




Progress in Mathematics

Series Editors
Hyman Bass 
Joseph Oesterlé 

Volume 293

Alan Weinstein
Yuri Tschinkel



Marco Mazzucchelli

Critical Point Theory
for Lagrangian Systems



Marco Mazzucchelli
Penn State University

University Park, PA
USA

 16802
Department of Mathematics

Library of Congress Control Number:

© Springer Basel AG 2012  
This work is subject to copyright. All rights are reserved, whether the whole or part of the material is 
concerned, specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting, 
reproduction on microfilms or in other ways, and storage in data banks. For any kind of use, permission 
of the copyright owner must be obtained.  

Mathematics Subject Classification (2010):

201194

Printed on acid-free paper

Springer Basel AG is part of Springer Science + Business Media
(www.birkhauser-science.com)

ISBN 978-3-0348- e-ISBN 978-3-0348- -
DOI 10.1007/978-3-0348-0 -
Springer Basel Dordrecht Heidelberg London New York

0162-1 0163
163

1493

8
8

 7  0S05, 37J45, 58E05

http://www.birkhauser-science.com


To Ana



  



Contents

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

1 Lagrangian and Hamiltonian Systems

1.1 The formalism of classical mechanics . . . . . . . . . . . . . . . . . . . . . 1
1.2 Tonelli systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.3 Action minimizers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 The Morse Indices in Lagrangian Dynamics

2.1 The Morse index and nullity . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.2 Bott’s iteration theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.3 A symplectic excursion: the Maslov index . . . . . . . . . . . . . . . . . . 42

3 Functional Setting for the Lagrangian Action

3.1 Hilbert manifold structures for path spaces . . . . . . . . . . . . . . . . . 50
3.2 Topological properties of the free loop space . . . . . . . . . . . . . . . . 54
3.3 Convex quadratic-growth Lagrangians . . . . . . . . . . . . . . . . . . . . 59
3.4 Regularity of the action functional . . . . . . . . . . . . . . . . . . . . . . . 63
3.5 Critical points of the action functional . . . . . . . . . . . . . . . . . . . . 70
3.6 The mean action functional in higher periods . . . . . . . . . . . . . . . 77

4 Discretizations

4.1 Uniqueness of the action minimizers . . . . . . . . . . . . . . . . . . . . . . 80
4.2 The broken Euler-Lagrange loop spaces . . . . . . . . . . . . . . . . . . . 86
4.3 The discrete action functional . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.4 Critical points of the discrete action . . . . . . . . . . . . . . . . . . . . . . 91
4.5 Homotopic approximation of the action sublevels . . . . . . . . . . . . 99
4.6 Multiplicity of periodic orbits with prescribed period . . . . . . . . . . 103
4.7 Discretizations in higher period . . . . . . . . . . . . . . . . . . . . . . . . . 106

5 Local Homology and Hilbert Subspaces

5.1 The abstract result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
5.2 The generalized Morse lemma revisited . . . . . . . . . . . . . . . . . . . 112

vii



viii Contents

5.3 Naturality of the Morse lemma . . . . . . . . . . . . . . . . . . . . . . . . . 117
5.4 Local homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.5 Application to the action functional . . . . . . . . . . . . . . . . . . . . . . 123

6 Periodic Orbits of Tonelli Lagrangian Systems

6.1 Convex quadratic modifications . . . . . . . . . . . . . . . . . . . . . . . . . 128
6.2 Multiplicity of periodic orbits with prescribed period . . . . . . . . . . 133
6.3 Discrete Tonelli action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
6.4 Homological vanishing by iteration . . . . . . . . . . . . . . . . . . . . . . . 138
6.5 The Conley conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

Appendix: An Overview of Morse Theory . . . . . . . . . . . . . . . . . . . . . . . 157
A.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
A.2 The generalized Morse Lemma . . . . . . . . . . . . . . . . . . . . . . . . . 159
A.3 Deformation of sublevels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
A.4 Passing a critical level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
A.5 Local homology and Gromoll-Meyer pairs . . . . . . . . . . . . . . . . . . 168
A.6 Minimax . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

List of Symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185



Preface

This monograph is devoted to presenting in detail a few selected applications of
critical point theory, and in particular Morse theory, to Lagrangian dynamics. A
Lagrangian system is defined by a configuration space M , which has the structure
of a smooth manifold, and a Lagrangian function L defined on the tangent bundle
of M and, in the non-conservative case, depending upon time as well. In Joseph-
Louis Lagrange’s reformulation of classical mechanics, the Lagrangian function is
given by the difference of kinetic and potential energy. The motion of the associ-
ated mechanical system is described by the Euler-Lagrange equations, a system
of second-order ordinary differential equations that involves the Lagrangian. The
principle of least action, which in different settings is even anterior to Lagrange’s
work, states that the curves that are solutions of the Euler-Lagrange equations
admit a variational characterization: they are extremal points of a functional, the
action, associated to the Lagrangian. The development of critical point theory in
the nineteenth and twentieth century provided a powerful machinery to investi-
gate dynamical questions in Lagrangian systems, such as existence, multiplicity or
uniqueness of solutions of the Euler-Lagrange equations with prescribed boundary
conditions.

In this monograph, we will consider closed configuration spaces M and we will
focus on the class of so-called Tonelli Lagrangians: these are smooth Lagrangian
functions L : R×TM → R that, when restricted to the fibers of TM , have posi-
tive definite Hessian and superlinear growth. We will normally restrict ourselves to
those Tonelli Lagrangians L whose solutions of the Euler-Lagrange equations are
defined for all times, a condition that is always fulfilled when the time-derivative
of the Lagrangian is suitably bounded. The importance of the Tonelli class is
twofold. From the variational point of view, the Tonelli assumptions imply ex-
istence and regularity of action minimizing curves joining given points in the
configuration space. From a symplectic point of view, Tonelli Lagrangians con-
stitute the broadest family of fiberwise convex Lagrangian functions for which the
Lagrangian-Hamiltonian duality holds. These generalities on Tonelli Lagrangians,
together with a brief introduction to the Lagrangian and Hamiltonian formalism,
will be the subject of Chapter 1.

ix
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If a Tonelli Lagrangian is 1-periodic in time, namely if it is a function of the
form L : R/Z× TM → R, then one can look for periodic solutions (with integer
period) of the associated Euler-Lagrange equations. Finding a lower bound for the
number of periodic orbits with prescribed period is one of the main themes in La-
grangian dynamics. The least action principle characterizes the n-periodic orbits
as the extremal points of the Lagrangian action functional defined on the space
of smooth (say C2) n-periodic curves. In view of this, one is tempted to study
the multiplicity of n-periodic orbits by means of critical point theory: the “richer”
the topology of the space of n-periodic curves, the larger the minimal number of
n-periodic orbits. More precisely, one expects a lower bound for the number of n-
periodic orbits to be given by the cup-length of the space of n-periodic curves. An-
other celebrated question is whether the Euler-Lagrange systems admit infinitely
many periodic solutions (without prescribing their period). The main difficulty
here is to recognize when an n-periodic orbit found by abstract methods is the
iteration of another periodic orbit of lower period. The Morse index of periodic
orbits helps us with this: a periodic orbit that is obtained by homological tech-
niques in a certain degree d will have Morse index close to d. In the 1950s, Bott
investigated the behavior of the Morse index of periodic orbits under iteration.
In Chapter 2, we will introduce the notion of Morse index and we will present
in detail Bott’s iteration theory. We will also mention a symplectic interpretation
of the Morse index as a Maslov index. This latter index, which can be associ-
ated to periodic orbits of more general Hamiltonian systems, was independently
introduced and investigated by many people among whom are Gel’fand, Lidskĭı,
Maslov, Conley, Zehnder, Long, Robbin and Salamon.

In order to be able to apply the abstract results of critical point theory to
the Lagrangian action, we need a suitable functional setting: a space of sufficiently
smooth n-periodic curves with the structure of a (possibly infinite-dimensional)
manifold, over which the action is regular, say at least C1, and has sublevels that
are “sufficiently compact”. For the subclass of Tonelli Lagrangians with quadratic
growth (which we will synthetically call “convex quadratic-growth”), a suitable
choice is given by the Hilbert manifold of n-periodic curves with W 1,2 regularity.
As proved by Benci, with this functional setting the action is C1,1 and satisfies
the Palais-Smale condition, a “weak compactness” condition on its sublevels that
is enough for critical point theory. In Chapter 3, we will introduce this functional
setting for the case of periodic curves and of curves with prescribed endpoints.
After studying the properties of the action of convex quadratic-growth Lagrangians
in this setting, we will derive a few elementary results on the existence of action
minimizing orbits and of periodic orbits with prescribed period.

Even though the C1,1 regularity of the action of convex quadratic-growth
Lagrangians is sufficient for most of the results of critical point theory, all the
abstract statements involving the Morse index require at least the C2 regularity.
However, this requirement turns out to be not necessary for the Lagrangian action
functional. Indeed, one can equivalently work in a finite-dimensional functional
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setting in which the action is C∞ and has compact sublevels. In this setting,
one considers the space of continuous and piecewise broken n-periodic solutions
of the Euler-Lagrange equations. This space turns out to be a smooth finite-
dimensional submanifold of the W 1,2 loop space, and it may be regarded as a
homotopic approximation of this latter space. In particular, all the indices and
invariants coming from critical point theory are the same in the W 1,2 setting and
in the finite-dimensional one: Morse index and nullity, local homology of periodic
orbits, relative homology of sublevels of the action and so forth. Chapter 4 will be
devoted to introducing this finite-dimensional functional setting, and to proving a
few multiplicity results for periodic orbits with prescribed period.

