equivalently
by the equation

P (Grad Z, (v° + e (v"))) = 0, vol € ¥ N E°.
Assumption (5.2), together with the fact that E* = E?, implies that
Grad.Z (v + the (v°)) = Grad.Ze (v° + 1be (v")) v’ € ¥ NE°.
Hence
PE(Grad.Z (v° + . (v"))) =0, vo? € ¥ N E°.

This shows that 1, solves the equation that implicitly defines 1, and therefore
points (i) and (ii) follow.

As for (iii), up to shrinking the domains of ¢ and ¢, we can assume that
they are maps of the form ¢ : ¥ — % and ¢ : Yo — U, where ¥4 = ¥ N E,.
Notice that (5.15) readily implies that the flow ©p, is the restriction of the flow
Oy to Ef \ {0}, ie.,

GH('avi) :@Ho('vvi)a v,v:t GE:t\{O}
By Lemma 5.2.1(ii) and since 1) = 1,, for each v = v° + v € ¥, we have
p(v) =0’ + Op(r(v — Y(@°)), vF — Y(?)),
de(v) = 0" + Op(1e(v — (v°)), 0™ — Y(v7)).

Hence in order to conclude the proof of (ii), we just need to show that, for each
v in the domain of 7,, we have 7(v) = 7o(v). This is easily verified since, by
Lemma 5.2.1(ii) and Proposition 5.3.1, 7(v) and 7,(v) are implicitly defined by
the same equation

FHOn(r(v),v7)) = F(v+y(v°) = F (0 +9(©°)) = FH(On(ra(v),v")). O
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5.4 Local homology

In this section we carry out the proof of Theorem 5.1.1. Before giving the proof,
we need to establish another naturality property, this time for the isomorphism
between the local homology of .% at 0 and the homology of corresponding Gromoll-
Meyer pairs (see Section A.5 in the Appendix).

Remark 5.4.1. Notice that our function % is only defined on an open set  C E,
which is not a complete space unless 2 = E. Therefore in the following, we must
implicitly require that all the Gromoll-Meyer pairs (#,#_) of % at 0 satisfy
the following assumption (in addition to (GM1),...,(GM4) from Section A.5): if
DGradz denotes the anti-gradient flow of .# as in Section A.3 of the Appendix,
then for each v € #_ there exists ¢ = t(v) > 0 such that Pgraaz (t,v) € (F).,
where ¢ = .%#(0). This can always be fulfilled by requiring #  to be small enough.
Indeed, one can even construct a Gromoll-Meyer pair (#/, #_) in such a way that
W_ C (F)., see [GM69a, Section 2] or [Cha93, page 49]. O

Lemma 5.4.1. Let (#',#~_) be a Gromoll-Meyer pair for % at 0. Then the follow-
ing holds.

(i) The pair (#e,We_) == (W N Ee,W_ N Ey) = (J-YW),J L (#)) is a
Gromoll-Meyer pair for %, = F|g, at 0.
(ii) Consider the restrictions of J : Eq — E given by

J: ((Fe)e U{0}, (Fo)e) = ((F)eU{0},(F)o),
J:(Wa W) — (W, W-).

These restrictions induce the homology homomorphisms

H,(J) : Ci(F,0) — Cu(F,0),
H(J) : He(We, Wa_) — Hu(W , W)

Then there exist homology isomorphisms t(y, w,_ ) and t¢y w_y such that
the following diagram commutes.

H. (J)

C.(Z.,0) ~C.(Z,0)
L(We  We—) = ~ L)
\ \

H (Ve ter) 7 HP )

Proof. Point (i) is straightforward: it suffices to verify that the pair (#e, #s_)
satisfies conditions (GM1),...,(GM4) in the definition of Gromoll-Meyer pair (see
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Section A.5). Point (ii) requires us to examine closely the proof of Theorem A.5.1
in the Appendix, and we refer the reader to [Cha93, page 48] for more details.
The point, here, is to show that the isomorphism between the local homology and
the homology of a Gromoll-Meyer pair is given by the composition of homology
isomorphisms induced by maps, so that the assertion follows from the functoriality
of singular homology.

We denote by ®araqe the anti-gradient flow of .#. Notice that, by condi-
tion (5.2), ®graaz restricts on E, to the anti-gradient flow ®graqe, of the re-
stricted function .#,. We choose a continuous function 7' : #_ — [0, 00) such that
F (Pgraaz (T'(v),v)) < ¢ for each v € #_, and we introduce the closed sets

2 = {Baras(s,0) |0 e 7 025 < T)),

Y =WUZ,

2= { @iz (s,v) v eV, 0<s <T(w)} = 2N B,
Yo =WeUZe =% NE,.

Consider the following diagram.

H. (Zn(F6)c U{0}, 2N (Fe)e) >H (@0 (F)U{0}, 7 N (F))
A A

Ho (Zn(Fe)c U{0}, Zen(Fe)e)  >Ho (@0 (F) U0}, 20 (F)c)

1
1

\% Y
H. (%, 2) ~H. (7, 2)
A A
H.(J)

H, (Yo, Yo_) (W, W)
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In this diagram, all the arrows are homology homomorphisms induced by inclu-
sions. Moreover, all the vertical arrows are isomorphisms (this can be easily proved
by anti-gradient flow deformations and excisions), and we define the isomorphisms
LW #u_) a0 Ly 9y as the composition of the whole left vertical line and right
vertical line respectively. By the functoriality of singular homology, this diagram
is commutative, and the claim of point (ii) follows. O

After these preliminaries, let us go back to the proof of Theorem 5.1.1. If

nul(.#,0) = nul(.%,,0), then, by Proposition 5.3.3(ii), #° = .Z2 on a neighbor-
hood 7° of the critical point 0. In particular

C.(Z0,0) = C.(Z°,0). (5.17)

As for the functions .Z* and .Z;, we have the following.

Lemma 5.4.2. Assume that ind(.%#,0) = ind(.%,,0). Then the inclusion J, re-
stricted as a map

T+ (5o U{0}, (F)o) = (FF)oU{0}, (F5)o), (5.18)
induces the homology isomorphism

H.(J): C.(ZE,0) = C.(F*,0).

[ I

Proof. The fact that J restricts to a map of the form (5.18) is guaranteed by
Proposition 5.3.1. Since .#* and .Z} are quadratic forms with negative eigen-
spaces E~ and E, respectively, the inclusions

ki (E7,E-\{0}) = ((FF)o U{0},(F)o),
kot (Eg,ES\{0}) = ((F8)oU{0}, (F5)o)

are homotopy equivalences, and in particular induce homology isomorphisms H. (k)
and H. (ke ). Moreover k and ko are defined on the same domain, since E; = E~
according to Lemma 5.3.2(i). Therefore H,(J) = H,. (k) o H. (ko) ™! is an isomor-
phism. O

Proof of Theorem 5.1.1. By Proposition 5.3.3(iii), the homeomorphisms ¢ and ¢e
provided by the generalized Morse lemma induce local homology isomorphisms
H.(¢) and H,(¢e) such that the following diagram commutes.

H.(J
C.(F,0) W 7,0
A A
H.(¢e) = ~ H.(¢)
H. (J)

C.(Z0 + FZF,0) = C,(F0 + .7%,0)
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Hence, we only need to prove that the lower horizontal homomorphism H, (J) is
an isomorphism. We consider Gromoll-Meyer pairs (#%, #%) and (#°, #9) for
F*+ and FV respectively at 0, so that the product of these pairs, that is

W H) = WExHO,(WExpO)U(#E x#0)),

is a Gromoll-Meyer pair for .#°+.#* at 0. By Lemma 5.4.1(i), we obtain Gromoll-
Meyer pairs for the functions .ZF, Z0 and Z0 + .ZF at 0 respectively as

(yﬂoi>q//o:5) = (4//i ﬂE.,W_i ﬁE.) = (J_l(Wi)7J_1(W—:t))ﬂ
PN = (WO NEL,HINE) = (JTH(#0), T H(F2)),
(W Wo )= (W NEg, W_NE,) = (JY(W),J X (#)).

By Lemma 5.4.1(ii) and the Kiinneth formula we obtain the following commutative
diagram.

H.(J
C.(F0 + F£,0) D s e(#0+ 7E,0)
L HWe  We_) =~ ~ Lw,ow_)
v H,(J v
H, (W, #o_) ) ~H.(#, W)
Kiinneth =~ ~ Kiunneth
! + ! +
+ +
H*(Wo 7%—) H*(J)®H*(J) H*(W aW—)
& > ®
H* (/W.O’ %07) H* (WO’ WP)
A A
LonEHENB YW ) = ~ bopk o E) Olopo p0)
g+ g+
H*(‘/o aO) H.(J) ® H, (J) H*(J 70)
® N - ®
H.(7],0) H,(Z°,0)

The commutativity of the upper and lower squares follows from Lemma 5.4.1(ii),
while the commutativity of the central square follows from the naturality of the
Kiinneth formula (see for instance [Hat02, page 275]). By (5.17) and Lemma 5.4.2,
the lower horizontal homomorphism H, (J) ® H.(J) is an isomorphism, and there-
fore the other horizontal homomorphisms must be isomorphisms too. O
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5.5 Application to the action functional

Let M be a smooth closed manifold of dimension m > 1, and . : TxTM — R a
1-periodic convex quadratic-growth Lagrangian with associated action functional
o+ WH2(T; M) — R. We also consider, for each n € IN, the mean action func-
tional @™ : WL2(Tl: M) — R (see Section 3.6) and, for each k € IN large
enough, the discrete action functional o7, : Ay — R (see Section 4.3) and the
discrete mean action functional Jz{k[n] s Apk — R (see Section 4.7).

We show that the abstract Theorem 5.1.1 can be applied to the case in which
J is the discrete iteration map 7/’1[@”] : A — A, and Z is the discrete mean action

functional gf/’k[n] )

Theorem 5.5.1. Let g € Ay be a critical point of the discrete action functional
o), such that @,(q) = c. Assume that, for some n € N, g™ is an isolated critical

point of ﬂk[n] and

ind(%;, q) = ind(eﬁz{k["} , q["])7
nul(#, q) = nul(,;sz["] , q[”]).

Then the discrete iteration map w,[cn], restricted as a map of the form

S (e U fa) s ()e) < (™) u g™ ) (™)),
induces the homology isomorphism
H (") : O, @) = Cul ™, ).

Proof. For notational convenience, let us assume that the pull-back vector bundle
Ae(q)*TM is trivial (the general case can be handled analogously, and it is left to
the reader). Applying the localization argument of Remark 4.2.1 we can assume
that our Lagrangian function has the form £ : T x U x R™ — R, where U is a
bounded open subset of R, and the corresponding action and mean action have
the form &7 : W'2(T;U) — R and &/[" : WH2(T: ) — R. In this way, we
consider q as lying in the open set Wi = A\, ' (W12(T;U)) of the k-fold product
R™ x --- x R™, and similarly

g™ € Wy, = A w21l U)) c R™ % -+ x R™.
- ~ =4
nk times

The iteration map ™ : WH3(T;U) — WH2(T; U) is now the restriction of
a bounded linear embedding ™ : W12(T; R™) — W1L2(TM; R™), namely it is
the restriction of the nth-iteration map on the Hilbert space W12(T; R™). Anal-
ogously, the discrete iteration map 1/},[:] is the restriction of the linear embedding
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w,[gn] : RF™ < R™™ given by

pw) =wl = (w,... w),  YweRM
N~ o~ 7
n times

This latter embedding is an isometry with respect to the Euclidean inner product
{-,-) on R¥™ and the inner product (-,-)[™ on R™™ obtained multiplying the
Euclidean one by n7!, i.e.,
k—1
((w, 2)) :Z<wj,zj>, Vaw = (wo,...,wk—1),2=(20,--.,25_1) ER"™,
3=0
nk—1

1
<<w/7z/>>[n] - n Z <w;7zé>’ vw/:(wéa""w;mk—l)’z/:(Z(/)a"'vz;k—l)ERnkm'
j=0

Here we have denoted by (-, -) the Euclidean inner product on R™. Now, the func-

tionals @7, and Jka[n] are smooth (see Proposition 4.3.1), and therefore our claim
follows from the abstract Theorem 5.1.1, provided we verify that condition (5.2)
holds in our setting. Namely, we must verify that

Grad%k[n] (wl) = " o Gradez, (w), Yw € W

This follows easily from Proposition 4.4.1. In fact, if we fix an arbitrary w € Wy
and we define 7, := A\g(w) and g = (go, - .., gr—1) with

g; = 61)3(%"7111(%)’;}%(%7)) —6v$(i,’yw(i),"yw(i

we have Grade, (w) = g and Gradﬂk[n] (w*l) = g, O

+

)) € Rm7 vj S Zk7

Theorem 5.1.1 does not immediately apply to the mean action functional
/1" since this latter functional is not C? in general (see Proposition 3.4.4).
However, despite this lack of regularity, we can still obtain the assertion of the
theorem as a consequence of the results of Chapter 4 and the above Theorem 5.5.1.

Corollary 5.5.2. Let v € W12(T; M) be a critical point of the action functional
o such that o/ (vy) = c. Assume that, for some n € IN, 4"l is an isolated critical

point of /") and
ind(«7,~) = ind( ™, 4",
(7.7) = ind(&/1", 517 510
nul(.e7, ) = nul(&/", A,

Then the iteration map ¥, restricted as a map of the form

Y () U} ()e) = () U (1), (1)),

induces the homology isomorphism

H*(w[n]) 1 Cu(,7) = C*(%[HLVM])-
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Proof. As we have already remarked at the beginning of Section 4.4, for each
k € IN sufficiently large there exists ¢ € Ay such that

7 =g = M(q),
and q is a critical point of the discrete action functional <. By Corollary 4.4.6,

Lemma 4.4.9 and assumption (5.19), up to increasing k we have that

ind( ., q) = ind (<, 7q) = ind(&/ ", 4y = ind(4", g")),

nul(<e;, g) = nul(/,v4) = nul(d["],’y,[l"]) = nul(;sz[n],q["]).

By Corollary 4.5.3, up to further increasing k, the embeddings A\ and /\Ln] induce
homology isomorphisms such that the following diagram commutes.

H. (")
C.(,7q) > O, (/1))
A A
Ho (M) =~ ~ H.()
H. (yI™)
C. (., q) 2 = O g

By Theorem 5.5.1, the homomorphism H*(i/zgl]) is an isomorphism, and hence
H. (4["]) must also be an isomorphism. O






Chapter 6

Periodic Orbits of Tonelli
Lagrangian Systems

This final chapter is devoted to the proof of multiplicity results for periodic orbits
of Lagrangian systems given by Tonelli Lagrangians . : T x TM — R with global
Euler-Lagrange flow. As in the previous chapters, the approach that we follow is
based on the critical point theory for the action functional. However, under the
Tonelli assumptions, the machinery of abstract critical point theory is not directly
applicable. The main problem is that a functional setting in which the Tonelli ac-
tion is both regular and satisfies the Palais-Smale condition (the minimal require-
ments needed for critical point theory) is not known. The breakthrough required to
overcome these difficulties was found by Abbondandolo and Figalli [AF07]. Their
idea consists in modifying the Tonelli Lagrangian .Z outside a sufficiently large
neighborhood of the zero section of TM, making .Z fiberwise quadratic there, and
then performing the critical point-theoretic analysis with the action functional of
the modified Lagrangian. In a prescribed action sublevel, a suitable a priori esti-
mate on the n-periodic orbits of the modified Lagrangian implies that these orbits
must lie in the region where the Lagrangian is not modified. In particular, they
are n-periodic solutions of the Euler-Lagrange system of the original Tonelli La-
grangian .. This modification technique allows us to extend the validity of Benci’s
result on the multiplicity of periodic orbits with prescribed period (see Section 4.6)
to the whole class of Tonelli Lagrangians with global Euler-Lagrange flow.

A harder class of results concerns the multiplicity of periodic orbits with
unprescribed integer period. In 1984, Conley [Con84] conjectured that every 1-
periodic Hamiltonian system on a standard symplectic m-torus admits contractible
periodic orbits with arbitrarily high basic period, provided it admits only finitely
many contractible 1-periodic orbits. This fact was soon established by Conley

M. Mazzucchelli, Critical Point Theory for Lagrangian Systems, Progress in Mathematics 293, 127
DOI 10.1007/978-3-0348-0163-8_6, © Springer Basel AG 2012
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and Zehnder [CZ84] for generic Hamiltonians, and recently by Hingston [Hin09]
in full generality. The conjecture was also extended to the wider class of closed
symplectically aspherical manifolds by Salamon and Zehnder [SZ92] for generic
Hamiltonians, and by Ginzburg [Ginl0] in full generality. Further extensions are
contained in [GG10, Hei09, Heill]. Nowadays, people refer to the statement as-
serting the existence of infinitely many periodic orbits in a certain setting as “the
Conley conjecture” in that setting. In this chapter we prove this result for La-
grangian systems associated to Tonelli Lagrangians with global Euler-Lagrange
flow, or equivalently for Hamiltonian systems on cotangent bundles associated to
Tonelli Hamiltonians with global Hamiltonian flow.

In the Lagrangian realm, the first important result on the multiplicity of pe-
riodic orbits with unprescribed period, which inspired the other ones mentioned
here, was proved by Long [Lon00] and based on earlier work by Bangert and Klin-
genberg [BK83] on the closed geodesics problem. Long’s result asserts the existence
of infinitely many contractible periodic orbits in the case of fiberwise quadratic La-
grangians on the m-torus. Recently, Lu [Lu09] extended Long’s result to the case
of convex quadratic-growth Lagrangians on general closed configuration spaces.
He also established the existence of infinitely many periodic orbits which are ho-
motopic to some iteration of a given free loop, provided the connected components
of the loop and of its iterations in the free loop space have nontrivial homology
in some positive degree. Long and Lu [LLO03] also proved Long’s statement in the
autonomous case. The extension to the whole class of Tonelli Lagrangians with
global Euler-Lagrange flow is due to the author [Maz11].

Long’s approach to the multiplicity of periodic orbits is Morse-theoretic, and
can be roughly described as follows: assuming by contradiction that the considered
Euler-Lagrange system admits only finitely many periodic solutions, it is possible
to find a periodic orbit whose local homology persists under iteration, contra-
dicting a homological vanishing principle. Here we extend this approach to the
Tonelli case by combining the machinery of convex quadratic modifications with
the discretization technique developed in Chapter 4.

In Section 6.1, following [AF07, Section 5], we recall the definition and the ba-
sic properties of convex quadratic modifications. In Section 6.2 we prove multiplic-
ity results for 1-periodic orbits of Tonelli Lagrangian systems, extending Benci’s
results of Section 4.6. In Section 6.3 we introduce the discrete Tonelli action and
we study the properties of its local homology. In Section 6.4 we recover Bangert
and Klingenberg’s homological vanishing principle in the Tonelli setting. Finally,
in Section 6.5 we state and prove the Conley conjecture for Tonelli Lagrangians
with global Euler-Lagrange flow.

6.1 Convex quadratic modifications

Let us fix, once for all, a smooth closed manifold M of dimension m > 1 with a
Riemannian metric (-,-)., and a 1-periodic Tonelli Lagrangian . : T x TM — R.
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As usual, we denote by &7 (y) € RU{+0c0} the action of an absolutely continuous
1-periodic curve v : T — M, i.e.,

1
() = / Lt (1), 4(0)) dt.

For each n € IN, we denote by «/["/(¢) € R U {+o00} the mean action of an
absolutely continuous n-periodic curve ¢ : T(™ — M, i.e.,

R R ORI

By the uniform fiberwise superlinearity of .Z (see Remark 1.2.1) there exists a
real constant C(.Z) > 0 such that

Z(t,q,v) > |v|g — C(ZL), Y(t,q,v) € T x TM.

For each real R > 0, we say that Zg : T x TM — R is a convex quadratic R-mod-
ification (or simply an R-modification) of a Tonelli Lagrangian . : T x TM — R
when:

(M1) %y is a convex quadratic-growth Lagrangian,
(M2) Zr(t,q,v) = ZL(t,q,v) for each (t,q,v) € T x TM with |[v], < R,
(M3) Zr(t,q,v) > |v], — C(ZL) for each (t,q,v) € T x TM.

Proposition 6.1.1 (Existence of modifications). For every real R > 0, there exists
a convex quadratic R-modification £y of the Tonelli Lagrangian £ .

Proof. We denote by 92, the fiberwise Hessian operator on TM, so that
02, L(t,q,v) : Ty,M x T,M — R
is the symmetric bilinear form given in local coordinates by

m
g -
OvI Ovh (g, v}’ 27,
J,h=1

agvg(t7 q7v)[w7 Z] = Yw, z € TqM

From now on, when we write inequalities (and equalities) between symmetric bi-
linear forms, by definition this means that the stated (in)equality holds between
the associated quadratic forms. For instance, if / € R and 2 : TM — R, we will
write 92,2(g,v) > ¢ to mean

851}@@((],1})[11)710] > é‘w‘ga Yw € TqM
Let us fix any smooth convex function ¢ : R — R such that

P(r) =0, Vr < R?,
Y(r) =r —2R?, Vr > 4R2.
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We define the autonomous Lagrangian 2 : TM — R by
2(q,v) := eryp(|v]3), V(t,q,v) € T x TM,

where ¢ is a positive real constant that we will fix later. Notice that 2 is fiberwise
convex everywhere and fiberwise quadratic outside a compact neighborhood of the
zero section of T M. Its fiberwise Hessian satisfies

02, 2(q,v) = 2¢1, V(g,v) € TM with |v|; > 2R. (6.1)
Next, let us fix any smooth function ¢ : R — R such that

o(r)=r, vr <1,
o(r) =0, Vr > 2.

We define the Lagrangian % : T x TM — R by

B(t,q,v) = c3 qs("g(tc’f’”)) : V(t,q,v) € T x TM,

where

Co = max {f(t,qm) ‘ (t,q,v) € T x TM, |v|]qy < 2R}.

The Lagrangian .Z is coercive, meaning that £ (¢, ¢,v) — oo as |v|q — oo. This
implies that £ is compactly supported. Moreover, by our choice of ¢, we have that
AB(t,q,v) = Z(t,q,v) whenever |v|, < 2R. Up to fixing ¢;, we define a smooth
Lagrangian .Zr : T x TM — R by

Zr(t, q,v) == B(t, ¢, v) + 2(q, v), V(t,q,v) € T x TM.

This Lagrangian clearly satisfies assumption (M2). We want to show that it also
satisfies assumptions (M1) and (M3) provided we choose ¢; > 0 large enough.
Note that

Lr(t,q,v) = Z(t,q,v) + 2(q,v), Y(t,q,v) € T x TM with |v|; < 2R.
Since 2 is fiberwise convex, we have
02, Lr(t,q,v) > 02, L (t,q,v), Y(t,q,v) € T x TM with |v|; <2R. (6.2)
Now, let us require that
c1 > —02,B(t,q,v), Y(t,q,v) € T x TM. (6.3)
By (6.1) and (6.3) we have

05, Lr(t,q,v) > 82,B(t,q,v) + 05,2(q,v) = 1 >0,
V(t,q,v) € T x TM with |v|, > 2R.
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This estimate, together with (6.2), shows that £ satisfies (Q1). Now, for each
(t,q,v) € T x TM with |v|, large enough, we have

Zr(t,q,v) = 2(q,v) = cl(|v|2 — 2R?).

Hence 2 also satisfies (Q2), and therefore (M1). It only remains to verify condi-
tion (M3). On the one hand, we have

ZLr(t,q,v) 2 Z(t,q,0) = |v]; = C(Z),
Y(t,q,v) € T x TM with |v|, < 2R.
On the other hand, for ¢; large enough, we have
Zr(t,q,v) > min {A} + 01(|v|3 —2R?) > |v|, — C(Z),
V(t,q,v) € T x TM with |v|, > 2R. 0

From now on, we will always denote by £ an arbitrary R-modification of
&, and by &g : WH2(T; M) — R and ,Qf’lgn] : WE2(TI; M) — R (for each n € IN)

the associated action and mean action, i.e.,
1
Au() = [ Zalt A0 ®)dt, ¥y € WHA(T; M),
0

A0 =) [ Zaecw.lona e w A,

If a curve v € W12(T; M) is a solution of the Euler-Lagrange system of .,
then, for each R > max{|§(t)|,) |t € T}, v is a critical point of </ and the
Gateaux Hessian Hess@/r(7y) coincides with the bilinear form 2., associated to
the Lagrangian . (see equation (2.1)). In particular, we have

ind(1" 41"y = ind(, 417),
nul (7, 4) = nul(%lgn},'y["]).

One of the important features of convex quadratic modifications in the study
of Tonelli Lagrangian systems is the following a priori estimate, due to Abbon-
dandolo and Figalli [AF07, Lemma 5.2].

Lemma 6.1.2. Assume that the Euler-Lagrange flow of the Tonelli Lagrangian £
is global (see Section 1.1). Then for each & > 0 and i € IN there exists R =
R(a,n) > 0 such that, for any R-modification % of & with R > R and for any
n € {1,...,n}, the following holds:

i) if v is a critical point of @[ such that </ (y) < &, then
R R \7
Aty < R, vt e T,

and, in particular, vy is an n-periodic solution of the Euler-Lagrange system
of £ with /" () = ,@71[3”] (v);
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(i) if v is an n-periodic solution of the Euler-Lagrange system of £ such that
/["(y) < a, then
)l <R, Wte T,

and, in particular, 7y is a critical point of %}gn] with ,;zf}gn] (v) = @ M().
Proof. We introduce the compact subset of TM given by
K =K(a,n) = {®'%"(q,v) | to,t1 € [~71,7], (q,v) € TM, |v|q <a+C(L)},
where ® & denotes the Euler-Lagrange flow associated to .Z. We set

R = R(a,n) == max {|vl, | (¢,v) € K}

and we fix R> Rand n € {1,...,7}.

Let 7 be a critical point of 4243”] such that szlgn] () < @, as in point (i) of the
statement. There exists t, € T!™ such that

ZLr(to,7(to),4(to)) < ().
By (M3), we have
1 (t0) (o) < Lr(to, ¥(to), ¥ (t0)) + C(L) < ZF(7) + C(L) <a+C(L),

and in particular (v(tp),(to)) € K. Let T be the closed subset of T[" given by
1={teTt|((t),4(t) € K}.