Bott’s iteration theory can be pushed one step further by investigating the
behavior of the local homology of periodic orbits under iterations. This problem
was first studied by Gromoll and Meyer, and further by Long. It turns out that
the behavior of local homology is sometimes dictated by the Morse index and
nullity: if these indices do not change by iteration, then the local homology does
not change as well. This seemingly technical result turns out to be crucial in the
study of the multiplicity of periodic orbits with unprescribed period. In Chapter 5,
we will deduce this theorem from an analogous abstract result: the local homology
of a critical point of a function does not change when restricted to a submanifold
which is invariant under the gradient flow of the function, provided the Morse
index and nullity do not change as well.

For a general Tonelli Lagrangian with global Euler-Lagrange flow, a func-
tional setting in which the action is both regular and satisfies the Palais-Smale
condition is not known. However, one can still apply abstract results from critical
point theory to a suitable modification of the Lagrangian, that coincides with the
original one in a neighborhood of the zero section of the tangent bundle and it is
fiberwise quadratic at infinity. This idea is due to Abbondandolo and Figalli, who
showed that, for a fixed period n and a fixed action value a, all the n-periodic
orbits of the modified Lagrangian with action less than a are also periodic or-
bits of the original Tonelli Lagrangian, provided the modification was performed
sufficiently far from the zero section. In Chapter 6 we will discuss this idea, and
we will use it to extend the validity of the multiplicity results of Chapter 4 to
the Tonelli case. The second part of the chapter will be devoted to proving that
Tonelli Lagrangians with global Euler-Lagrange flow always admit infinitely many
periodic orbits. This result, first established by Long for mechanical Lagrangians
on the torus and further extended by Lu and by the author, is based upon the
iteration theory for periodic orbits discussed in Chapters 2 and 5, and upon an im-
portant technique developed by Bangert and Klingenberg in the setting of closed
geodesics.

We have tried to make this monograph accessible even to non-specialists, and
in particular to students from the graduate level onward. The Appendix collects
all the background from Morse theory that is needed for our applications. The
interested reader can find more material together with the proofs in [Cha93]. As
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we have already remarked, we have only presented a few selected applications of
critical point theory to Lagrangian dynamics. A topic which is very close to ours
and that we did not touch at all is the existence and multiplicity of periodic orbits
with prescribed energy in autonomous Lagrangian systems. For a summary of the
recent state of the art of this problem we refer the reader to [Con06] and the
bibliography therein. It is impossible to mention here all the other applications
of critical point theory to Lagrangian and Hamiltonian dynamics. The interested
reader can find an account of some of these topics in the excellent textbooks
[MW89, Eke90, HZ94, CI99, Abb01, Lon02, Fat08].
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Chapter 1

Lagrangian and
Hamiltonian Systems

This chapter is devoted to giving an informal introduction to the subject of La-
grangian and Hamiltonian dynamics, from the point of view that is relevant in
this monograph. In Section 1.1 we give the basic definitions and we briefly review
the duality between Lagrangian and Hamiltonian systems. Even though these
topics come from mathematical physics, we make almost no mention of this. We
rather emphasize the variational and dynamical systems flavors of these theories.
In Section 1.2 we introduce the important class of Tonelli Lagrangians and Tonelli
Hamiltonians. The main results about the existence and multiplicity of periodic
orbits, that we will give in Chapter 6, are valid for Tonelli systems. Here, we try to
motivate the importance of the Tonelli assumptions, as they naturally give broad
families of Lagrangians and Hamiltonians for which the above-mentioned dual-
ity occurs. In Section 1.3 we introduce the action minimizing curves associated
to a Tonelli Lagrangian system, and we give detailed proofs of classical results
concerning their existence, uniqueness and regularity.

1.1 The formalism of classical mechanics

Classical mechanics describes the motion of mechanical systems. In this section
we briefly review its language, in particular we introduce the Lagrangian and
Hamiltonian formalisms. Of course, we do not attempt to give a comprehensive
introduction to the subject. For such a purpose, we refer the reader to one of the
many textbooks of mathematical physics (e.g., [Arn78, AM78]), dynamical systems
(e.g., [Fat08, HZ94, KH95]), calculus of variations (e.g., [BGH98, GH96, MW89])
or symplectic geometry (e.g., [CdS01, MS98]).

1
     OI 10.1007/978-3-0348-0163-8_1, © Springer Basel AG 2012
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D
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2 Chapter 1. Lagrangian and Hamiltonian Systems

Lagrangian mechanics provides a description of the motion of a mechanical
system constrained on a configuration space. For us, the configuration space will
always be a closed manifold M of dimension m ≥ 1. A Lagrangian on the configu-
ration space is a smooth function L : R×TM → R. In general, the points in the
domain R × TM will be denoted by (t, q, v), i.e., t ∈ R, v ∈ TqM . The R-factor
in the domain of L must be interpreted as a time dependence. If the Lagrangian
happens to be independent of t it is called autonomous. A point (q, v) in the tan-
gent bundle TM of the configuration space is interpreted in the following way:
q gives the position of the mechanical system, while the vector v in the tangent
space of q gives the velocity of the mechanical system.

Consider a bounded real interval [t0, t1] ⊂ R. We define the action functional
A t0,t1 associated to the Lagrangian L as

A t0,t1(γ) =
∫ t1

t0

L (t, γ(t), γ̇(t)) dt, (1.1)

where γ : [t0, t1] → M . For the moment, we do not discuss a functional setting for
the action A t0,t1 . We just consider it as defined on some space of curves γ such that
the function t �→ L (t, γ(t), γ̇(t)) is integrable on the interval [t0, t1], for instance
we can consider A t0,t1 to be defined on the space of C2 curves γ : [t0, t1] → M .
A C2 map Σ : (−ε, ε) × [t0, t1] → M is called a variation of γ when Σ(0, ·) = γ,
Σ(·, t0) ≡ γ(t0) and Σ(·, t1) ≡ γ(t1). The curve γ is a motion of the Lagrangian
system defined by L when, for each variation Σ of γ, we have

d
ds

∣∣∣∣
s=0

A t0,t1(Σ(s, ·)) = 0.

Namely, a curve on M is a motion when it is an extremal of the action functional.
Now, let us fix a finite atlas U = {φα : Uα → Rm |α = 0, . . . , u} for the

closed manifold M , and consider the induced atlases for the tangent and cotangent
bundles of M . These are the atlases TU = {Tφα : TUα → Rm×Rm |α = 0, . . . , u}
and T∗U = {T∗φα : T∗Uα → Rm × (Rm)∗ |α = 0, . . . , u} respectively, where

Tφα(q, v) = (φα(q), dφα(q)v), ∀q ∈ Uα, v ∈ TqM,

T∗φα(q, p) = (φα(q), p ◦ dφ−1
α (φα(q))), ∀q ∈ Uα, p ∈ T∗

qM.

We denote the components of the introduced charts by

φα = (q1
α, . . . , qm

α ),

Tφα = (q1
α, . . . , qm

α , v1
α, . . . , vm

α ),

T∗φα = (q1
α, . . . , qm

α , pα,1, . . . , pα,m).

We define the fiberwise derivative of the Lagrangian L : R×TM → R at (t, q, v)
as the covector ∂vL (t, q, v) ∈ T∗

qM given in local coordinates by

∂vL (t, q, v) =
m∑

j=1

∂L

∂vj
α

(t, q, v) dqj
α.
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Notice that this definition does not depend on the chosen local coordinates, in
fact, if q ∈ Uα ∩ Uβ , then

m∑
j=1

∂L

∂vj
α

(t, q, v) dqj
α(q)

=
m∑

j=1

m∑
h=1

(
∂L

∂vh
β

(t, q, v)
∂vh

β

∂vj
α

(q, v)︸ ︷︷ ︸
=

∂qh
β

∂q
j
α

(q)

dqj
α(q) +

∂L

∂qh
β

(t, q, v)
∂qh

β

∂vj
α

(q, v)︸ ︷︷ ︸
=0

dqj
α(q)

)

=
m∑

h=1

∂L

∂vh
β

(t, q, v) dqh
β(q).