If t € I we have [¥(t)|) < R < R, and hence the Lagrangian functions £ and
Zr coincide on a neighborhood of (t,7(t),4(t)). This implies that there exists
€ > 0 such that

(7(5),%(5)) = @, (1(1), 7 (1) = DL (4(2), 4(1)), Vse(t—et+e)

In particular (t —¢,t+¢) C I. Hence [ is also open in T which forces I = T
and thus |[(t)], ) < R for each t € TI"l. This proves point (i).
As for point (ii), let v be an n-periodic solution of the Euler-Lagrange system

of .Z such that &7["l(y) < a. There exists to € TI" such that
(t0) ey < 2L (t0,71(t0). F(t0)) + C(L) < (1) + C(Z) <+ C(2).

By the definition of K and since 7 is n-periodic, for each ¢ € T the point
(v(1),5(t)) = @ (v(to),¥(to)) belongs to K, and point (i) follows. O
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6.2 Multiplicity of periodic orbits with
prescribed period

In this section we are going to extend the multiplicity results for periodic orbits
with prescribed period, discussed in Sections 3.5 and 4.6, to the case of Tonelli
Lagrangians with global Euler-Lagrange flow. For syntactic convenience, we will
work in period 1, but as usual everything can be carried out word by word in any
integer period.

To begin with, we give a convex quadratic modifications-based proof of The-
orem 3.5.5 (see [Mn91, Proposition 7.1] for a classical variational proof).

Theorem 6.2.1. Let £ : T x TM — R be a 1-periodic Tonelli Lagrangian with
global Euler-Lagrange flow. Then for each conjugacy class C of w1 (M), the Euler-
Lagrange system of £ admits a 1-periodic orbit v that is homotopic to some (and
therefore all) ¢ : T — M representing C. Moreover, v minimizes the action among
all the absolutely continuous 1-periodic curves that are homotopic to (.

Proof. Consider a smooth ¢ : T — M that represents C. We denote by a € R its
action with respect to the Lagrangian .Z, i.e.,

ai= /(0 = [ Lo

We fix a real R > R(a, 1), where R(a, 1) is the constant given by Lemma 6.1.2, and
an R-modification £ of £ with associated action @/g. By Theorem 3.5.5, there
exists a critical point v of &/r which is homotopic to ¢ and minimizes the action
o/r among all the absolutely continuous 1-periodic curves that are homotopic to
¢. By Lemma 6.1.2(i), v is a 1-periodic orbit of the Euler-Lagrange system of .Z
with &/ (v) = @r(7). By Lemma 6.1.2(ii), v also minimizes the action & among
all the absolutely continuous 1-periodic curves that are homotopic to (. O

The generalization of Theorem 4.6.1 to the Tonelli case is due to Abbondan-
dolo and Figalli [AF07, Theorem 3.1].

Theorem 6.2.2. Let M be a smooth closed manifold of positive dimension, and
¥ T xTM — R a l-periodic Tonelli Lagrangian with global Euler-Lagrange
flow. Assume that the 1-periodic solutions of the Euler-Lagrange system of £ are
isolated. We denote by < the action functional associated to .Z.

(i) IfHy(WY2(T; M)) is nontrivial, then the Euler-Lagrange system of . admits
a 1-periodic solution v such that

ind(«,v) <d <ind(«,7) + nul(<7, 7).

In particular, if Hy(W'2(T; M)) is nontrivial for infinitely many d € IN, then
the Euler-Lagrange system of £ admits an infinite sequence {v, |n € N} of
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1-periodic solutions such that

lim o/ () = oo, lim ind(4,7,) = oo.

n—oo n—0oo

(ii) The number of 1-periodic solutions of the Euler-Lagrange system of £ is
at least CL(WY2(T; M)) + 1, where CL(WY2(T; M)) is the cup-length of
WL2(T; M).

Theorems 6.2.1 and 6.2.2 readily allow us to extend Corollaries 4.6.2 and 4.6.3
to the class of Tonelli Lagrangians with global Euler-Lagrange flow.

Corollary 6.2.3. Let M be a smooth closed manifold of positive dimension, and
Z T x TM — R a 1-periodic Tonelli Lagrangian with global Euler-Lagrange
flow. We denote by </ the action functional associated to £ .

(i) If (M) is finite, then the Euler-Lagrange system of . admits infinitely
many contractible 1-periodic orbits. If they are all isolated, then there exists
an infinite sequence of contractible 1-periodic orbits {, |n € IN} such that

lim & (vy,) = oo, lim ind(,~,) = co.

n—oo n—oo

(ii) If m (M) is abelian, then the Euler-Lagrange system of . admits infinitely
many 1-periodic orbits. O

Proof of Theorem 6.2.2. Consider a cycle (3 representing a nonzero homology class
[8] € Hy(WhH2(T; M)). Since the inclusion C*°(T; M) < W12(T; M) is a homo-
topy equivalence (Proposition 3.2.1), we can assume that 3 is a cycle in C>°(T; M).
We denote by .23 C C*°(T; M) the compact support of 3, and we set

Rs = max{|(j(t)|g(t) ] Cedy te qr} .

The Tonelli action functional is easily seen to be continuous on C°°(T; M), and
therefore we can choose a real constant a € R such that

a > ?el% 2 (C).

Now, let us fix a real R > max{R(a, 1), Rz}, where R(a,1) is the constant given
by Lemma 6.1.2(i), and an R-modification .Zr of £ with associated action @7g.
Since the 1-periodic solutions of the Euler-Lagrange system of £ are isolated,
Lemma 6.1.2(i) implies that the critical points of @ with critical value less than
or equal to a are isolated. By Theorem 4.6.1(i), minimaxe , @/r is a critical value
of @/i. Note that, by our choice of R, we have

minimax &/r < max & = max 4 (() < a.
i " < max r(C) foax (€)
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Hence the critical points of &/ with critical value minimaxe o/ are isolated.
By Theorem 4.6.1(i), there exists a critical point 7 of 47 such that

r() = minimax </,
Sl

ind(#r,v) < d < ind(&g,7) + nul(Fr, 7).

By Lemma 6.1.2(i), |()|y ) < R for all t € T, and therefore ~ is also a 1-periodic
solution of the Euler-Lagrange system of . with

A (v) = Ar(7),
ind(«,v) = ind(r,7),
nul(«,v) = nul(g, 7).

This proves point (i). As for point (ii), consider a sequence of nonzero homology
classes [31] < -+ < [Br] in Ho(W12(T; M)), where r = CL(W12(T; M)) + 1
and, as before, §; is a cycle in C°°(T; M) for each j =1,...,7. We choose a real
constant a € R such that
> o (C),

¢ > max (©)
where " = 3, U---U %3, and, for each j = 1,...,r, the compact set %3, C
C>°(T; M) is the support of the cycle ;. Assume that

R >max{R(a,1),Rp,,...,Rp,}.

By Theorem 4.6.1(ii), there exist at least r many critical points of @/ with action
less than or equal to minimaxe , | 2k, which in turn is less than a due to our choice
of R. By Lemma 6.1.2(i), each of these critical points vy satisfies |(t)|, ) < R for
all t € T, and thus in particular is a 1-periodic solution of the Euler-Lagrange
system of .Z. O

6.3 Discrete Tonelli action

Let v be a periodic solution of the Euler-Lagrange system associated to a Tonelli
Lagrangian .2 : TxTM — R with global Euler-Lagrange flow. In order to simplify
the notation, we can assume that the period of v is 1, so that it is a map of the
form v : T — M. We choose a constant U € R such that

U > max {|%(t)|@ [t € T}, (6.4)

and we consider a convex quadratic-growth Lagrangian %y : T x TM — R that
is a U-modification of .Z. By our choice of the constant U, the curve +y is a critical
point of the action @7, and @ (v) = & (7).
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Let us apply the discretization technique of Chapter 4 to .Zy;. For each integer
k> 1/e0(Ly), where 9(£y) is the constant given by Theorem 4.1.1, we obtain
a map

Moz @ Ag = C(T; M) € WhH2(T; M),
as explained in Section 4.2. We define an open set %, C C°(T; M) by

U == {( € C°(T; M) | ess Sup{\é(t)\qt)} < U}. (6.5)
teT
Since Ai, ¢, is smooth, we get an open set
U = Al (%) C Dy, (6.6)

Notice that the action «7; coincides with the Tonelli action </ on the open set
.. This allows us to define the discrete Tonelli action 7, : U, — R as

JZ{]C = JZ{O)‘k,fU|Uk = JZfU O>\k7£U|Uk'

This functional is smooth (Proposition 4.3.1) and q := )\,;ipU (y) is a critical point
of it.

From now on we will just write Ay : Uy — C°(T; M) for A, «, |v,. Even if
this embedding does depend on the chosen U-modification £y, its germ at g does
not, as stated by the following.

Lemma 6.3.1. Let % be an R-modification of £, where R > U, and consider
an integer k large enough so that both A\ ¢, and A\ ¢, are defined. Then there
exists an open neighborhood Vi, C Uy, of q such that

Akl = Ak,zo lvie = M, 2r i -

Proof. The Lagrangian functions %y and Zg coincide on a neighborhood of the
support of the curve (v,%) : T — TM. Therefore, for each integer k larger than
max{1/eo(-Lv),1/e0(LR)}, the k-broken Euler-Lagrange curves of .4y and Zr
that are close to v are the same and the claim follows. O

Let ¢ = @4(q) = /(7). By Corollary 4.5.3 and the excision property, if
k > k(Zy,c), the embedding A, restricts to a map

k() Ula), (h)e) = (@0)e U}, (o))
that induces the homology isomorphism
H.(\g) : Cu( e, q) — Cu(tr, 7). (6.7)

For each R-modification £ of £, with R > U, the action @/r coincides with &/
on the image of A\;. Hence, the embedding Aj also restricts to a map

ko (Fh)e U{a}s (h)e) = (FRr)e U {n}, (7R)e)- (6.8)

A priori, the induced homomorphism on homology may not be an isomorphism.
However, the next lemma guarantees that this cannot happen.
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Lemma 6.3.2. For each R > U, the map M\, restricted as in (6.8), induces a
homology isomorphism

H*()‘k) : C*(%]ﬁ q) i C*(VQ{R7 7)
Proof. For each h € IN we define the embedding
Jh = App © Ak : Uk = Unp.

Since hk > k > k(Zy, ¢), by Corollary 4.5.3 and the excision property we see that
the map

Akt ((@hi)e U {dn(@)} (Fjk)e) — (o) Ui}, (20)e)

induces the homology isomorphism H, (Ank) : Cu(hr, ju(q)) — Cu(r,7), as
well as A\; in (6.7). Hence, the map jp, restricted as in the following commutative
diagram

Ak

(()e U{g}, (o)) © > ((r)e U{7}, (F0)e)

Jh
Ank

v
(Fhk)e U{in(@)}, (Fhk)c)

induces the homology isomorphism

H.(jn) = He(Oig) 7 o Hu (M) : Cul i, @) — Cu( ke, g1 (q))-

Now, let us consider an R-modification £ of £ as in the statement, with asso-
ciated maps

Mk, g Dpk — CZ (T M), Vh € IN.

By Lemma 6.3.1, for each h € IN large enough, there exists a neighborhood Vj, C
Upy. of jn(q) such that

Ak Vi = Ak, 25 Vi -

If h is such that hk > k(Zg,c), by Corollary 4.5.3 and the excision property we
see that both Api and Apg o, restrict to give the same map

Mokt (Vi 0 (i) e U{dn(@)} s Vik N (i) e) = ((r)e U {7}, (R)c)
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that induces an isomorphism in homology. Finally, consider the following commu-
tative diagram of maps.

(@) U{a}, (7))

i (%) A
\
(Fhr)e U{in(@)}, (“hr)e) © Aok > ((Zr)e U{7}, (R)c)
A
(+)
(*) -

(Vi 0 (i) U{dn(@)} s Vi 0 (Fji)e)

We already know that the maps marked with (x) induce isomorphisms in homology.
Therefore, the maps A\, and Ag also induce isomorphisms in homology. O

Remark 6.3.1. As a consequence of the above lemma, we immediately obtain that
the local homology groups C.(%7r,~y) do not depend (up to isomorphism) on the
chosen real constant R > U and on the chosen R-modification Zx. O

6.4 Homological vanishing by iteration

All of the arguments of the last section can be carried out word by word if we
work in an arbitrary period n € IN. We introduce the open sets

w" = {g e O (T™; M)

ess sup {|é(t)|<(t)} < U} C C,‘jo("j[‘[n];jw)7

teT]

Uit = )T M) € A,
and we define the discrete mean Tonelli action
"= g oA\ Ul LR,

where )\Ln] = )‘Zifu' Then Lemmas 6.3.1 and 6.3.2 go through without change.

We recall from Section 4.7 that we have a discrete iteration map

o U - Ul
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such that the following diagram commutes.

[n]
Yy
Uk C > nk
) )
Ak Al
\ \
w[n]

Wh2(T; M) ¢ > WH2(T; M)

Now, consider co > ¢o > ¢1 = ¢ = /(7). For each R > U, the embeddings g,
)\L"] and [ restrict to give maps such that the following diagram commutes.