Extremal curves of the action functional can be characterized as follows.
Assume that γ : [t0, t1] → M is a C2 extremal curve, and consider a subdivision
t0 = r0 < r1 < · · · < rn = t1 such that the support γ([rk, rk+1]) is contained in
some coordinate domain Uαk

of the atlas U, for each k = 0, . . . , n − 1. For each
variation Σ of γ, if we denote by σ the section of γ∗TM given by

σ(t) =
∂Σ
∂s

(0, t), ∀t ∈ [t0, t1],

we have

0 =
d
ds

∣∣∣∣
s=0

A t0,t1(Σ(s, ·))

=
n−1∑
k=0

m∑
j=1

∫ rk+1

rk

(
∂L

∂qj
αk

(t, γ, γ̇)σj
αk

(t) +
∂L

∂vj
αk

(t, γ, γ̇) σ̇j
αk

(t)
)

dt

=
n−1∑
k=0

m∑
j=1

∫ rk+1

rk

(
∂L

∂qj
αk

(t, γ, γ̇) − d
dt

∂L

∂vj
αk

(t, γ, γ̇)
)

σj
αk

(t)dt

+
n−1∑
k=0

(
∂vL (rk+1, γ(rk+1), γ̇(rk+1))σ(rk+1) − ∂vL (rk , γ(rk), γ̇(rk))σ(rk)

)

=
n−1∑
k=0

m∑
j=1

∫ rk+1

rk

(
∂L

∂qj
αk

(t, γ, γ̇) − d
dt

∂L

∂vj
αk

(t, γ, γ̇)
)

σj
αk

(t)dt,

where we have adopted the common notation σα(t) := dφα(γ(t))σ(t). By the
fundamental lemma of the calculus of variations, the above expression is zero for
each variation Σ of the curve γ (that is, for each C1 section σ of the vector bundle
γ∗TM) if and only if γ satisfies in local coordinates

d
dt

∂L

∂vj
(t, γ(t), γ̇(t)) − ∂L

∂qj
(t, γ(t), γ̇(t)) = 0, ∀j = 1, . . . , m. (1.2)
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The above system of second-order ordinary differential equations is known as the
Euler-Lagrange system associated to the Lagrangian L . Hence, we have a second
characterization of motion curves as solutions of the Euler-Lagrange system (1.2).

Now, for each (t, q, v) ∈ R × TM , consider the quadratic form on TqM
given by

w �→
m∑

j,h=1

∂2L

∂vj∂vh
(t, q, v)wjwh, ∀w =

m∑
j=1

wj ∂

∂qj
∈ TqM.

Notice that this quadratic form is independent of the local coordinates used to
define it (by the same argument that we gave to show that the fiberwise derivative
is intrinsically defined). We say that the Lagrangian L is non-degenerate when
the above quadratic form is non-degenerate on the whole domain of L , i.e., for
each (t, q, v) ∈ R×TM and for each nonzero w ∈ TqM there exists z ∈ TqM such
that

m∑
j,h=1

∂2L

∂vj∂vh
(t, q, v)wjzh �= 0.

Equivalently, the Lagrangian L is non-degenerate when the m × m real matrix(
∂2L

∂vj∂vh
(t, q, v)

)
j,h=1,...,m

is invertible for each (t, q, v) ∈ R × TM . If this condition is fulfilled we can put
the Euler-Lagrange system (1.2) in normal form as

γ̈j =
m∑

h=1

[
∂2L

∂v∂v
(t,γ,γ̇)

]−1

j,h

(
∂L

∂qh
(t,γ,γ̇)− ∂2L

∂t∂vh
(t,γ,γ̇)−

m∑
l=1

∂2L

∂ql∂vh
(t,γ,γ̇)γ̇l

)
,

∀j=1,...,m.

In other words, the non-degeneracy condition allows us to define a smooth time-
dependent vector field XL on TM as

XL =
m∑

j=1

(
vj ∂

∂qj
+

m∑
h=1

[
∂2L

∂v ∂v

]−1

j,h

(
∂L

∂qh
− ∂2L

∂t ∂vh
−

m∑
l=1

∂2L

∂ql∂vh
vl

)
∂

∂vj

)
.

This vector field is called Euler-Lagrange vector field associated to L , and its
integral curves are precisely the solutions of the Euler-Lagrange system associated
to L . By the Cauchy-Lipschitz theorem, XL can be locally uniquely integrated:
there exists a continuous function ε : R × TM → (0,∞) such that, for every
(t, q, v) ∈ R×TM and for every t0, t1 ∈ R with 0 < t1− t0 < ε(t, q, v), there exists
a unique smooth solution γ : [t0, t1] → M of the Euler-Lagrange system (1.2) with
γ(t) = q and γ̇(t) = v. This defines a partial flow ΦL on TM , the Euler-Lagrange
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flow associated to L , as

Φt1,t0
L (γ(t0), γ̇(t0)) = (γ(t1), γ̇(t1)),

where γ : [t0, t1] → M is a solution of the Euler-Lagrange system. We say that
ΦL is global when, for each t0 ∈ R, it defines a function

Φ·,t0
L : R× TM → TM,

(t, q, v) �→ Φt,t0
L (q, v).

So far we have recalled the language of the Lagrangian formulation of clas-
sical mechanics. As we already mentioned at the beginning of this section, there
is another point of view for describing classical mechanics: the Hamiltonian for-
mulation. Quoting Vladimir Arnold [Arn78, page 161], Hamiltonian mechanics is
“geometry in phase space”. The phase space is the ambient space of the consid-
ered mechanical system, and it has the structure of a symplectic manifold. We
will only consider phase spaces that are cotangent bundles over a smooth closed
manifold M . In these cases, the Hamiltonian formulation is, in some sense, dual
to the Lagrangian one. A Hamiltonian on the cotangent bundle T∗M is a smooth
function H : R × T∗M → R. In general, the points in the domain R × T∗M
will be denoted by (t, q, p), i.e., t ∈ R, p ∈ T∗

qM . As for the Lagrangian case, the
R-factor in the domain of H must be interpreted as a time dependence, and if
this dependence is missing the Hamiltonian is called autonomous. A point (q, p)
in the cotangent bundle T∗M is interpreted in the following way: q still gives the
position of the mechanical system, while the covector p in the cotangent space of
q gives the momentum of the mechanical system.

The cotangent bundle T∗M has a canonical symplectic structure1 ω, which
can be defined as follows. First of all, we define the Liouville form of T∗M , that
is a one-form λ on T∗M given in local coordinates by

λ =
m∑

j=1

pjdqj .

It is easy to verify that λ is well defined by this expression (i.e., it is independent of
the chosen local coordinates). Indeed, the Liouville form can also be characterized
as the unique one-form λ on T∗M such that, for each one-form μ on M , we have
μ∗λ = μ. The canonical symplectic form of T∗M is then defined as ω = −dλ. In
local coordinates we have

ω =
m∑

j=1

dqj ∧ dpj ,

and it is immediate to verify that the above expression gives a non-degenerate
two-form, that is clearly closed (being exact by its definition). A Hamiltonian H

1We recall that a symplectic structure on a manifold W is a two-form ω on W that is closed (i.e.,
dω = 0) and non-degenerate (i.e., ω(v, ·) �= 0 for each non-zero v ∈ TW ).
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as above defines a smooth time-dependent vector field XH on T∗M given by

XH (t, q, p)� ω = d (H (t, ·)) (q, p), ∀(t, q, p) ∈ R× T∗M,

where “�” stands for the interior product between vectors and forms, i.e., XH � ω =
ω(XH , ·). In local coordinates we have

XH =
∂H

∂pj

∂

∂qj
− ∂H

∂qj

∂

∂pj
.

By the Cauchy-Lipschitz theorem, this vector field can be locally integrated around
any point of R× T∗M , and therefore it defines a partial flow ΦH on T∗M as

Φt1,t0
H (Γ(t0)) = Γ(t1),

where Γ : [t0, t1] → T∗M is an integral curve of XH . If we write Γ as (γ, ρ), where
γ : [t0, t1] → M and ρ is a section of γ∗T∗M , then in local coordinates (γ, ρ)
satisfies the Hamilton system

γ̇j(t) =
∂H

∂pj
(t, γ(t), ρ(t)), ρ̇j(t) = −∂H

∂qj
(t, γ(t), ρ(t)),

∀j = 1, . . . , m.

(1.3)

We call XH the Hamiltonian vector field associated to H , and ΦH the corre-
sponding Hamiltonian flow. The integral curves of XH , or rather their projection
onto the base manifold M , are the motions of the Hamiltonian mechanical system
defined by H .

Now, consider a Lagrangian function L : R × TM → R. We define the
Legendre transform associated to L as the map LegL : R × TM → R × T∗M
given by

LegL (t, q, v) = (t, q, ∂vL (t, q, v)), ∀(t, q, v) ∈ R× TM.

Let us assume that, for the considered Lagrangian L , the Legendre transform is
a diffeomorphism of R×TM onto R×T∗M (conditions on L under which this is
true will be discussed in the next section). Notice that this assumption implies that
L is non-degenerate. Then we can define the Hamiltonian H : R × T∗M → R

Legendre-dual to the Lagrangian L as

H ◦ LegL (t, q, v) := ∂vL (t, q, v)v − L (t, q, v), ∀(t, q, v) ∈ R× TM.

Actually, this sets up a duality between the Lagrangian system of L and the
Hamiltonian system of H . In fact, one can show that

d(π2 ◦ LegL )(t, q, v) (XL (t, q, v)) = XH ◦ LegL (t, q, v),
∀(t, q, v) ∈ R× TM,
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where π2 : R×T∗M → T∗M is the projection onto the second factor of R×T∗M .
Therefore the Lagrangian and Hamiltonian flows are conjugated by the Legendre
transform. In other words, a curve γ : [t0, t1] → M is a solution of the Euler-
Lagrange system (1.2) if and only if the curve Γ = (γ, ρ) : [t0, t1] → T∗M , where
ρ(t) := ∂vL (t, γ(t), γ̇(t)), is a solution of the Hamilton system (1.3).

As in the Lagrangian case, the motion curves of the Hamiltonian system
associated to a smooth H : R× T∗M → R admit a variational characterization.
If Γ : [t0, t1] → T∗M is a C2 curve, we define its Hamiltonian action as

A t0,t1(Γ) =
∫ t1

t0

(
Γ∗λ − H (t, Γ(t))

)
dt.

An easy computation shows that the solutions of the Hamilton system of H
are precisely the extremal curves of A t0,t1 . Moreover, this Hamiltonian action is
related to the Lagrangian one of equation (1.1) in the following way: if H and L
are Legendre-dual and Γ = (γ, ρ) : [t0, t1] → T∗M is a solution of the Hamilton
system of H (so that γ : [t0, t1] → M is a solution of the Euler-Lagrange system
of L ), then the Hamiltonian action of Γ coincides with the Lagrangian action of
γ, for ∫ t1

t0

(
Γ∗λ − H (t, Γ(t))

)
dt =

∫ t1

t0

(
ρ(t)[γ̇(t)] − H (t, γ(t), ρ(t))

)
dt

=
∫ t1

t0

L (t, γ(t), γ̇(t)) dt.

1.2 Tonelli systems

Let us fix, once for all, a Riemannian metric 〈·, ·〉· on the closed manifold M , so
that for each q ∈ M we will denote by 〈·, ·〉q the Riemannian inner product on
TqM and by | · |q the corresponding norm. This metric induces a Riemannian
distance dist : M × M → [0,∞) that turns M into a complete metric space.

We say that a smooth Lagrangian L : R × TM → R is Tonelli when it
satisfies the following two conditions:

(T1) the fiberwise Hessian of L is positive-definite, i.e.,
m∑

j,h=1

∂2L

∂vj∂vh
(t, q, v)wjwh > 0,

for all (t, q, v) ∈ R× TM and w =
∑m

j=1 wj ∂
∂qj ∈ TqM with w �= 0;

(T2) L is fiberwise superlinear, i.e.,

lim
|v|q→∞

L (t, q, v)
|v|q = ∞,

for all (t, q) ∈ R× M .
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Now, let us consider a fiberwise convex (but not necessarily Tonelli) smooth
Lagrangian L : R × TM → R. We want to show that the Legendre transform
LegL is a diffeomorphism if and only if L is Tonelli. First of all, notice that the
Legendre transform LegL is a fiber-preserving smooth map between R×TM and
R × T∗M . Assuming that LegL is a diffeomorphism is equivalent to assuming
that, for each (t, q) ∈ R× M , its fiberwise restriction

∂vL (t, q, ·) = d(L |{t}×TqM) : TqM → T∗
qM

is a diffeomorphism. Hence, all we have to do is characterize convex functions on
Rm whose differential is a diffeomorphism onto (Rm)∗.

Proposition 1.2.1. Let L : Rm → R be a convex smooth function. Then its dif-
ferential dL : Rm → (Rm)∗ is a diffeomorphism if and only if L is superlinear,
meaning

lim
|v|→∞

L(v)
|v| = ∞,

and the Hessian HessL is positive-definite at any point.

Proof. Assume that L is superlinear with positive-definite Hessian. Consider an
arbitrary p0 ∈ (Rm)∗ and define Lp0 : Rm → R as Lp0(v) = L(v) − p0(v). This
function is superlinear, as well as L, hence it reaches its minimum at some v0 ∈ Rm.
In particular dLp0(v0) = 0, and dL(v0) = p0. This shows that dL is surjective.
Moreover, every v ∈ Rm such that dL(v) = p0 must be a critical point of Lp0 .
Since the Hessian of Lp0 is positive-definite, the function is strictly convex and
it cannot have critical points other than v0, and therefore dL is bijective. By the
positivity of the Hessian, we can apply the inverse function theorem to assert that
dL is a bijective local diffeomorphism, i.e., a global diffeomorphism.

Conversely, assume that L is convex and dL is a diffeomorphism. Hence the
Hessian of L must be non-degenerate and, by the convexity assumption on L, even
positive-definite. Moreover, since L is convex, we have

L(v) − L(v0) ≥ dL(v0)[v − v0], ∀v0, v ∈ Rm. (1.4)

For each real constant k > 0 we define the compact set

Sk := {v ∈ Rm | |dL(v)| = k} .

For each v ∈ Rm, there exists a unique v0 = v0(v) ∈ Rm such that

dL(v0) =
k

|v| 〈v, ·〉 ,

where we have denoted by 〈·, ·〉 the standard inner product in Rm. Notice that
dL(v0) ∈ Sk and dL(v0)v = k|v|. Hence, by (1.4), for each v ∈ Rm we have

L(v) ≥ dL(v0(v))v + L(v0(v)) − dL(v0(v))v0(v)
≥ k|v| + inf

w∈Sk

{L(w) − dL(w)w} .

This shows that L is superlinear. �
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For a smooth function L as in the above statement we define the Legendre-
dual smooth function H : (Rm)∗ → R by

H ◦ dL(v) = dL(v)v − L(v).

Proposition 1.2.2. Consider a smooth function L : Rm → R that is superlinear
with positive-definite Hessian, and its Legendre-dual function H : (Rm)∗ → R.
Then

(i) L and H satisfy the Fenchel relation L(v) + H(p) ≥ p(v), and the equality
holds true if and only if p = dL(v);

(ii) dH = (dL)−1 : (Rm)∗ → Rm � (Rm)∗∗;

(iii) H is superlinear with positive-definite Hessian.

Proof. Consider arbitrary v ∈ Rm and p ∈ (Rm)∗. By the assumptions on L, dL
is a diffeomorphism and in particular p = dL(w) for some w ∈ Rm. Therefore

L(v) + H(p) − p(v) = L(v) − H(dL(w)) − dL(w)v
= L(v) − L(w) − dL(w)(v − w)
≥ 0,

where the last inequality follows by the convexity of L. Moreover, since L is strictly
convex, equality holds if and only if v = w, that is if and only if p = dL(v). This
proves (i). By the Fenchel relation, for each p0, p1 ∈ (Rm)∗, we get

H((1 − λ)p0 + λp1) = max
v∈Rm

{(1 − λ)p0(v) + λp1(v) − L(v)}
≤ max

v∈Rm
{(1 − λ)p0(v) − (1 − λ)L(v)}

+ max
v∈Rm

{λp1(v) − λL(v)}
≤ (1 − λ)H(p0) + λH(p1),

therefore the function H is convex. Now, let us fix an arbitrary p0 ∈ (Rm)∗. For
v0 = (dL)−1(p0), we have p0(v0) = H(p0) + L(v0). By the Fenchel relation, for
any p ∈ (Rm)∗, we have

p(v0) ≤ H(p) + L(v0) = H(p) − H(p0) + p0(v0).

Hence, for any p ∈ (Rm)∗ we have (p−p0)v0 ≤ H(p)−H(p0), and this is possible if
and only if v0 = dH(p0) (here, we are making the canonical identification between
(Rm)∗∗ and Rm). This proves (ii), and in particular that dH is a diffeomorphism.
Applying Proposition 1.2.1 to H in place of L we obtain that H is superlinear
with positive-definite Hessian, hence (iii) holds. �
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We say that a Hamiltonian H : R × T∗M → R is Tonelli when it satisfies
the following two conditions:

(T1′) the fiberwise Hessian of H is positive-definite, i.e.,

m∑
j,h=1

∂2H

∂pj∂ph
(t, q, p)rjrh > 0,

for all (t, q, p) ∈ R× T∗M and r =
∑m

j=1 rjdqj ∈ T∗
qM with r �= 0;

(T2′) H is fiberwise superlinear, i.e.,

lim
|p|q→∞

H (t, q, p)
|p|q = ∞,

for all (t, q) ∈ R × M (here, by a common abuse of notation, we write | · |q
also for the norm in T∗

qM induced by the Riemannian metric of M).

By Proposition 1.2.2, the Tonelli Hamiltonians are precisely those Hamiltonian
functions that are dual to Tonelli Lagrangians. Namely, the Legendre duality sets
up a one-to-one correspondence{

L : R× TM → R

Tonelli

}
1:1←→

{
H : R× T∗M → R

Tonelli

}
.

This discussion should have motivated the importance of the Tonelli class in the
study of Lagrangian and Hamiltonian systems.

Remark 1.2.1 (Uniform fiberwise superlinearity). It turns out that the Tonelli
assumptions, both for Lagrangians and Hamiltonians, imply that the fiberwise
superlinearity of conditions (T2) and (T2′) are uniform over compact subsets of
R × M , which means that, for each compact interval [t0, t1] ⊂ R, the limits in
(T2) and (T2′) are satisfied uniformly in (t, q) ∈ [t0, t1] × M . In fact, if L is
a Tonelli Lagrangian with dual Tonelli Hamiltonian H , by the Fenchel relation
(Proposition 1.2.2(i)) we have

L (t, q, v) ≥ max
|p|q≤k

{p(v) − H (t, q, p)}

≥ max
|p|q≤k

{p(v)} − max
|p|q≤k

{H (t, q, p)}

≥ k|v|q − max {H (t′, q′, p′) | (t′, q′, p′) ∈ [t0, t1] × T∗M, |p′|q′ ≤ k} ,

for each k ∈ N and (t, q, v) ∈ [t0, t1] × TM . Analogously

H (t, q, p) ≥ k|p|q − max {L (t′, q′, v′) | (t′, q′, v′) ∈ [t0, t1] × TM, |v′|q′ ≤ k} ,

for each k ∈ N and (t, q, p) ∈ [t0, t1] × T∗M . �
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1.3 Action minimizers

Let us consider a Tonelli Lagrangian L : R×TM → R. The Tonelli assumptions
(T1) and (T2) imply that L is bounded from below, and therefore each absolutely
continuous2 curve γ : [t0, t1] → M has a well-defined action

A t0,t1(γ) =
∫ t1

t0

L (t, γ(t), γ̇(t)) dt ∈ R ∪ {+∞} .