[n]
(Fh)er U{a}, (A)ey) € v = (™), U g™} (M)
Ak /\EJL]
\ w["] Y
(Ar)eas (Fr)ey) € = (5 ews (A er)

This latter diagram, in turn, induces the following commutative diagram of ho-
mology groups.

H. ()

H.(A) H. (A

Y
= Ho () ens () er)

v

H. (p[™)
H*((%R)cw (%R)m)

The main result of this section is the following homological vanishing theorem,
first established in the setting of closed geodesics by Bangert and Klingenberg
[BK83], and later extended to more general Lagrangian systems by Long [Lon00],
Lu [Lu09] and the author [Maz11].

Theorem 6.4.1 (Homological vanishing). Let [n] be an element in the local homol-
ogy group C, (%, q), where the critical point q of <, is not a local minimum.
Then for each integer j > 2 there exist R = R([n],j) > U and 7 = n([n],j) € N
that is a power of j such that, for each real R > R, we have

H. (¢1") o Ko )] = BV D) o Hu (0l =0 in B (o Dey s (D))
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The proof of this theorem, which will take the remainder of this section, is
based on a homotopical technique that is essentially due to Bangert (cf. [Ban80,
Section 3]).

Lemma 6.4.2 (Bangert homotopy). Let o : AP — W12(T; M) be a continuous
p-singular simplex such that

max {/(0(2)} < e

Jnax {o/(0(2))} <e1,

} < 7(o),
a(z)(t)

where 7(0) is a real constant. Then there exist a positive integer n(c), a positive
real R(o) > 7(o) and, for each n € N, a homotopy'

d
sup ess sup ’ o(z)(t)
zeA? el de

Banl : [0,1] x AP — WY3(T; M) relative to OAP
satisfying the following properties:

(i) Banl"(0,-) = ¢! o o, for each n € N;
(ii) for each integer n > n(o) we have
max {427[”] (Ban[" (s,z))} < cg,
(s,2)€[0,1] X AP

[l (Ban(™ .
(s,z)el[%?f](xaAP {'d (Bang (S’Z))} <

[n] [n] :
max {d (Bang (1,z))} < e

(iii) for eachn € IN we have

d
sup ess sup ‘ Banl (s, 2)(t)
(s,2)€[0,1]x AP teTI"] d

< R(o).
Banl™ (s,2)(2)
[n]

Hereafter, the homotopies Ban,"” will be called Bangert homotopies. Before
giving the proof of the above lemma, we will show that it readily gives the following
homotopical vanishing result.

Theorem 6.4.3 (Homotopical vanishing). Consider a continuous p-singular simplex
o (AP, 0AP) — ((Fk)e, UL}, (Fh)e, ). Then there exist a positive integer n(o)
and a real number R(o) such that, for each real R > R(o) and for each integer

ISee Section A.3 in the Appendix for a review of the classical terminology in homotopy theory.
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n > n(o), we have?

@) o mp(M)lo] = M) o mp(iM o] =0 in mp () ey, (D))

Proof. Let U > 0 be the constant chosen in (6.4). The singular simplex & :=
Ap oo AP — WL2(T; M) satisfies

]
—
Qe
~—
N
~—

= d(0(z)) <1 < e, Vz € AP,
A (6(z)) = (0(z)) < e, Vz € OAP.

Qv

Moreover, since 6(AP) C A\, (Ux) C %, (see (6.5) and (6.6)), we further have

sup ess sup {‘i&(z)(t) } <U =:7(5).

ZEAP teT &(z)(t)

By Lemma 6.4.2, we obtain 7(5) € N, R(5) > 7(5) > 0 and Bangert homotopies
and

Ban~ for each n € IN. For each R > R(5)
maps of pairs of the form

(o
n > n(a), Ban[ " s a homotopy of

Ban”: 0, 1] x (A%, 04%) — (") e, (5,
with Ban" (0, ) = ¢[" 0 & and Banl" ({1} x AP) c ([").,. Hence

0= [ 05) = m(¥l")[5] = mp(w™) o mp()lo]  in mp((F)es, wé"])q)ﬁ

Proof of Lemma 6.4.2. First of all, let us introduce some notation. For a path
a: [z, z1] — M, we denote by « : [xg, 1] — M the inverse path

a(r) = a(re + 1 — 1), YV € [xg, x1].

If we consider another path (3 : [x(,z]] — M with a(z;) = B(xf), we denote by
aef:[xg, 1 + ) —x(] — M the concatenation of the paths o and /3, namely

| ax) x € |zo, x1],
a.ﬁ(x)_{ Bz —z1 + x() T € [r1,71 + ) — ().
Consider a continuous map ¥ : [xg, 1] — W2(T; M) where [zg,71] C ]R
For each n € IN, by composition with the iteration map we obtain a map 9™ =
Yl o [mo,xl] — Wh2(TI"; M). Now, we want to build a continuous map

9 [z, 21] — WE2(TM); M) as explained in the following.

2Notice that (AP,JAP) is homeomorphic to the pair (DP, SP~1), so that we can consider the
singular simplex o of the statement as an element of the relative homotopy group mp((#)e, U

{a}, (Fh)er)-
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To begin with, let us denote by ev : W12(T; M) — M the evaluation map,
given by
ev(¢) = ¢(0), V¢ e WHA(T; M).

This map is smooth (see the proof of Proposition 3.2.3), and hence the initial point
curve ev o ¥ : [xg,x1] — M is a uniformly continuous path. In particular there
exists a constant p(¢) > 0 such that, for each x, 2" € [zg, z1] with |z — 2’| < p(¥9),
we have

dist(ev o (), ev o ¥(2')) < injrad(M).

In this inequality we have denoted by dist(-,-) the Riemannian distance on M,
and by injrad(M) the injectivity radius of M. Now, for each x,a’ € [xg,x1] with
0 < a2’ —x < p(9), we define the horizontal geodesic 92 : [x,2'] — M as the
unique shortest geodesic?® that connects the points ev o ¥(x) and ev o J(z'). Let
J € IN be such that xg + Jp < 1 < 29+ (J + 1)p. For each = € [x0, x1] we further
choose j € IN such that xo + jp < x < 29+ (j + 1)p, and we define the horizontal
broken geodesics V7 : [xg,z] — M and 93" : [z, 21] — M by
19‘::30 = ﬁig-‘-ﬂ ® 19;81/2)[) e ﬂioJrjP’

w1 . gzo+(i+1)p o 9ToT(I+2)p o o gz1
I3t =107 o iy ® Yoty

We define a preliminary map 9 : [zq, z1] — W12(T"; M) in the following
way. For each j € {1,...,n—2} and y € [0, “*~"°] we set

n

00 (o +y) =9 (o) @ 950+ @ Do + ny) @ 050",

G (2o + 7 (21 — 20) +y) =0T (20) @ 9201 0 (g + ny) @ 9I .

o 9V (z1) 0 031,

O (o + "1 (@1 — @0) +y) =I(wo +ny) @ 9ZL, . eI (wy) e

For each x € [z¢,x1], we reparametrize the loop 9 (z) as follows: in the above
formulas, each fixed part ¥(z¢) and ¥(z1) spends the original time 1, while the
moving parts ¥(zg + ny) and the pieces of horizontal broken geodesics share the
remaining time 1 proportionally to their original parametrizations. We define the
map 9 ¢ [zg,z1] — WE2(TI; M) as the continuous path in the loop space
obtained in this manner (see the example in Figure 6.1(a)).

o~

For each x € [xg,21], we define the pulling loop ¥(z) : T — M as the
loop obtained erasing from the formula of 9" (z) the fixed parts ¥(zo) and 9(z1)

31n the following, we will implicitly use the fact that the shortest geodesics lying in C'* ([to,t1]; M)
depend smoothly on their endpoints (cf. Theorem 4.1.2).
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@ 9 (0)

911(0)

N[ g

y )= 0<y<1/4
9131(0) 9(4y)

/ﬁ\” /ﬂ\ 00 (3 +y)
\v] 0<y<1/4
912 (o) 19(4y 9(1)
\ 94 (1)
J

941 (1)

— 9(y)
~  0<y<1/4

- 90 +y)
- 0<y<1/4,j€{1,2}

93 +y)
0<y<1/4

:[0,1] — WL2(T, M) Here, for simplicity, we are assuming that the diameter of
19([900,961]) is less than the injectivity radius of M, so that the horizontal geodesics
are not broken. The arrows show the direction in which the loop ¥(4y) is pulled as y
grows. (b) Description of the map of pulling loops 9 [0,1] — WL2(T; M).

Figure 6.1. ( ) Description of 9(*) : [0,1] — W12(T4); M), obtained from a continuous map
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Lt L
z1(y, s)
Yy 10(975) \ \
sAP C AP
Figure 6.2.

and reparametrizing on [0, 1] (see the example in Figure 6.1(b)). Notice that 3 is
independent of the integer n € IN and, for each x € IN, the action &7 (9(x)) is finite
and depends continuously on x. In particular we obtain a finite constant

o) = max {o(@@)} = max {/01$<t,5(x)(t),(iﬁ(x)(t)> dt}<oo,

z€[xo,T1] z€[xo,21]

and, for each n € IN, the estimate

IO (@) < (0= 1) max (o (9a0), o (1))} + 7 (B(a))|
C)

n

(6.9)
< max {7 (V(x0)), & (¥(x1))} +

Now, following Long [Lon00, page 461], we denote by I C R? the straight line
passing through the origin and the barycenter of the standard p-simplex AP C RP.
We have an orthogonal decomposition of R” as I.* @ I, and according to this
decomposition we can write every z € R? as

z = (y,x) € ]LL ®]L
For each s € [0,1] we denote by sA? the rescaled p-simplex
sAP = {sz|z € AP}.

Varying s from 1 to 0 we obtain a deformation retraction of AP onto the origin
of RP. For each (y,z) € sAP, we denote by [zo(y, s),z1(y,s)] € L the maxi-
mal interval such that (y,z’) belongs to sA? for all 2’ € [zo(y,s), z1(y,s)] (see
Figure 6.2).

Consider the p-singular simplex ¢ from the statement of the lemma. For each
n € IN, we define the Bangert homotopy

Banl" : [0,1] x AP — WH(TM; M)
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by

(o, 5) (9] ™ (2) z = (y,z) € sAP,

Banl"l (s, z) := -
P oo(z) z & sAP,

for each (s, z) € [0,1] x AP. This homotopy Ban[™ is relative to AP, for
Bangn] (372) = w[n] o) g(z)7 V(57z) c [07 1] X aAP,

and clearly Banl[jn] (0,-) = ! o g, proving assertion (i) of the lemma. By the
assumptions on o, there exists € > 0 such that

< — < — €.
g sa-s gy dEE) sa-

For each s € [0,1], n € IN and z = (y,x) € sAP, by the estimate in (6.9) we have

/" (Banl?(s, 2)) < max {/ (0(x0(y, ))),  (o(x1(y, )} + C("'W?’;)’”“W”) :

while, for each z € AP\ sAP, we have
M(Banll(s, 2)) = o (0(2)).
In particular, there exists a finite constant
C(0) = max {C (0| (y.5),21(w,0)]) | 5 € [0,1], (y,2) € sAP}

such that, for each n € IN and (s, 2) € [0,1] x AP, we have

/1" (Banfl(s, 2)) < max {o/(o(w))} + Cv(za) semet 07(10)’
C(o) C(o)

2/(Banl™ (1, 2)) < max {7/ (c(w))} +

S €1 —€+ )
weIAP n

proving assertion (ii). Finally, for all s € [0,1] and z = (y,z) € sAP, there is
a uniform bound 7 (o) > 0 for the derivative of the pulling loops associated to
the paths o[z, (y,s),21 (y,5)]- Therefore, for R(o) := max {7(c), 7 ()}, assertion (iii)
follows. O

The idea of the proof of the homological vanishing theorem (Theorem 6.4.1) is
to apply the Bangert homotopy lemma successively to all the faces of the singular
simplices that compose the relative cycle 7. In order to do this, we will make use
of the following elementary result from algebraic topology, that is stated in [BK83,
Lemma 1]. For the sake of completeness, we include a detailed proof here (basically,
the argument is a variation of the one that proves that singular homology is a
homotopy invariant, see for instance [Hat02, page 112]).
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Lemma 6.4.4. Let (X,Y) be a pair of topological spaces, ji a relative p-cycle* in
(X,Y) and X(u) the set of singular simplices that make up p together with their
faces. Suppose that, for each singular simplex o : A9 — X that belongs to ¥(u),
where 0 < g < p, there exists a homotopy

P, A?x[0,1] - X

such that
(i) Po(:,0) =
(ii) Py(-,8) =0 for each s € [0,1], if o(AY) C Y
(i) P,(A7 x {1}) CY;
(iv) Py(Fj(),) = Pyop, (+,-) for each j = 0,...,p, where F; : A" — A is the

standard affine map onto the j*"-face of A‘.
Then [u] =0 in Hy(X,Y).