An absolutely continuous curve γ : [t0, t1] → M is an action minimizer with respect
to L when every other absolutely continuous curve ζ : [t0, t1] → M with the same
endpoints of γ satisfies A t0,t1(γ) ≤ A t0,t1(ζ). The Tonelli assumptions guarantee
the existence of action minimizers, as stated by the following fundamental result
that is due to Tonelli [Ton34]. Here, we give a modern proof following Mather
[Mat91, Appendix 1], Contreras and Iturriaga [CI99, Section 3.1] and Fathi [Fat08,
Section 3.3].

Theorem 1.3.1 (Tonelli). Let L : R×TM → R be a Tonelli Lagrangian. For each
real interval [t0, t1] ⊂ R and for all q0, q1 ∈ M there exists an action minimizer
(with respect to L ) γ : [t0, t1] → M with γ(t0) = q0 and γ(t1) = q1.

In order to prove the Tonelli theorem, we first need two preliminary technical
lemmas.

Lemma 1.3.2. Consider a Tonelli Lagrangian L : [t0, t1] × TK → R, where K is
the closure of a bounded open set of Rm. For each R > 0 and ε > 0 there exists
δ = δ(R, ε) > 0 such that, for each t ∈ [t0, t1] and (q, v), (q′, v′) ∈ TK � K ×Rm

with |q − q′| ≤ δ and |v| ≤ R, we have

L (t, q′, v′) ≥ L (t, q, v) + 〈∂vL (t, q, v), v′ − v〉 − ε.

Proof. Let us fix R > 0 and ε > 0 arbitrarily. We define

�1 := max
{
L (t, q, v) − 〈∂vL (t, q, v), v〉

∣∣∣ (t, q, v) ∈ [t0, t1] × TK, |v| ≤ R
}
,

�2 := max
{
|∂vL (t, q, v)|

∣∣∣ (t, q, v) ∈ [t0, t1] × TK, |v| ≤ R
}
,

and, for each R′ > 0,

k(R′) :=min
{

L (t, q, v)
|v|

∣∣∣∣ (t, q, v) ∈ [t0, t1] × TK, |v| ≥ R′
}

.

Notice that these are indeed real constants. In fact, �1 and �2 are maximums of
continuous functions over a compact set, while k(R′) is finite due to the fiberwise
superlinearity (T2) of the Tonelli Lagrangian L , which also implies k(R′) → +∞
2We recall that the absolutely continuous curves can be characterized as those curves having
integrable weak derivative.
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as R′ → +∞. Let us fix R′ > 1 such that k(R′) ≥ �1 + �2. For each t ∈ [t0, t1] and
(q, v), (q′, v′) ∈ TK � K ×Rm with |v| ≤ R and |v′| ≥ R′, we have

L (t, q′, v′) ≥ k(R′) |v′| ≥ �1 + �2 |v′| ≥ L (t, q, v) + 〈∂vL (t, q, v), v′ − v〉 .

Now, since the fiberwise Hessian of L is positive-definite (by the Tonelli assump-
tion (T1)), for each t ∈ [t0, t1] and (q, v), (q′, v′) ∈ TK � K × Rm with |v| ≤ R
and |v′| ≤ R′, we have

L (t, q, v′) ≥ L (t, q, v) + 〈∂vL (t, q, v), v′ − v〉 .

Therefore, if |q − q′| is sufficiently small (uniformly in t, v and v′ as above), we
further have

L (t, q′, v′) ≥ L (t, q, v) + 〈∂vL (t, q, v), v′ − v〉 − ε. �

We recall that a space U of maps of the form h : [t0, t1] → Rm is called
uniformly integrable when for each ε > 0 there exists δ = δ(ε) > 0 such that, for
each Borel subset I ⊂ [t0, t1] with Lebesgue measure μLeb(I) < δ, we have∫

I

|h(t)| dt < ε, ∀h ∈ U .

Lemma 1.3.3. Let I be a Borel subset of a compact interval [t0, t1], f : I → Rm

an L∞ map, and {gn : [t0, t1] → Rm |n ∈ N} a sequence of absolutely continuous
maps such that gn → 0 uniformly as n → ∞ and the sequence of weak derivatives
{ġn |n ∈ N} is uniformly integrable. Then

lim
n→∞

∫
I

〈f(t), ġn(t)〉 dt = 0. (1.5)

Proof. For each J ⊆ [t0, t1] which is a finite union of closed intervals, i.e.,

J = [r1, r
′
1] ∪ · · · ∪ [rN , r′N ],

we have

lim
n→∞

∫
J

ġn(t) dt = lim
n→∞

N∑
i=1

[
gn(r′i) − gn(ri)

]
= 0.

Now, for each Borel set I as in the statement, we can always find a sequence
{Jk ⊆ [t0, t1] | k ∈ N} such that

lim
k→∞

μLeb(Jk) = μLeb(I) (1.6)

and, for each k ∈ N, Jk is a finite union of closed intervals. Let us consider an
arbitrary ε > 0, and let δ = δ(ε) > 0 be the corresponding constant given by the
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uniform integrability of {ġn |n ∈ N}. By (1.6), there exists k̄ = k̄(δ) ∈ N such
that, for every integer k ≥ k̄, we have μLeb(I \ Jk) < δ and therefore

lim sup
n→∞

∣∣∣∣∫
I

ġn(t) dt

∣∣∣∣ ≤ lim sup
n→∞

∣∣∣∣∫
Jk

ġn(t) dt

∣∣∣∣︸ ︷︷ ︸
=0

+ lim sup
n→∞

∣∣∣∣∣
∫

I\Jk

ġn(t) dt

∣∣∣∣∣
≤ lim sup

n→∞

∫
I\Jk

|ġn(t)| dt < ε.

Since ε can be taken arbitrarily small, we obtain

lim
n→∞

∫
I

ġn(t) dt = 0.

This proves equation (1.5) for the special case in which f is a simple function, i.e.,
when f has the form

f(t) =
N∑

i=1

χi(t)wi, ∀t ∈ I,

where N ∈ N, χi is the characteristic function of a Borel subset Ii ⊆ [t0, t1] and
wi ∈ Rm for each i ∈ {1, . . . , N}.

In the general case, given an L∞ function f as in the statement, for each
δ > 0 we can find a simple function fδ : I → Rm such that ‖fδ‖L∞ ≤ 2‖f‖L∞ and
‖f − fδ‖L1 ≤ δ2. We introduce the Borel set

Iδ =
{
t ∈ I

∣∣ |fδ(t) − f(t)| < δ
}

so that, by our choice fδ, we have

μLeb(I \ Iδ) =
∫

I\Iδ

1 dt ≤ 1
δ

∫
I\Iδ

|fδ(t) − f(t)| dt ≤ 1
δ
‖fδ − f‖L1 ≤ δ.

Now, let us consider an arbitrary ε > 0 and the associated δ = δ(ε) > 0 given by
the uniform integrability of {ġn |n ∈ N}. If we set σ := min{ε, δ} > 0, we obtain

lim sup
n→∞

∣∣∣∣∫
I

〈f(t), ġn(t)〉 dt

∣∣∣∣
≤ lim sup

n→∞

∣∣∣∣∫
I

〈fσ(t), ġn(t)〉 dt

∣∣∣∣︸ ︷︷ ︸
=0

+ lim sup
n→∞

∣∣∣∣∫
I

〈f(t) − fσ(t), ġn(t)〉 dt

∣∣∣∣
≤ lim sup

n→∞

∣∣∣∣∫
Iσ

〈f(t) − fσ(t), ġn(t)〉 dt

∣∣∣∣ + lim sup
n→∞

∣∣∣∣∣
∫

I\Iσ

〈f(t) − fσ(t), ġn(t)〉 dt

∣∣∣∣∣
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≤ σ lim sup
n→∞

∫
Iσ

|ġn(t)| dt + ‖f − fσ‖L∞ lim sup
n→∞

∫
I\Iσ

|ġn(t)| dt︸ ︷︷ ︸
<ε

≤ σ lim sup
n→∞

‖ġn‖L1 + 3ε‖f‖L∞ ≤ ε

(
lim sup

n→∞
‖ġn‖L1︸ ︷︷ ︸

(∗)

+3‖f‖L∞

)
.