Proof. If vy, ...,v; are points in R?, we will denote by (vo,...,vs) their convex
hull, that is, the minimal convex closed subset of R? containing these points.
We will denote by O the usual boundary operator from algebraic topology, i.e.,

0 (vo, ..., vp) is the following formal sum of (h — 1)-simplices
h .
9 (vo, ..., o) ==Y _(=1) (vo,...,Bj,...,vn)
=0

where, as usual, we add a hat over v; to indicate that it is missing in the corre-
sponding term, that is

<’U0,...,'i)\j,...7’0h> = <’U0,...,Uj,1,0j+17...,'l)h>.

If eq,..., e, is the standard basis of R? and ey is the origin, then (eq,...,e,) is
the standard g-simplex A?. We identify R? with R? x {0} C R4T! and we define
fi = (ej,1) for each j € {0,...,q}. The product A? x [0,1] can be decomposed
as the union of (¢ + 1)-simplices as follows:

q
= U(eo,...,ej,fj7---,fq>-
=0

For each j € {0,...,¢—1}, (eo,...,ej;,f;,...,fq) intersects (eq,...,€;i1,
fi+1,---, Fq) in the ¢g-simplex face (eq,...,e;, fit1,..., fy) (see the example in
Figure 6.3).

4Namely [p] € Hp(X,Y).
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I
So fi

| \

o 1

e

eo el eo el

(a) (b)

Figure 6.3. (a) Decomposition of Al x [0,1] = [0, 1] x [0, 1] into 2-simplices. (b) Decomposition of
A2 x [0,1] into 3-simplices.

After these preliminaries, consider the relative cycle y of the lemma. For each
g-simplex o : A? — X that belongs to X(u), we define an associated ¢ + 1-chain

Po by

q

Po = Z(il)jpff‘(60,--476j,fj7~--,fq>'
=0

We extend this definition for chains 7 that are made up of simplices that belong
to X(u), in the following way: if we write n as a formal sum of ¢-simplices

v
n=
v=1
then we set
v
by = mew
v=1

Notice that p,, is well defined: if n, and 7n,» have a common face, say n, o F; =
7y 0 Fjr, then assumption (iv) guarantees

Py, © Fj = py,or; =Dn,0F, =Pn, ©Fj.

We define a chain fi that is “homotopic” to the relative cycle u (by the homotopies
given in the lemma) in the following way: if we write p as a formal sum of ¢-
simplices

w
=
w=1
then we set
w
poi= s
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where fi,, = Py, (-,1) : AP — Y for each w € {1,...,W}. Here, the fact that
fiy(AP) C Y for each w € {1,...,W} is guaranteed by assumption (iii), and it
implies that /i is a relative cycle whose homology class in H,(X,Y) is zero, i.e.,

G=0  inH(X,Y) (6.10)
Now,
w w
3P,L = Z ap/Lw = Z Z(*l)wﬂl)’uw‘(eo,...,éj,...,ei,f,i,...,fq)
w=1 w=1L;j<i

+) ()P,

Jj=i

(€0snveisfireersFieon ) |

The terms with ¢ = j in the two inner sums cancel, except for P, \@m Fornfa) = Huw
and —P, = —/4y. The terms with ¢ # j are precisely ps,,,, , for

w‘<e0,...,€q,fq>
. i+j f

Do = DV Pl nsfoFynt)

i<j

+ Z(_l)i71+jpﬂw |<60,~'7/éj7“-7ei;fia~wfq>'
1>7

Thus we have shown
f— = 0p, — Pou- (6.11)

The above equality must be understood in the p‘"-relative chain group of (X,Y).
Since p is a relative cycle, assumption (ii) implies that the singular simplices that
make up ps, have image inside Y. Hence py,, is a relative cycle whose homology
class in H,(X,Y) is zero, i.e.,

[Pou] = 0 in H,(X,Y). (6.12)
By (6.10), (6.11) and (6.12), we conclude
(] =[] = [Opu] + [pou) = 0 in H, (X, Y). 0

Proof of Theorem 6.4.1. Let U > 0 be the constant chosen in (6.4). We denote
by X(n) the set of singular simplices in n together with all their faces, and by
K C IN the set of nonnegative integer powers of j, i.e., K = {j7|n € NU{0}}.
For each singular simplex o : AP — ()., U{q} that belongs to 3(n) we will find
an integer n = (o, j) € K, a positive real R = R(c,j) > U and a homotopy

P [0,1] x AP — Wh2(T: A7)

such that
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)

) if 0(AP) C ()e,, then PE(s,-) = 9" o Ay 0 o for each s € [0, 1;

(iii) @[] (Pgﬁ] (s,2)) < ¢z and &[] (Pyl](l,z)) < ¢ for each (s, z) € [0,1] x AP;
)

(Lﬁ](,FZ()) = Pg[z%i(', -) for each i = 0,...,p, where F; : AP~1 — AP is the
standard affine map onto the ith-face of AP.

d _
< R.
P (s,2)(t)

PG5, 2)(0)
For each n € K greater than n, we define a homotopy

(v) sup ess sup
(5,2)€[0,1]xAP  eTln]

P 10,1] x AT — WH2(T; M)

by pi .= /7l o P This homotopy satisfies the analogous properties (i),. ..,(v)
in period n. Notice that property (iv) implicitly requires that fi(o, j) > n(o o F}, j)
for each ¢ =0,...,p.

Now, assume that such homotopies exist and set

R = R([n], j) = max{R(0,j) | o € B(n)},
n = n([n], j) == max{n(o,j) | o € X(n)}.

For each R > R, the set of homotopies {Pgﬁ] |o € 3(n)} satisfies the hypotheses of

Lemma 6.4.4 with respect to the relative cycle 1™ o \; o7 in ((,;zflgtn])c27 (,;z%]gn])cl ),
and we conclude

H, (™) o Hy(Ae) ] = [ 0 Ay o] =0 in Ha (7 )e, (7))

In order to conclude the proof, it remains to build the above homotopies.
We do it inductively on the dimension of the relative cycle 7. If n is a O-relative
cycle, 3(n) is a finite set of points {wy, ..., wp} that is contained in (2% )., U{q}.
Since we are assuming that g is not a minimum, the sublevel (&%)., is not empty.
Hence, for each w € X(n), we can find a path T'y, : [0,1] — (%), U {q} such
that Ty (0) = w and Ty (s) € ()¢, for each s € (0,1] (if w € ()¢, , we simply
choose [y, (s) := w for each s € [0,1]). We set R(w,j) := U, n(w,j) := 1 and

Pl = X\ 0Ty 1 [0,1] x {0} — WH2(T; M).

If n is a p-relative cycle, with p > 1, we can apply the inductive hypothesis:
for each nonnegative integer ¢ < p and for each i-singular simplex v € 3(n), we
obtain n(v,j) € K, R(v,j) > U and, for each n € K greater than or equal to
a(v, j), a homotopy pim satisfying the above properties (i),...,(v). Now, consider
a p-singular simplex 0 : AP — ()., U{q} that belongs to X(n). If 0 (AP) C ().,
we simply set R(o, j) := U, a(o,7) := 1 and pY (s,-) := Agoo foreach s € [0,1]. In
the other case, o(AP) ¢ (), , we proceed as follows. We denote by R’ = R/(o, j)
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and 7’ = 7/(0, ) respectively the maximum of the R(v,j)’s and (v, j)’s for all
the proper faces v of o. Thus, for each n € K greater than or equal to 7/(o, j),
every proper face v of o has an associated homotopy

P2 0,1] x AP7Y — w2l A,

For technical reasons which will become clear shortly we assume that

Pu[n](sv'):PzEn](év')v SE[%,l].
Patching together the homotopies of the proper faces of o, we obtain
P ([0, 1] x 9AP) U (0 x AP) — WhA(TM; A7), VnekK, n>w,

such that P (0,-) = Mo\ oo and Pg"](-, Fi(1) = Piz]Fl foralli=1,...,p. By

retracting ([0, ] x A?) onto ([0, 3] x 9AP)U(0x AP), we can extend the homotopies
P! to the whole of ([0, 3] x AP), obtaining

P10, 1] < AP — w21 M), VneK, n>. (6.13)

Let us denote the singular simplex P(Lﬁ/](é, S AP — WE2(T]: M) simply by 4.
Note that
max {MW&@))} < e,

zZEAP

max {Mﬁ'l (&(z))} <ei,

zZEOAP

} <R.
(2)(1)

Hence we can apply Lemma 6.4.2, obtaining an integer 7(), a positive real R() >
R'(0,j) and, if we choose the smallest 7"/ € K greater than or equal to 71(d), a
Bangert homotopy

d
Sup ess sup ‘ a(z)(t)
zeAr yepin) | |dE

Banl" 1 [0,1] x AP — WL2(TH] pp) relative to AP
such that Bangl”}(o, ) =" o6 and

max {,Q%[ﬁ/ﬁ”] (Ban([f“] (s, z))} < ca,
(s,2)€[0,1] x AP

"7 Ban™"]
o A Bl 6,2} < e

max {%[ﬁ/ﬁ”](Ban[ﬁ”](l, z))} <,

zZEAP 7

sup ess sup {’(iBanl[}"”](s, z)(t) < R(o).

(5,2)€[0,L]x AP ein’n’)

Bangz'”] (s,2)(t) }
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Finally, we set 7 = n(0,j) := a'A”, R(0,j) := R(5) and we build the homotopy
P 0,1) x AP — WL2(TM); M) extending the one in (6.13) by

Pl(s, ) == Banl V(25 — 1,), Vs e 1,1, O

6.5 The Conley conjecture

In this final section we prove a theorem about the multiplicity of periodic or-
bits with unprescribed period that confirms the Conley conjecture for Lagrangian
systems associated to Tonelli Lagrangians with global Euler-Lagrange flow. This
theorem was first established, in the case of fiberwise quadratic Lagrangians on
the m-torus, by Long [Lon00, Theorem 1.1]. Later, it was extended by Lu [Lu09,
Corollary 1.2] to the class of convex quadratic-growth Lagrangians on general
closed configuration spaces. The version that we give here is due to the author
[Maz11, Theorem 1.1].

Theorem 6.5.1. Let M be a smooth closed manifold of positive dimension, and
% T xTM — R a l-periodic Tonelli Lagrangian with global Euler-Lagrange
flow. Fix a constant a € R greater than

ma { /O ' 2(tq.0) dt} . (6.14)

Assume that only finitely many contractible 1-periodic solutions of the Fuler-La-
grange system of £ have action less than a. Then for each prime number p the
Euler-Lagrange system of £ admits infinitely many contractible periodic solutions
with period that is a non-negative integer power of p and mean action less than a.

Here, it is worthwhile to stress that the infinitely many periodic orbits that
are found in the above statement are geometrically distinct, i.e., none of them is
an iteration of another one.

If we consider the Tonelli Hamiltonian .77 that is Legendre-dual to the Tonelli
Lagrangian . (see Sections 1.1 and 1.2), Theorem 6.5.1 can be rephrased in the
Hamiltonian formulation. The two statements are completely equivalent.

Theorem 6.5.2 (Hamiltonian formulation). Let M be a smooth closed manifold
of positive dimension, and 7 : T x T*M — R a 1-periodic Tonelli Hamiltonian
with global Hamiltonian flow. Fix a constant a € R greater than

— min min {J2(t dt
qu{/O pET*]W{ 0:p)} }

Assume that only finitely many contractible 1-periodic solutions of the Hamilton
system of ¢ have action less than a. Then for each prime number p the Hamilton
system of s admits infinitely many contractible periodic solutions with period
that is a non-negative integer power of p and mean action less than a.
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In this statement, the mean action of a periodic orbit T : TI" — T*M is its
Hamiltonian mean action, defined by

1
n

/ (F*)\ — r(t))) dt,

0

where A is the Liouville form on T*M (see Section 1.1). This quantity coincides
with the usual Lagrangian mean action of the associated Lagrangian periodic orbit,
ie., if . is Legendre-dual to . and we write T' as (v, p), where v : T") — M is
a periodic solution of the Euler-Lagrange system of ., we have

n

! / “(ra- ) at= ! | (060 = #6050 a

n n Jo
. [ 2w
nJo

Before proving Theorem 6.5.1, we will introduce a notion that will be crucial
for the proof. Let £ : T x TM — R be a Tonelli Lagrangian with global Euler-
Lagrange flow, and let v be a periodic solution of the Euler-Lagrange system of
2, say of period 1 for simplicity. Let o7, = &/ o \; be the discrete Tonelli action
associated to £ (see Section 6.3), and g the critical point of 7, corresponding to
v, 1.e., v = Ak(q). We say that v is homologically visible in degree d when the local
homology group C4(<, q) is nontrivial. By Lemma 6.3.2, this is equivalent to the
local homology group C4(/r, ) being nontrivial for all sufficiently large R > 0.
Hereafter, all the homology groups that appear are assumed to have coefficients

in the finite field Zs. Let p be a prime number, and let us denote by I, the set of
non-negative integer powers of p, i.e.,

K, ={p’| j e NU{0}}.

We say that + is strongly homologically visible in degree d and periods K, when,
for infinitely many periods n € K, its iteration 4" is homologically visible in
degree d. Strongly homologically visible periodic orbits have a very intriguing
property: their existence automatically implies the existence of infinitely many
other periodic orbits with close mean action (however, at the time in which this
monograph is being written, it is not known whether the other orbits accumulate
on the strongly homologically visible one). In the setting of closed geodesics, this
important result is due to Bangert and Klingenberg [BK83, Theorem 3|, and it is
implicitly contained in the work of Long [Lon00] as well as in the subsequent ones
[Lu09, Maz11].

Theorem 6.5.3. Let p be a prime number and v a periodic orbit with period
p € K,. Assume that v is strongly homologically visible in some degree d > 1 and
periods K,,. Then there exists a sequence {7, |v € IN} of geometrically distinct
periodic orbits such that:
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e v, has period p, € KK,
e the iterated periodic orbits %[)p’} and ~P*] are homotopic,

o P(y,) = FPl(y) as v — 0.

Proof. Without loss of generality, we can assume that v has period p’ = 1. This
can be easily achieved by time-rescaling the Lagrangian £ in the following way.
Let £ : T x TM — R be the Tonelli Lagrangian given by

ZL(t,q,v) = L't q, pl,v), V(t,q,v) € T x TM.

For eachn € IN, a curve Z : R — M is an n-periodic solution of the Euler-Lagrange
system of .Z if and only if the reparametrized curve ¢ : R — M, given by

Ct):=C(Lt),  VteR,

is a p’n-periodic solution of the Euler-Lagrange system of .. Moreover, Z and ¢
have the same mean action with respect to the Lagrangians & and & respectively.

Let K’ be the infinite subset of those n € KK, such that the iterated orbit ™!
is homologically visible in degree d. Consider the constant U > 0 associated to ~
as in (6.4). By Lemma 6.3.2,

Ca(M A7) £ 0, VR>U, ne K.

We recall that the Morse index and nullity of JZ{}[;] at 7"l are the same as the
Morse index and nullity of the Tonelli mean action <[ at v (see the paragraph
before Lemma 6.1.2), and we denote them simply by ind(y™) and nul(y[) re-
spectively. From now on we can assume that 'y[”] is an isolated critical point of
42/1[3”] (indeed, if 4" is a non-isolated critical point the assertion of the theorem
readily follows). By Corollary 4.5.4 we infer that ind(y!") < d for each n € K'.
Hence, Proposition 2.2.4(iii) implies that ind(y) = 0, and Proposition 2.2.4(ii)
further gives

ind(y") =0, Vn € . (6.15)

By Proposition 2.2.4(i) we know that the nullity of a periodic orbit is always less
than or equal to 2dim(M). Hence, by the pigeonhole principle we can find an
infinite subset K” C K’ such that

nul(y™1) = nul (2], Vni,ny € K”. (6.16)

Up to time-rescaling the Lagrangian .Z as before, we can assume that 1 € K”.
By (6.15), (6.16) and Corollary 5.5.2, the iteration map induces the homology
isomorphism

H, (") : Cu(r, v) = Cu( 411, vneK’, R>U. (6.17)
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Let )\L"] : U,En] — W12(T"); M) be the embedding defined in Section 6.3 (see also
the first paragraph of Section 6.4), and set q := A *(7), so that )\L"] (qi") = M.
For each n € K” and R > U, the homology isomorphism in (6.17) fits into the
following commutative diagram.

H. (p")

C*(ﬁfk,q) s C*(%k[”]vq[n])
H.(\p) =~ ~ H.(A\M)
v H. (") !
Ci(“r, ) > C*("Qfl[{b]’,},[n])

In particular, we infer that the discrete iteration map induces the homology iso-
morphism

H () : Co( o, q) = Cu( ™, g™, Vn € K. (6.18)

Set ¢ := /(). We will prove the theorem by contradiction: we assume that,
for some € > 0, the only periodic solutions of the Euler-Lagrange system of .Z
with mean action in [c — &, ¢ + ¢], period in K, and that are homotopic to some
iteration of  are

Vi Uy

where 73 = v and r» > 1. Up to choosing a smaller € > 0, we can further assume
that all the periodic orbits 71, ..., have mean action equal to c.

Now, for each n € K", consider the constant R(c+e,n) given by Lemma 6.1.2
and denote by €™ the connected component of " in W2(T": M). By our

choice of € > 0, for each R > R(c + £,n) the action functional M}{L] |#m does not
have any critical values in the interval (c, ¢ + €).

By Theorem A.4.2(i), the inclusion
(e 0 (), (@) = (@ eren (7))
induces a monomorphism in homology. Hence, the embedding )\L"], seen as a map
/\[”] . JZf[n] U [n] sz[n] JZf[n] "Q{[n]
po (@) e U{a™ ) (9 )e) = (TR eter (R 7)e),

induces a monomorphism in homology as well. By combining this with (6.18) we
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obtain the following commutative diagram.

Ha(yy") .
0 # Ca(“k, q) . = Ca(at™, qin)
Ha(%e) Ha(Af')
! Ho (") v
Ha((Fr)ete, (Fn)e) = Hal( g ere, (7))

This diagram contradicts the homological vanishing principle of Theorem 6.4.1. In
fact, since the local homology group Cu(%%,q) is nontrivial and d > 0, the point
q is not a local minimum of ;. For each nonzero [n] € Cy(%%,q), there exist
R = R([n],p) > U and 7 = a([n], p) € K, such that, for each real R > R and for
each n € K greater than or equal to n, we have

Ha(¥"™) 0 Ha(Ar)[n] = Ha("/™) 0 yd(w“’”) o Ha(Ax)[n] = 0. O

~~
=0

Proof of Theorem 6.5.1. Fix a period n € N and a real R > R(a,n), where a is as
in the statement and R(a,n) is the constant given by Lemma 6.1.2. Choose any
R-modification Zr of .Z. From now on, we implicitly restrict the mean action
functional 42%}[2"] of Zr to the connected component of WH2(T["; M) containing
the contractible loops. In particular, the action sublevel (;zfl[?n])a is understood to
be contained in this connected component.

Let m > 1 be the dimension of the manifold M. We want to show that the
homology of the sublevel (dl[%n])a is nontrivial in dimension m, i.e.,

Ho (75")a) # 0.

This is a refinement of Corollary 3.2.4, and can be proved in the following way.
To begin with, note that the quantity in (6.14) is finite (due to the compactness
of M) and indeed it is equal to the maximum of the function @™ o.M : M — R,
where ([ : M < W1H2(TI": M) denotes the embedding that maps a point to the
constant loop at that point. By our choice of the constant a we have

oM (q) = M o7 (g) < Vg e M.
Therefore ¢ can be seen as a map of the form ([ : M — (%I,[En])a. Since M is an

m-~dimensional closed manifold and we consider homology groups with Zs coeffi-
cients, H,, (M) is nontrivial. The following commutative diagram readily implies
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that H,,(:"!) is a monomorphism, and the claim follows.

H (7))

H )

0 # Hp (M) > Hy (M)

m (idy

~

Now, the Morse inequality (Corollary A.4.4) for the sublevel (JZ{I_[{”),,, implies that
the mean action functional «!27][{1] has a critical point ~ such that .;zflgn] (7) < a and
Hm(,gzil[%n]7 v) # 0. By Lemma 6.1.2(i), 7 is a contractible n-periodic solution of the
Euler-Lagrange system of ., and .«7[")(~) = 4271[%”] () < a.

Summing up, we have proved that for each period n € IN there exists a
contractible n-periodic solution =, of the Euler-Lagrange system of £ that is
homologically visible in degree m and has mean action less than a. Now, fix a prime
number p and consider the family of contractible periodic orbits &, = {v,|n €
K, }. If this family contains infinitely many geometrically distinct periodic orbits,
we are done. Otherwise, there exists a contractible periodic orbit v € &), that has
mean action less than a and is strongly homologically visible in degree m and
periods KK,. Hence, Theorem 6.5.3 completes the proof. (]



Appendix

An Overview of Morse Theory

Morse theory is a beautiful subject that sits between differential geometry, topol-
ogy and calculus of variations. It was first developed by Morse [Mor25] in the
middle of the 1920s and further extended, among many others, by Bott, Milnor,
Palais, Smale, Gromoll and Meyer. The general philosophy of the theory is that
the topology of a smooth manifold is intimately related to the number and “type”
of critical points that a smooth function defined on it can have. In this brief ap-
pendix we would like to give an overview of the topic, from the classical point of
view of Morse, but with the more recent extensions that allow the theory to deal
with so-called degenerate functions on infinite-dimensional manifolds. A compre-
hensive treatment of the subject can be found in the first chapter of the book of
Chang [Cha93].

There is also another, more recent, approach to the theory that we are not
going to touch on in this brief note. It is based on the so-called Morse complex.
This approach was pioneered by Thom [Tho49] and, later, by Smale [Sma61] in
his proof of the generalized Poincaré conjecture in dimensions greater than 4 (see
the beautiful book of Milnor [Mil56] for an account of that stage of the theory).
The definition of Morse complex appeared in 1982 in a paper by Witten [Wit82].
See the book of Schwarz [Sch93], the one of Banyaga and Hurtubise [BH04] or the
survey of Abbondandolo and Majer [AMO06] for a modern treatment.

We will try to keep our exposition as elementary as possible. In order to
do this and avoid subtle technicalities, we will often not give the results in their
maximal generality. Nevertheless, keeping in mind the application of Morse theory
to the study of the critical points of the Lagrangian action functional, we will
stress the regularity that the function under consideration must have, which will
be mostly C'' and occasionally C2.

M. Mazzucchelli, Critical Point Theory for Lagrangian Systems, Progress in Mathematics 293, 157
DOI 10.1007/978-3-0348-0163-8, © Springer Basel AG 2012
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A.1 Preliminaries

Throughout this appendix we will denote by .# a Hilbert manifold, i.e., a Haus-
dorff topological space that is locally homeomorphic to a real separable Hilbert
space E with smooth change of charts. If F is finite-dimensional, i.e., E = R™
for some m € N, then .# is just an ordinary m-dimensional smooth manifold.
In the context of Morse theory, the most relevant difference between the finite-
dimensional and the infinite-dimensional situations is that in this latter case the
manifold .Z is not locally compact. We will come back to this point later on.

Throughout this appendix, .# : .# — R will be a C! function, unless more
regularity will be explicitly required. A point p € .# is called a critical point of
7 when the differential d.% (p) vanishes. In this case, the corresponding image
Z (p) is called a critical value. We denote by Crit.# the set of critical points of
Z. In what follows, we will only deal with functions .# having isolated critical
points. We wish to investigate the relationship between the critical points of .#
and the topological properties (or, more precisely, the homological properties) of
the underlying manifold ..

Consider an open neighborhood % of a critical point p such that there exists
a chart ¢ : % — E of .#. We denote by Z4 the function .Z o ¢~! : E — R. By
differentiating, we have

d.Zs(0(p)) = d.F (p) o do™ " (6(p)).

Therefore ¢(p) is a critical point of the function Z4. If F is C? or at least twice
Gateaux-differentiable, then so is .#,. We recall that, in these cases, the second
Gateaux derivative of %4 at & can be seen as a symmetric bounded bilinear form
Hess.Zy(x) : E x E — R given by

Hess.Z (x)[v, w] = (d(d%y)(z)v) w, Yo, we E.

In the above formula, we have denoted by d(d.%#4) the Gateaux derivative of d.%,
ie.,

d

d(dZy)(z)v = dFs(x +cv) Va,v € E.

de|._,
This latter expression coincides with the Fréchet derivative of d.%4 in case .# is
C?. We define the Hessian of .# at a critical point p as the symmetric bilinear
form

Hess.Z (p) : Tptl x Tp M — R
given by
Hess.Z (p)[v,w] = Hess. %y (x) vy, wy], Yv,we T, M,
where @ = ¢(p), vy = do(p)v and wy = dé(p)w are in E. It is easy to see that

Hess.% (p) is intrinsically defined, i.e., its definition is independent of the chosen
chart ¢ as long as p is a critical point of .%.
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Remark A.1.1. If ./ is finite-dimensional and (z!,...,2™) is a system of local
coordinates around p, the Hessian of .% at the critical point p is given by

N

7 (p)det @ dad.
| ouiow P AT O

Hess.Z (p) =

i,j=
Moreover, if V is any linear connection on .#, the Hessian of . at p is given by

Hess.% (p) = V(d.%)(p). O

We denote by ind(.%#, p) the supremum of the dimensions of those subspaces
of Tp.# on which Hess.7 (p) is negative-definite, and by nul(.%#,p) the dimension
of the nullspace of Hess.# (p), i.e., the Hilbert space consisting of all v € T,.#
such that Hess.# (p)[v, w] = 0 for all w € Tp,.#. We call ind(#,p) and nul(F,p)
respectively Morse index and nullity of the function .# at p. Notice that both may
be infinite. Their sum is sometimes called the large Morse index. Morse Theory
was initially developed for the so-called Morse functions, which are functions all
of whose critical points have nullity equal to zero. Such critical points are called
non-degenerate. Nowadays we are able to deal with functions having possibly
degenerate critical points.

Since the inner product ((-,-)) g of E is a non-degenerate bilinear form, there
exists a bounded self-adjoint linear operator H, = Hy(p) : E — E such that

Hess.Z (p)[v,w] = (Hpvyp, we)E, Yv,w e Ty .
By the spectral theorem, this operator induces an orthogonal splitting
E=E)® E; © EJ,

where Eg is the kernel of Hy, and E, [resp. E;r] is a subspace of E on which H
is negative-definite [resp. positive-definite], i.e.,

E)={ve E|Hyv =0},

(Hgv,v)E <0, Vv € E; \ {0},

(Hpw, wh)g > 0, Yw € E; \ {0}.