Notice that, by the uniform integrability of {ġn |n ∈ N}, the quantity (∗) is finite,
and since ε can be taken arbitrarily small we readily obtain (1.5). �

Proof of Theorem 1.3.1. For each c ∈ R, let U (c) be the set of absolutely contin-
uous curves ζ : [t0, t1] → M such that ζ(t0) = q0, ζ(t1) = q1 and A t0,t1(ζ) ≤ c.
All we have to do in order to prove the theorem is to show that U (c) is compact
in the topology of uniform convergence. In fact, once this is established, we can
conclude as follows. First of all, we set

c0 := inf{c ∈ R |U (c) �= ∅}. (1.7)

Notice that c0 is finite, since the action functional A t0,t1 is bounded from below
by the real constant

(t1 − t0)min{L (t, q, v) | (t, q, v) ∈ [t0, t1] × TM}
over the space of absolutely continuous curves defined on [t0, t1]. Moreover, the
infimum in (1.7) is actually a minimum since U (c0) is equal to the intersection of
nested nonempty compact sets

U (c0 + 1) ⊇ U (c0 + 1
2 ) ⊇ U (c0 + 1

3 ) ⊇ · · · ⊇ U (c0 + 1
n ) ⊇ · · ·

and therefore it is itself nonempty. This implies that any curve γ : [t0, t1] → M
that belongs to U (c0) is an action minimizer joining q0 and q1.

In the remaining of the proof we will establish the compactness of U (c), for
every c ∈ R. Let us fix c ∈ R such that U (c) is nonempty (otherwise there is
nothing to prove). Without loss of generality, we can assume that

L (t, q, v) ≥ 0, ∀(t, q, v) ∈ [t0, t1] × TM.

By the uniform fiberwise superlinearity of L (Remark 1.2.1), for each k > 0 there
exists Ck = Ck(L , t0, t1) > 0 such that

L (t, q, v) ≥ k|v|q − Ck, ∀(t, q, v) ∈ [t0, t1] × TM.

Now, consider an arbitrarily small ε > 0 and fix two real constants k and δ such
that

k >
c

ε
, 0 < δ <

kε − c

Ck
.
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For each ζ ∈ U (c) and for each Borel subset I ⊆ [t0, t1] having Lebesgue measure
μLeb(I) < δ, we have∫

I

|ζ̇(t)|ζ(t)dt ≤
∫

I

1
k

[
L (t, ζ(t), ζ̇(t)) + Ck

]
dt ≤ 1

k
(c + δ Ck) < ε. (1.8)

In other words, the space U ′(c) := {ζ̇ | ζ ∈ U (c)} is uniformly integrable. This
implies that the space U (c) is absolutely equicontinuous, since if we take the Borel
set I to be a finite union of intervals [r1, r

′
1] ∪ · · · ∪ [rN , r′N ], we have

N∑
i=1

dist(ζ(ri), ζ(r′i)) ≤
N∑

i=1

∫ r′
i

ri

|ζ̇(t)|ζ(t)dt =
∫

I

|ζ̇(t)|ζ(t)dt < ε.

By the Arzelà-Ascoli theorem, the equicontinuity of U (c) implies that each se-
quence {γn |n ∈ N} ⊆ U (c) admits a uniformly converging subsequence, and
since we also have absolute equicontinuity all the limit points γ are actually abso-
lutely continuous curves. Hence, in order to conclude the proof of the compactness
of U (c) we only have to show that it is closed in the topology induced by the uni-
form convergence. Namely, for an arbitrary sequence {γn |n ∈ N} ⊆ U (c) that
converges uniformly to (an absolutely continuous curve) γ we must show that
A t0,t1(γ) ≤ c.

Let us fix a finite atlas U = {(Uα, φα) |α = 1, . . . , u} on the closed manifold
M , and consider a subdivision t0 = s0 < s1 < · · · < sN = t1 such that the support
γ([si, si+1]) is contained in some coordinate domain Uαi , for each i = 0, . . . , N −1.
This implies that, for each n ∈ N sufficiently large (say, n ≥ n̄) and for each
i = 0, . . . , N − 1, the support γn([si, si+1]) is contained in Uαi as well. In order to
conclude the proof, it is enough to show that

A si,si+1(γ|[si,si+1]) ≤ lim inf
n→∞ A si,si+1(γn|[si,si+1]), ∀i = 0, . . . , N − 1, (1.9)

since this would readily give

A t0,t1(γ) =
N−1∑
i=0

A si,si+1(γ|[si,si+1]) ≤
N−1∑
i=0

lim inf
n→∞ A si,si+1(γn|[si,si+1])

≤ lim inf
n→∞

N−1∑
i=0

A si,si+1(γn|[si,si+1]) = lim inf
n→∞ A t0,t1(γn) ≤ c.

Hence, let us fix i ∈ {0, . . . , N − 1}. From now on, we will make the identification
Uαi ≡ φαi(Uαi) and all the expressions in local coordinates will be understood
with respect to the coordinate chart φαi : Uαi → Rm. Let us consider arbitrary
real numbers ε > 0 and R > 0, and define

IR :=
{
t ∈ [si, si+1]

∣∣ |γ̇(t)| ≤ R
}

.
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Notice that μLeb(IR) → μLeb([si, si+1]) = si+1−si as R → ∞, where μLeb denotes
the Lebesgue measure. By Lemma 1.3.2, for each integer n ≥ n̄ sufficiently large,
we have∫

IR

[
L (t, γ(t), γ̇(t)) + 〈∂vL (t, γ(t), γ̇(t)), γ̇n(t) − γ̇(t)〉 − ε

]
dt

≤
∫

IR

L (t, γn(t), γ̇n(t)) dt ≤
∫ si+1

si

L (t, γn(t), γ̇n(t)) dt.

(1.10)

As we have already showed previously (see the paragraph before (1.8)), the se-
quence {γ̇n |n ∈ N} is uniformly integrable, which implies that the sequence
{(γ̇n − γ̇)|[si,si+1]

∣∣n ≥ n̄} is uniformly integrable as well. Applying Lemma 1.3.3
with I = IR, f(t) = ∂vL (t, γ(t), γ̇(t)) for each t ∈ IR, and gn = (γn − γ)|[si,si+1]

for each integer n ≥ n̄, we obtain

lim
n→∞

∫
IR

〈∂vL (t, γ(t), γ̇(t)), γ̇n(t) − γ̇(t)〉 dt = 0.

This, together with (1.10), implies∫
IR

L (t, γ(t), γ̇(t)) dt − ε μLeb(IR) ≤ lim inf
n→∞

∫ si+1

si

L (t, γn(t), γ̇n(t)) dt.

Finally, taking the limits for R → ∞ and ε → 0 in this inequality, we obtain the
estimate (1.9). �

So far we have proved the existence of action minimizers, which is part of
Tonelli’s theory of calculus of variations. An older result, that goes back to Weier-
strass, states that each sufficiently short minimizer is unique, meaning that it is
the only curve joining its endpoints that minimizes the action, and moreover it is
a smooth solution of the Euler-Lagrange system. In modern language, the precise
statement goes as follows.

Theorem 1.3.4 (Weierstrass). Let L : R × TM → R be a Tonelli Lagrangian.
For each C0 > 0 and T0 > 0 there exists ε0 = ε0(C0, T0) > 0 such that, for each
interval [t0, t1] ⊂ R and for all q0, q1 ∈ M such that |t0| ≤ T0, 0 < t1 − t0 ≤ ε0

and dist(q0, q1) ≤ C0(t1 − t0), there is a unique action minimizer (with respect to
L ) γq0,q1 : [t0, t1] → M with γq0,q1(t0) = q0 and γq0,q1(t1) = q1. Moreover γq0,q1 is
a (smooth) solution of the Euler-Lagrange system of L .

Following Mañé [Mn91], the idea of the proof of this theorem consists in
reducing the setting to the case of a very special class of Lagrangians, for which
the stationary curves are solutions of the Euler-Lagrange system. Then one can
conclude by means of the following statement. For an alternative approach based
on the Hamilton-Jacobi equation we refer the reader to Fathi [Fat08, Section 3.6].
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Lemma 1.3.5. Let N be a (not necessarily compact) smooth manifold without
boundary and L0 : [t0, t1] × TN → R a smooth Lagrangian such that

(i) L0(t, q, v) > L0(t, q, 0) for all (t, q, v) ∈ [t0, t1] × TN with v �= 0,

(ii) all the stationary curves (i.e., those γ : [t0, t1] → N such that γ(t) ≡ q for
some q ∈ N) are solutions of the Euler-Lagrange system of L0.

Then, for each point q ∈ N , the unique action minimizer γ : [t0, t1] → N such that
γ(t0) = γ(t1) = q is the stationary curve at q.

Proof. Assumptions (i) and (ii) imply that, for each t ∈ [t0, t1], the function q �→
L0(t, q, 0) is constant. Indeed, by (i), in any system of local coordinates we have

∂L0

∂vj
(t, q, 0) = 0, ∀(t, q) ∈ [t0, t1] × N, j = 1, . . . ,dim(N),

and, by (ii), we further have

0 = − d
dt

∂L0

∂vj
(t, q, 0) +

∂L0

∂qj
(t, q, 0) =

∂L0

∂qj
(t, q, 0),

∀(t, q) ∈ [t0, t1] × N, j = 1, . . . ,dim(N).