Notice that ind(.7,p) = dim E, and nul(Z,p) = dim EJ.

A.2 The generalized Morse Lemma

A starting point for Morse Theory might be the so-called Morse Lemma, originally
due to Morse and generalized to infinite-dimensional Hilbert manifolds by Palais
[Pal63]. The version that we give here, valid for possibly degenerate functions, is
due to Gromoll and Meyer [GM69a] and is sometimes referred to as the splitting
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lemma. Since it is a local result, we can assume that our Hilbert manifold .Z is just
the Hilbert space E. Let 0 be an isolated critical point of a C? function . : % —
R, where % is an open subset of E. We denote by H : E — E the bounded self-
adjoint linear operator associated to the Hessian of .# at 0, and by E°@ E- @ E*
of E the orthogonal splitting induced by the spectral theorem as in the previous
section. According to this splitting, we will write every vector v € E as

v:vo—l—vi,

where vt € E* := E- @ ET and v € E°. We assume that H is Fredholm,
meaning that its image H(FE) is closed and that its kernel and cokernel have both
finite dimension. In particular nul(.#, 0) is finite.

Lemma A.2.1 (Generalized Morse Lemma). If ¥ C % is a sufficiently small open
neighborhood of 0, there exist

e amap ¢: (¥,0) — (%,0) that is a homeomorphism onto its image,

e a C? function .#° : ¥ N E° — R whose Hessian vanishes at the origin,

such that
F o p(v) = FO(v°) + 7% (vF), Vo =0 4ot € ¥, (A1)
where #* : E* — R is the quadratic form defined by
FE(vF) = LHess.Z (0)[w*, vF] = L (HvF  v5) g, Vot € E*. O

Notice that 0 is a critical point of .Z*, and therefore of .Z° as well. If 0
is a non-degenerate critical point of %, namely nul(.%#,0) = 0, equation (A.l)
reduces to

1

F o (v) = F(0) + FH(v) = F(0) +

{(Hv,v) E.

This is a fundamental rigidity result for functions around a non-degenerate critical
point: up to a local reparametrization and to an additive constant, they are all
non-degenerate quadratic forms. In the general case, equation (A.l) gives us a
local representation of a function .# as the sum of a non-degenerate quadratic
form .#* and of a function .#° with a totally degenerate critical point at the
origin.

A.3 Deformation of sublevels

At this point, let us recall some standard terminology from topology. Two con-
tinuous maps fy and f; from a topological space X to another topological space
Y are homotopic, which we write as fo ~ f1, when there exists a continuous map
f:[0,1] x X =Y, called homotopy, such that fo = f(0,-) and f1 = f(1,-). If we
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consider the two maps as maps of topological pairs fo, f1 : (X, A) — (Y, B), i.e.,
ACX,BCY and fo(A)Uf1(A) C B, then they are homotopic (as maps of pairs)
when there exists a homotopy f as before that further satisfies f(¢, A) C B for all
t € [0,1]. We write this as f : [0,1] x (X, A) — (Y, B) and still fo ~ f1. A homo-
topy f is said to be relative to C' when C is a subspace of X and f(t,x) = f(0,x)
for all (¢,x) € [0,1] x C.

A map j: X — Y is a homotopy equivalence, which we write as j : X —Y
or X ~ Y if j is implicit from the context, when there exists a map l : Y — X,
called homotopy inverse, such that [oj ~ idx and jol ~ idy. A map of topological
pairs j : (X,A) — (Y,B) is a homotopy equivalence (of pairs) when it has a
homotopy inverse of the form [ : (Y, B) — (X, A) and the homotopies of j ol and
l o j to the identities are homotopies of maps of pairs.

Now, consider an inclusion ¢ : X — Y and a retraction r : ¥ — X, i.e., a
surjective map r such that the restriction r|x is equal to the identity idx. If
there exists a homotopy R : [0,1] x (Y, X) — (Y, X) such that R(0,-) = idy
and R(1,:) = r, then we say that Y deformation retracts onto X and we call
the homotopy R a deformation retraction. Notice that R is assumed to be a
homotopy of maps of pairs, therefore R(¢, X) C X for all ¢ € [0, 1]. This implies
that the inclusion ¢ is a homotopy equivalence. The deformation retraction R is
called strong if we further assume that it is relative to X, i.e., R(¢,z) = x for all
(t,z) € [0,1] x X.

After this excursion, let us go back to Morse Theory. So far, we have just
discussed local aspects, but Morse Theory allows us to say something about the
global properties of .# and .% : .# — R. To start with, notice that the function .#
defines a filtration of the manifold .#. In fact, if ¢ € R, let us denote by (%), the
open subspace . ~1(—o0, ¢), called c-sublevel of .Z. If {c, |n € N} is a monotone
increasing sequence of real numbers tending to infinity, we have the sequence of
inclusions

We also define (%)_oo = @ and (F)i10o = A#. We wish to investigate the re-
lation between the homology of pairs of sublevels ((%)p, (%),) and the critical
points of .Z contained in the region .7 ~![a, b), at first in the simple case in which
the interval [a,b) contains a single critical value. Then, by standard algebraic-
topological manipulations, we will derive some information about the homology
of pairs ((.Z)p, (#)a), where the interval [a,b) contains an arbitrary number of
critical values.

Example A.1. From now on, it will be useful to keep in mind a classical finite-
dimensional example: a torus .# = T? in R? sitting on a plane as shown in
Figure A.1. On this torus we consider the height function % : . # — R, i.e., #(p)
is the height of p € T2 above the plane. For simplicity, we will assume that .% is
a Morse function. Its critical points p1, p2, ps and ps have indices 0, 1, 1 and 2
respectively. O
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F

Figure A.1. Height function on the 2-torus in R3. The shaded region is the sublevel (%), for
F(p2) < ¢ < F(p3).

At this point, let us consider a Hilbert-Riemannian metric (-, -)). on ., i.e.,
a bounded bilinear form on T.Z that is symmetric and positive-definite, meaning

<<an>>q = <<U),”U>>q, <<Z,Z>>q > 0 VQ € '/la v,w,z € Tqﬁv z 7é 0

In local coordinates given by a chart ¢ :  — E, this metric can be expressed in
terms of the inner product of E as

<<U7w>>q = <<G¢(q)v¢'vw¢>>E7 Vge M, v,we Tq///7

where G4 is the unique map from % to the space of bounded self-adjoint operators
on FE that realizes this equality. If ¢ : ¥ — E is another chart of .Z, then

Gula) = (d(¢ o™ ")(©()) 0 Gola) o d($ov™")(¥(a)) Vgeunv.
We denote by || - ||. the associated Hilbert-Finsler metric given by
||v|\q:\/((v7v>>q, Vge M, veT M.

This metric induces, as usual, a corresponding Hilbert-Finsler metric (still denoted
by || - ||.) on the cotangent bundle T*.#Z as

[Vllq = max{v(v)|v € Tgdl, ||vlly =1}, VoM, veTyd.

For each C' curve o : [a,b] — .#, we define its length (with respect to the
Hilbert-Finsler metric || - ||.) as

b
/ 16(6)lloe dt.
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If g and ¢’ are two points that belong to the same connected component of .#, we
can define their distance (again, with respect to the Hilbert-Finsler metric || - ||.)
as the infimum of the lengths of all C! curves joining ¢ and ¢'. If each component
of ./ is a complete metric space with respect to this distance, we say that .Z is
a complete Hilbert-Riemannian manifold.

A C! vector field 2" on . \ Crit(.7) is called a pseudo-gradient of .# when,
for each q € 4, it satisfies

2 (@)lg < 2[1dF (9)llg,
d.F(q) 2 (q) = [dZ (g2

By means of a partition of unity, one can show that pseudo-gradient vector fields
always exist on Hilbert manifolds. Integrating 2~ we obtain its (anti) pseudo-
gradient flow, which is a map

Sy W — M,

where # C R x . \ Crit(&#) is an open neighborhood of {0} x .# \ Crit(%#),
satisfying the following Cauchy problem:

a(;)t% (tq) = =2(22 (L)),

Q9 (0,-) = idg.

It is easy to verify that the function .# is decreasing along pseudo-gradient flow
lines. In fact, for every (¢,q) € #, we have

F(Pa(t,q) - F(q) = */0 dF (P2 (s,9)) 2 (Par(s,q)) ds

2
S — ||dy(®%(qu))”<l>gf(37(n dS
0~ ~ d
>0

< 0.

Example A.2. If .% is C2, a pseudo-gradient is given by the gradient of .%, that
is the vector field Grad.%# defined by

(GradZ(q),v))qg =dF(Qv, Vg€ M, veTyM. O

We would like to use the pseudo-gradient flow to deform a certain sublevel
(F)e, to a lower one, say (%), for some ¢; < ¢ such that the interval [cq, ¢2)
does not contain critical values (see Figure A.2). In case .# is finite-dimensional
and compact, there are no obstacles for performing such an operation. However,
if we deal with a non-compact manifold (but still complete), some assumption is
needed in order to replace the lack of compactness. The “right” assumption on
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Figure A.2. Deformation of (.%#)c, over (%), along gradient flow lines in the torus Example A.1.

F 4

F was found in the 1960s by Palais and Smale [PS64], and it now carries their
name: we say that .# satisfies the Palais-Smale condition at level ¢ when, for each
sequence {g, |n € N} C .# such that

lim Z(q,) = ¢,
Tim_ |4 (g.)],, = 0, (A.3)

there exists a subsequence converging to a point g € .#. By (A.3), the limit point
¢ must be a critical point of .%. We say that .% satisfies the Palais-Smale condition
if it satisfies it at every level ¢ € R.

Example A.3. The following are two slightly different examples of situations that
the Palais-Smale condition wants to avoid.

e Counsider the function % (q) = exp(—¢q) on .# = R. For any diverging se-
quence ¢, T oo we have that % (g,) — 0 and %' (¢,) — 0, however {g,} does
not admit any converging subsequence (see Figure A.3).

e Consider a function .# : .# — IR such that, for a certain level ¢ € R, the set
Crit.Z N.Z~1(c) is not compact (e.g., Z : R — R with .#(q) = sin(q) and
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¢ =1). Then there is a sequence of critical points {g,} C .Z#~*(c) that does
not admit any converging subsequence. O

As promised, here is the important consequence of the Palais-Smale condi-
tion.

Lemma A.3.1 (Deformation Lemma). Let .# be a complete Hilbert-Riemannian
manifold and assume that # : # — R satisfies the Palais-Smale condition at
every level ¢ € [a,b] and does not have any critical value in the interval [a,b).
Then the inclusion (F), — (F ), is a homotopy equivalence. O

Notice that, by this lemma, the inclusion (%), — (%), induces the homology
isomorphism H, ((.7),) — H.((.%)s), and H.((.-Z)s, (F)a) = 0. The same is true
if we substitute the singular homology with any other homotopy invariant functor:
singular cohomology, K-theory, and so forth.

A.4 Passing a critical level

We now want to study the changes that occur, in term of homology, whenever we
pass a critical level. In order to do this, we first introduce a fundamental invariant
of isolated critical points p of a C'! function % : .# — R. The local homology of
Z at p is defined as the relative homology group

Cu(Z,p) = Hu((F)e U{D}, (F)e),

where ¢ = % (p). This is a local invariant, in the sense that it depends only on the
germ of .7 at p. In fact, if % C .# is an open neighborhood of p, by excision we
obtain that the inclusion

(% N (F)e Up}, % 0 (F)e) = ((F)e U{D}, (F)e)

induces an isomorphism in homology, and therefore the local homology of .# at p
coincides with H. (% N (F). U{p}, % N(F).).

Remark A.4.1. Tt is easy to see that the local homology of .% at p can be equiva-
lently defined as H, ((#)., (%), \ {p} ) O

The role that local homology plays in Morse Theory is illustrated by the
following statements. We recall that a A-cell, for A € IN, is simply a A-dimensional
closed disk D*. A topological space Y is obtained by the attachment of a A-cell
to a topological manifold X when there exists a continuous map f : dD* — 9X
such that

Y =XUD ~,

where ~ is the identification given by z ~ f(z) for each z € 9D*.
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Figure A.4. Attachment of a cell of dimension 1 = ind(.#,p2) to the closed sublevel (F)., of
the height function in Example A.1. Notice that the result of the attachment is
homotopically equivalent to (%)

co’

Theorem A.4.1. Consider a complete Hilbert-Riemannian manifold .# , a C? func-
tion % : .# — R that satisfies the Palais-Smale condition, and an interval
(c1,¢2) C R. Assume that p is the only critical point of .% with critical value
inside (c1, c2), and that it is non-degenerate. Then (), is homotopically equiv-

alent to (%), with an ind(.#, p)-cell attached. In particular

Cc1

);
);

> | F n =ind(%,
C”(’/’p)_{ 0 n # ind(F

where T is the coefficient group of the homology. O

p
p

)

In Figure A.4 the assertions are illustrated for the case of the height function
on the torus of Example A.1. Notice that Theorem A.4.1 implies that critical points
p with infinite Morse index do not produce any change in the homotopy type as we
cross their sublevel (in particular their local homology C.(.%,p) is trivial). This
follows from the fact that the unit sphere of an infinite-dimensional Hilbert space
is contractible, as one can easily prove by constructing an explicit deformation
retraction to a point (a stronger and much harder theorem due to Bessaga [Bes66]
asserts that every infinite-dimensional Hilbert space is even diffeomorphic to its
unit sphere).

Theorem A.4.1 tells us that, for a non-degenerate critical point of a C? func-
tion, the knowledge of the local homology at it coincides with the knowledge of its
Morse index. This is no longer true in the degenerate case, in which the Morse in-
dex and nullity of a critical point do not completely determine its local homology.
An easy example on .# = R? is the following.

Example A.4. Consider the functions .%#,% : R? — R given by

F(@,y) = (y — 22")(y — 27),
G (z,y) =2 + 2



A.4. Passing a critical level 167

Figure A.5. Behaviour of .7 (x,y) = (y — 2z2)(y — ?) around the critical point 0. The shaded
region corresponds to the sublevel (#)g = .#~1(—o00,0).

Both functions have 0 = (0, 0) as isolated critical point with

ind(:#,0) = ind(¥, 0)
Z,0) =nul(¥,0)

0,
nul( 1.

However 0 is a saddle point for .7 (see Figure A.5) and a global minimum for ¢,
therefore

T —1, F —0,

If the function .% is merely of class C'' and has possibly degenerate critical
points, we can still describe the homological change that occurs by crossing a
critical level in terms of local homology.

Theorem A.4.2. Consider a complete Hilbert-Riemannian manifold .# and a C*
function . . # — R satisfying the Palais-Smale condition. Assume that the
critical points of F having critical value ¢ are isolated (hence there are only
finitely many), and choose ¢ > 0 small enough such that % does not have critical
values in (¢, c + ). The following claims hold:

(i) For each p € Crit(.#) with % (p) = ¢, the inclusion
Jp  (F)eUAp}, (F)e) = (Fete, (F)e)
induces the homology monomorphism

H.(jp) : Cu(F,p) = Hu((F)ete, (F)e)-

(ii) If {p1,...,ps} C A is the set of critical point of F with critical value ¢, we
have an isomorphism

Jc : C*(cgzapl)EB"'®C*(§aps)iH*((gz)ﬁ*&a(ﬁ)CL

where J. = Hy (jp,) ® - - @ Hi(Jp.)- -
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By playing with the filtration (A.2) given by the sublevels of .% and with
the associated long exact sequences in homology we can deduce the following
statement.

Theorem A.4.3. Consider a complete Hilbert-Riemannian manifold .# and a C!
function .% : .# — R that satisfies the Palais-Smale condition and has isolated
critical points. Fix a bounded interval [a,b] C R, and let {c1,...,c:} be the set of
critical values of .7 inside [a,b). Then for each € such that

0<e<min{e, —ck|hk=1,...t, h #k})

we have
N N t
D (DN rank Hy ((F)s, (F)a) < D (DN D rank Hy((F)ey 4o, (F)en),
n=0 n=0 h=1
VN € IN.
Moreover
e} o] t
> (=D rank Ho ((F)o, (F)a) = Y (=1)" D rank Hu((F)eyves (F)en)s
n=0 n=0 h=1
provided the above sums are finite. 0

As a consequence of this result and of Theorem A.4.2, we obtain the cele-
brated Morse inequalities.

Corollary A.4.4 (Morse inequalities). Assume that F satisfies the hypotheses of
Theorem A.4.3. For each bounded interval [a,b] C R, if {p1,...,pu} C A is the
set of critical points of # with critical values inside [a,b), we have

rank Hy, ((F)p, (F)a) < Y rank Cp(F, pn). Vn e N (A.4)
h=1
0

A.5 Local homology and Gromoll-Meyer pairs

In their work on degenerate Morse theory [GM69a], Gromoll and Meyer showed
that the local homology of an isolated critical point can also be computed as the
homology of a suitable closed neighborhood of the critical point relative to a part
of its boundary. The homotopy type of the pair

(closed neighborhood, part of boundary)

is what in the 1980s, after the seminal work of Conley [ConT78], would be called
Conley index of the critical point. In Conley theory, the critical point is viewed as
an isolated invariant set for the dynamical system defined by a pseudo-gradient
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flow. We refer the interested reader to Chang and Ghoussoub [CG96] for a detailed
investigation of the relation between Gromoll-Meyer theory and Conley theory.

For this section, let us assume that our function .% : .# — R is C? with
Fredholm Hessian, so that we can choose as a pseudo-gradient 2~ the gradient of
F, see Example A.2. Some, but not all, of the statements that we will give still
hold under the C! assumption on .% (up to choosing a C! pseudo-gradient).

Let p € .# be a critical point of .% with .Z#(p) = ¢. A pair of topological
spaces (¥, #_) is called a Gromoll-Meyer pair for .% at p when

(GM1) # C A is a closed neighborhood of p that does not contain other critical
points of %,

(GM2) there exists e > 0 such that [c¢ — €,¢) does not contain critical values of
F,and # N (F)e—e = 9,

(GM3) if 1 < to are such that ® g (t1,q) € # and P g (t2,q) € # for some
q € M, then Do (t,q) € # for all t € [t1,t2],

(GM4) #7_ is defined as

W = {qEW ‘ max{t € R| P2 (¢,q) EW}zo}

and it is a piecewise submanifold of .# transversal to the flow ® 4.

Given an open neighborhood % of the isolated critical point p, it is always possible
to build a Gromoll-Meyer pair (#',#_) such that # C % . Moreover, all the
Gromoll-Meyer pairs of a critical point have the same homology type, and in fact
they provide an alternative definition for the local homology.

Theorem A.5.1. If (¥, #_) is a Gromoll-Meyer pair for % at an isolated critical
point p € 4, we have
H.(W ,W_) ~ C.(Z,p). O

Now, let us apply the generalized Morse Lemma (Lemma A.2.1) and the
notation adopted therein: without loss of generality, we can identify an isolated
critical point p of .% with the origin 0 in the Hilbert space E, and we can assume
that .% is defined on a neighborhood ¥ C E of 0 and has the form

ZFv) = Z°°) + FE(vh), Vo=v"+vFe¥ c E=E"qp E*.

The origin is a non-degenerate critical point of .Z* : ¥ N E* — R and a totally
degenerate critical point of .#° : ¥ N E® — R. If we consider Gromoll-Meyer pairs
(WE, #E) and (#°, #°) for F*+ and FO respectively at 0, it is easy to verify
that the product of these pairs, that is

HENEYx WO WO =(WEx w0, (WExwO)U(wT x #0),

is a Gromoll-Meyer pair for .# at 0. Now, assume that the coefficient group IF of
the homology is a field. By the Kiinneth formula we get an isomorphism of graded
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vector spaces
H ((#E, 75 x (W, O ~H. (W=, w5 o . (#°, 7°),
and by the above Theorem A.5.1 we obtain the following.
Theorem A.5.2. C.(%,0) ~ C,(Z*,0) ® C.(F°,0). O

By Theorem A.4.1, the local homology of the non-degenerate function .#=+
at 0 is nontrivial only in degree ind(.#*, 0), where it coincides with the coefficient
vector space IF. Notice that the Morse index of .#* at 0 is precisely the Morse index
of % at 0, and therefore Theorem A.5.2 readily gives the following fundamental
result.

Theorem A.5.3 (Shifting). C.(Z,0) ~ C,_i,q(z,0)(F°,0). O
0

Corollary A.5.4. The local homology group C,(.%,0) is trivial if n < ind(.#,0)
orn > ind(.#,0) + nul(.#, 0). O

A.6 Minimax

On a finite-dimensional closed manifold, an elementary way to detect a critical
value of a given function is to look for its global minima (or maxima). A more
general class of critical values, that we are going to discuss in this section, is given
by the so-called “minimax” values.

Let .# be a complete Hilbert-Riemannian manifold, .% : .# — R a C!
function and 4 a family of subsets of .#Z. We define the minimax of .# over the
family U as

minimax .# := inf sup {#(p)} € RU{£oo}.
4 wes PEU

The following statement guarantees that, under certain conditions, the minimax
is a critical value of .%. We refer the reader to [HZ94, page 79| for a proof.

Theorem A.6.1 (Minimax Theorem). Assume that the following conditions are
satisfied:

(i) . satisfies the Palais-Smale condition,

(ii) there exists a pseudo-gradient 2" for # whose anti pseudo-gradient flow is
defined for all the non-negative times, i.e.,

Dy :[0,00) X A\ Crit(F) — A,

(iii) the family % is positively invariant under the anti pseudo-gradient flow of
2, i.e., for each % € 4 andt > 0 we have Py (t, %) € 4,

(iv) minimax .% is finite.
by ¢

Then miniilmaxf is a critical value of %. O
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Remark A.6.1. If we take i to be the family of singletons on .Z, i.e.,

U={{p}tlpe 4},

then condition (iii) above is trivially satisfied and

mlnbmaxﬁ = ;21/1/1{ {Z(p)}. |

Notice that condition (ii) above is automatically satisfied for any pseudo-
gradient if the function % is bounded from below. As for the choice of a suitable
family % satisfying conditions (iii) and (iv), there are several possibilities. In the
following we discuss one of these, which leads to a homological version of the
minimax theorem.

Let a be a nonzero homology class in Hy(.#). We denote by &, the family
consisting of the supports of the singular cycles in .# representing a, i.e.,

\4 \4
S, = {Uav(Ad) oz:Zozﬂ7 [a]—a},

v=1
where each a, is a singular simplex of the cycle a, i.e., a, : A% — _#. Notice
that, by the homotopic invariance of singular homology, &, satisfies condition
(iil) of the minimax theorem. Moreover, &, is a family of compact subsets of .Z.
Therefore, if the function .# is bounded from below, its minimax over the family
G, is finite. Hence, we have the following.

Theorem A.6.2 (Homological Minimax Theorem). Let .# be a complete Hilbert-
Riemannian manifold, and . : .# — R a C"* function that is bounded from below
and satisfies the Palais-Smale condition. Then for each nonzero a € H,(.#) the
quantity minimaxeg, .% Is finite and it is a critical value of 7. 0

If 7 is also C?, then by the following result due to Viterbo [Vit88] it is
sometimes possible to estimate the Morse index and nullity pair of a critical point
corresponding to the minimax critical value.

Theorem A.6.3. Under the assumptions of Theorem A.6.2, if Z is also C? and its
critical points corresponding to the critical value minimaxe, .% are isolated, then
there exists a critical point p of .% such that

a

Z(p) = minimax &%,
<d < ind(Z,p) + nul(.Z,p),

where d is the degree of a, i.e., a € Hy(A). O

Now, if two linearly independent homology classes are given, one might ask
whether or not their associated minimax values (with respect to the function .#)
are the same. Before answering this question, let us quickly recall some definitions
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from algebraic topology. Given a topological space X and two nonzero homology
classes a,b € H,(X), we write a < b when there exists w € H*(X), for some d > 0,
such that a = b ~ w. Here, ~: H;(X) ® H/(X) — H;_;(X) is the cap product,
which is related to the cup product —: H*(X) ® H7(X) — H!™/(X) by

(w—1)(a) =9(a ~w), Vw, € H*(X), a € H.(X). (A.5)

The cup product gives an important homotopical invariant of X, the cup-length
CL(X), defined as the maximum integer [ > 0 such that there exist cohomology
classes wi, . ..,wy, with w; € H%(X) and d; > 0 for each i = 1,...,1, satisfying

wy — - —w; # 0.

The relation “<” defined above can be used to give an alternative definition of the
cup-length. In fact, if w; — -+ — w; # 0 in H*(X), then there exists a; € H,(X)
such that (w1 — -+ — w;)(a;) # 0, and we can iteratively define a;_1 := a; ~ w;.
Therefore, by (A.5), we have

wi(ar) = (w2 —wi)(az) = = (W — -+ — wi)(a) #0, (A.6)

which implies that ag = a1 —~ wy is nonzero and, by construction, ag < --- < a;.
Conversely, if ag < --- < a;, then there exists a nonzero w; € H% (X) such that
di >0 and a;—1 = a; ~ w; for each i = 1,...,n, so that (A.6) holds and we have
that wy — -+ — w; # 0 in H*(X). Summing up, we have obtained the following.

Proposition A.6.4. The cup-length CL(X) is equal to the maximum | € INU {0}
such that there exist [ + 1 nonzero homology classes ay, . . .,a; € H,(X) satisfying
ap < - < aq. O

Coming back to the question as to when two given homology classes have
different minimax values with respect to some function, we have the following
result.

Theorem A.6.5. Let .# be a complete Hilbert-Riemannian manifold, and % :
M — R a C! function that is bounded from below and satisfies the Palais-Smale
condition. Consider non-zero homology classes a,b € H.(.#) such that a < b.
If % has only finitely many critical points corresponding to the critical value
minimaxg, .%, then
minimax .# < minémax ZF. O
a b
This theorem, together with Proposition A.6.4, readily implies the following
multiplicity result for the critical points of .%.

Corollary A.6.6. Under the assumptions of Theorem A.6.5, the function .% has at
least CL(.#) + 1 critical points. O
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