Now, let γ : [t0, t1] → N be a stationary curve, i.e., γ(t) ≡ q for some q ∈ N , and
let ζ : [t0, t1] → N be any non-stationary absolutely continuous curve such that
ζ(t0) = ζ(t1) = q. There exists a subset I ⊆ [t0, t1] of positive measure such that,
for each t ∈ I, the derivative ζ̇(t) exists and it is nonzero. This implies that

L0(t, ζ(t), ζ̇(t)) > L0(t, ζ(t), 0) = L0(t, q, 0), ∀t ∈ I,

and we conclude that∫ t1

t0

L0(t, ζ(t), ζ̇(t)) dt =
∫

[t0,t1]\I

L0(t, ζ(t), ζ̇(t)) dt +
∫

I

L0(t, ζ(t), ζ̇(t)) dt

>

∫
[t0,t1]\I

L0(t, ζ(t), ζ̇(t)) dt +
∫

I

L0(t, q, 0) dt

=
∫

[t0,t1]\I

L0(t, ζ(t), 0) dt +
∫

I

L0(t, q, 0) dt

=
∫

[t0,t1]\I

L0(t, q, 0) dt +
∫

I

L0(t, q, 0) dt

=
∫ t1

t0

L0(t, γ(t), γ̇(t)) dt. �

Before going to the proof of the Weierstrass theorem, we need a preliminary
remark about the Euler-Lagrange flow ΦL of a Tonelli Lagrangian L : R ×
TM → R (actually, the same remark holds for any second-order flow on a closed
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manifold). We denote by QL the projection of the Euler-Lagrange flow onto M ,
i.e., Qt1,t0

L = τ ◦Φt1,t0
L , where τ : TM → M is the projection of the tangent bundle

onto its base. For any arbitrary C0 > 0, T0 > 0 and δ0 > 0, we define a compact
set

K0(C0, T0, δ0) :=
{
(t0, q0, t1, q1) ∈ R× M ×R× M

∣∣
|t0| ≤ T0, 0 < t1 − t0 ≤ δ0, dist(q0, q1) ≤ C0(t1 − t0)

}
.

We denote by π2 : K0(C0, T0, δ0) → M the projection

π2(t0, q0, t1, q1) = q0, ∀(t0, q0, t1, q1) ∈ K0(C0, T0, δ0),

and we consider the pull-back bundle π∗
2TM → K0(C0, T0, δ0).

Lemma 1.3.6. For any C1 > C0 > 0 and T0 > 0 there exist δ0 = δ0(C0, C1, T0) > 0
and a smooth section w0 : K0(C0, T0, δ0) → π∗

2TM such that

Qt1,t0
L (q0, w0(t0, q0, t1, q1)) = q1, |w0(t0, q0, t1, q1)|q0 ≤ C1,

∀(t0, q0, t1, q1) ∈ K0(C0, T0, δ0).

Proof. First of all, there exists δ′ > 0 such that, for each (t0, t1, q0, v0) ∈ R×R×
TM with |t0| ≤ T0, |t1 − t0| ≤ δ′ and |v0|q0 ≤ C1, Qt1,t0

L (q0, v0) is well defined
and its distance from q0 is less than the injectivity radius of M . This immediately
implies that there is a unique φt1,t0(q0, v0) ∈ Tq0M such that

expq0

(
(t1 − t0)φt1,t0(q0, v0)

)
= Qt1,t0

L (q0, v0),

and clearly φt1,t0(q0, v0) depends smoothly on (t0, t1, q0, v0). Notice that

φt0,t0(q0, v0) = v0.

Now, we claim that there exists δ′′ ∈ (0, δ′) such that, for each t0 ∈ [−T0, T0],
t1 ∈ [t0 − δ′′, t0 + δ′′] and q0 ∈ M , the map

φt1,t0(q0, ·) :
{
v ∈ Tq0M

∣∣ |v|q0 ≤ C1

} → Tq0M

is a diffeomorphism onto its image. Indeed, by the implicit function theorem we
obtain that, for some δ′′′ ∈ (0, δ′) and for each t0 ∈ [−T0, T0], t1 ∈ [t0−δ′′′, t0+δ′′′],
φt1,t0(q0, ·) is a local diffeomorphism. Let us assume by contradiction that there
exists a sequence {(tn, qn, vn, v′n) |n ∈ N} such that tn → t0 and, for each n ∈ N,
vn and v′n are distinct tangent vectors in TqnM such that |vn|qn ≤ C1, |v′n|qn ≤
C1 and φtn,t0(qn, vn) = φtn,t0(qn, v′n). Since M is compact, up to passing to a
subsequence we have that qn → q0, vn → v0 and v′n → v′

0. By continuity of φ·,t0
we have that v0 = φt0,t0(q0, v0) = φt0,t0(q0, v

′
0) = v′0. Now, consider the sequence{

wn :=
vn − v′n

|vn − v′n|qn

∣∣∣∣n ∈ N

}
.
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Notice that |wn|qn = 1 for each n ∈ N, so that, up to passing to a subsequence,
wn → w0 ∈ Tq0M with |w0|q0 = 1. However, we have

0 =
φtn,t0(qn, vn) − φtn ,t0(qn, v′n)

|vn − v′n|qn

=
∫ 1

0

d(φtn ,t0(qn, ·))(s vn + (1 − s)v′n)wn ds −→
n→∞d(φt0,t0(q0, ·))(v0)w0 = w0,

which gives a contradiction.
Notice that, for each t0 ∈ [−T0, T0] and q0 ∈ M , the map φt0,t0(q0, ·) is the

identity on its domain. Therefore, there exists δ0 ∈ (0, δ′′) such that, for each
t0 ∈ [−T0, T0] and t1 ∈ [t0 − δ0, t0 + δ0], the image of

{
v ∈ Tq0M

∣∣ |v|q0 ≤ C1

}
by

the diffeomorphism φt1,t0(q0, ·) contains
{
v ∈ Tq0M

∣∣ |v|q0 ≤ C0

}
. Moreover, for

this choice of (t0, t1, q0), the map

Qt1,t0
L (q0, ·) = expq0

(
(t1 − t0)φt1,t0(q0, ·)

)
:
{
v ∈ Tq0M

∣∣ |v|q0 ≤ C1

} → M

is a diffeomorphism onto its image and, by the definition of the exponential map,
this image contains the Riemannian closed ball

B(q0, C0|t1 − t0|) = {q ∈ M | dist(q, q0) ≤ C0|t1 − t0|} .

Then the existence of a smooth section w0 as in the statement readily follows. �

Proof of Theorem 1.3.4. Given the constants C0 > 0 and T0 > 0, let us consider
two arbitrary points q0, q1 ∈ M and an arbitrary real interval [t0, t1] ⊂ R such
that

|t0| ≤ T0, dist(q0, q1) ≤ C0 (t1 − t0)︸ ︷︷ ︸
=:ε

.

All we need to do in order to conclude the proof is to show that there is a unique
action minimizer as in the statement provided that ε is sufficiently small.

Let us fix an arbitrary real constant μ > 1. By compactness, the manifold
M admits a finite atlas U = {(Uα, φα) |α = 1, . . . , u} and a finite open cover
V = {Vα |α = 1, . . . , u} such that, for all α ∈ {1, . . . , u}, we have

V α ⊂ Uα, (1.11)

and moreover, for each q, q′ ∈ Uα and v ∈ TqM , we have

μ−1 |φα(q) − φα(q′)| ≤ dist(q, q′) ≤ μ |φα(q) − φα(q′)| ,
μ−1 |dφα(q)v| ≤ |v|q ≤ μ |dφα(q)v| .

Notice that here we have denoted by |·| the standard Euclidean norm in Rm (and
by |·|q the Riemannian norm in TqM as usual). Without loss of generality, we can
further assume that φα(Vα) is a convex subset of Rm.
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Let us consider a real C1 > C0. For each α ∈ 1, . . . , u, we introduce the
compact set

Kα = Kα(T0, C1) =
{
(t, q, v, q′) ∈ R× TV α × V α

∣∣ |t| ≤ T0, |v|q ≤ C1

}
.

Let π4 : Kα → V α be the projection given by π4(t, q, v, q′) = q′ for all (t, q, v, q′) ∈
Kα. By the Tonelli assumptions (see Proposition 1.2.1), there is a unique smooth
section

wα : Kα → π∗
4TV α (1.12)

such that, in the local coordinates given by Tφα = (q1
α, . . . , qm

α , v1
α, . . . , vm

α ), we
have

∂L

∂vj
α

(t, q′, wα(t, q, v, q′)) =
∂L

∂vj
α

(t, q, v),

∀(t, q, v, q′) ∈ Kα, j = 1, . . . , m.

(1.13)

Notice that wα(t, q, v, q) = v for each (t, q, v, q) ∈ Kα and, since Kα is compact,
we obtain a real constant

C2 := max
{|wα(t, q, v, q′)|q′

∣∣ (t, q, v, q′) ∈ Kα

} ≥ C1.

Let us introduce the compact subset

K = K(C2) =
{
(q, v) ∈ TM

∣∣ |v|q ≤ C2

}
.

There exists δ = δ(C2, T0) > 0 such that, for all t, t′ ∈ R with |t| ≤ T0 and
|t′ − t| ≤ δ, we have a well-defined map Φt′,t

L : K → TM , and moreover

Qt′,t
L (q, v) ∈ Uα, ∀(q, v) ∈ TVα ∩ K. (1.14)

Now, let Leb(V) denote the Lebesgue number3 of the open cover V. By
definition of Lebesgue number, the Riemannian closed ball

B(q0, Leb(V)/2) = {q ∈ M | dist(q0, q) ≤ Leb(V)/2}
is contained in a coordinate open set Vα for some α ∈ {1, . . . , u}. Therefore, if we
require that ε ≤ Leb(V)/(2C0), the points q0 and q1 lie in the same open set Vα,
for

dist(q0, q1) ≤ C0ε ≤ Leb(V)/2.

Let r : [t0, t1] → Vα be the segment from q0 to q1 given by

r(t) = φ−1
α

(
t1 − t

ε
φα(q0) +

t − t0
ε

φα(q1)
)

, ∀t ∈ [t0, t1].

3We recall that, for every open cover V of a compact metric space, there exists a positive number
Leb(V) > 0, the Lebesgue number of V, such that every subset of the metric space of diameter
less than Leb(V) is contained in some member of the cover V.
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The derivative of r is bounded from above by μ2C0, for

|ṙ(t)|r(t) =
∣∣∣∣dφ−1

α (φα(r(t)))
φα(q1) − φα(q0)

ε

∣∣∣∣
r(t)

≤ μ

∣∣∣∣φα(q1) − φα(q0)
ε

∣∣∣∣ ≤ μ2 dist(q0, q1)
ε

≤ μ2C0.

On the compact set

K ′ = K ′(T0, C0, μ) :=
{
(t, q, v) ∈ R× TM

∣∣ |t| ≤ T0 + 1, |v|q ≤ μ2C0

}
the Lagrangian L is bounded from above by some constant b = b(T0, C0, μ) > 0,
i.e., L (t, q, v) ≤ b for all (t, q, v) ∈ K ′. Hence, if we require ε to be less than or
equal to 1, we have

A t0,t1(r) =
∫ t1

t0

L (t, r(t), ṙ(t)) dt ≤ b (t1 − t0) = b ε.

By the uniform fiberwise superlinearity of L (see Remark 1.2.1), there exists a
real constant C = C(L , T0) > 0 such that

L (t, q, v) ≥ |v|q − C, ∀(t, q, v) ∈ [−T0 − 1, T0 + 1] × TM.

By (1.11), we get a positive real number

R := min
β=1,...,u

inf {dist(q, q′) | q ∈ ∂Vβ , q′ ∈ ∂Uβ} > 0.

Now, for each absolutely continuous curve ζ : [t0, t1] → M such that ζ(t0) = q0,
ζ(t1) = q1 and ζ(t∗) �∈ Uα for some t∗ ∈ [t0, t1], we have

A t0,t1(ζ) =
∫ t1

t0

L (t, ζ(t), ζ̇(t)) dt ≥
∫ t1

t0

[
|ζ̇(t)|ζ(t) − C

]
dt

≥ R − C (t0 − t1) = R − C ε ≥ b ε ≥ A t0,t1(r)

provided ε < R/(b+C). This implies that, with this choice of ε, all the action min-
imizers defined on [t0, t1] and joining q0 and q1 have support inside the coordinate
open set Uα.

Now, let us further impose that ε is smaller than the constants δ = δ(C2, T0)
introduced above and δ0 = δ0(C0, C1, T0) given by Lemma 1.3.6. We introduce the
smooth flow ϑ·,t0 : [t0, t1] × Vα → Uα given by

ϑt,t0(q) = ϑ·,t0(t, q) := Qt,t0
L

(
q, wα(t0, q0, w0(t0, q0, t1, q1), q)

)
,

∀(t, q) ∈ [t0, t1] × Vα.
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Here, w0 : K0(C0, T0, δ0) → π∗
2TM is the section given by Lemma 1.3.6, while

wα : Kα → π∗
4TV α is the section introduced above in (1.12). The fact that ϑ·,t0

is a well-defined flow of the form ϑ·,t0 : [t0, t1]×Vα → Uα is guaranteed by (1.14).
We denote by Y the time-dependent vector field that generates this flow, i.e.,

Y (t, ϑt,t0(q)) :=
d
dt

ϑt,t0(q), ∀(t, q) ∈ [t0, t1] × Vα.

Notice that all the flow lines of ϑ·,t0 are solutions of the Euler-Lagrange system
of L . We claim that each portion of any of these flow lines is a unique action
minimizer with respect to the restricted Lagrangian L |R×TUα . Assuming that
this claim holds, consider the curve γq0,q1 : [t0, t1] → Uα given by

γq0,q1(t) :=ϑt,t0(q0) = Qt,t0
L

(
q, wα(t0, q0, w0(t0, q0, t1, q1), q)

)
=Qt,t0

L

(
q, w0(t0, q0, t1, q1)

)
, ∀t ∈ [t0, t1].

The claim implies that this curve minimizes the action among all the absolutely
continuous curves ζ : [t0, t1] → Uα with ζ(t0) = γq0,q1(t0) = q0 and ζ(t1) =
γq0,q1(t1) = q1. Nevertheless, since all the action minimizers defined on [t0, t1] and
joining the points q0 and q1 have support inside Uα, we readily obtain that γq0,q1

minimizes the action among all the absolutely continuous curves ζ : [t0, t1] → M
with ζ(t0) = γq0,q1(t0) = q0 and ζ(t1) = γq0,q1(t1) = q1, which proves the theorem.

In order to conclude the proof, we only need to establish the claim, i.e.,
that each portion of any of the flow lines of ϑ·,t0 is a unique action minimizer
with respect to the restricted Lagrangian L |R×TUα . From now on we will identify
Uα with φα(Uα), so that all the expressions in local coordinates on TUα will be
implicitly understood with respect to the chart Tφα. We want to prove that there
exists a smooth function G : W → R such that

∂vL (t, q, Y (t, q)) = ∂qG(t, q), ∀(t, q) ∈ W,

where W := {(t, ϑt,t0(q)) | t ∈ [t0, t1], q ∈ Vα}. This is easily verified as follows.
For each (t, q) ∈ [t0, t1] × Vα we have

d
dt

[
∂vL

(
t, ϑt,t0(q), Y (t, ϑt,t0(q))

) ◦ dϑt,t0(q)
]

=
[

d
dt

∂vL
(
t, ϑt,t0(q), Y (t, ϑt,t0(q))

)] ◦ dϑt,t0(q)

+ ∂vL
(
t, ϑt,t0(q), Y (t, ϑt,t0(q))

) ◦ [ d
dt

dϑt,t0(q)
]

= ∂qL
(
t, ϑt,t0(q), Y (t, ϑt,t0(q))

) ◦ dϑt,t0(q)

+ ∂vL
(
t, ϑt,t0(q), Y (t, ϑt,t0(q))

) ◦ [ d
dt

dϑt,t0(q)
]

= ∂q

[
L
(
t, ϑt,t0(q), Y (t, ϑt,t0(q))

)]
.

(1.15)
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Now, since Y (t0, q) = wα(t0, q0, w0(t0, q0, t1, q1), q), by equation (1.13) we have

∂vL
(
t0, q, Y (t0, q)

)
= ∂vL

(
t0, q, wα(t0, q0, w0(t0, q0, t1, q1), q)

)
= ∂vL

(
t0, q0, w0(t0, q0, t1, q1)

)
,

which, together with (1.15), gives

∂vL
(
t, ϑt,t0(q), Y (t, ϑt,t0(q))

) ◦ dϑt,t0(q)

= ∂vL
(
t0, q, Y (t0, q)

)
+ ∂q

[∫ t

t0

L
(
s, ϑs,t0(q), Y (s, ϑs,t0(q))

)
ds

]
= ∂vL

(
t0, q0, w0(t0, q0, t1, q1)

)
+ ∂q

[∫ t

t0

L
(
s, ϑs,t0(q), Y (s, ϑs,t0(q))

)
ds

]
= ∂q

[〈
∂vL

(
t0, q0, w0(t0, q0, t1, q1)

)
, q
〉

+
∫ t

t0

L
(
s, ϑs,t0(q), Y (s, ϑs,t0(q))

)
ds

]
︸ ︷︷ ︸

=: G̃(t, q)

.

Then we can build the function G as

G(t, q) := G̃(t, (ϑt,t0)−1(q)), ∀(t, q) ∈ [t0, t1] × Vα.

We define a smooth Lagrangian L0 : [t0, t1] × TVα → R by

L0(t, q, v) = L
(
t, ϑt,t0(q), dϑt,t0(q)v + Y (t, ϑt,t0(q))

)
− ∂qG(t, ϑt,t0(q))

[
dϑt,t0(q)v + Y (t, ϑt,t0(q))

]
− ∂tG(t, ϑt,t0(q)),

for each (t, q, v) ∈ [t0, t1]× TVα. We denote its associated action by A t0,t1
0 , i.e., if

ζ0 : [t0, t1] → Vα is an absolutely continuous curve, we have

A t0,t1
0 (ζ0) =

∫ t1

t0

L0(t, ζ0(t), ζ̇0(t)) dt.

For each curve ζ0 as above there is a corresponding absolutely continuous curve
ζ : [t0, t1] → Uα defined by ζ(t) := ϑt,t0(ζ0(t)) for all t ∈ [t0, t1]. Moreover,

A t0,t1
0 (ζ0) =

∫ t1

t0

L0(t, ζ0(t), ζ̇0(t)) dt

=
∫ t1

t0

[
L (t, ζ(t), ζ̇(t)) − d

dt
G(t, ζ(t))

]
dt

= A t0,t1(ζ) + G(t0, ζ(t0)) − G(t1, ζ(t1)),

(1.16)

which readily implies that ζ0 is a unique action minimizer with respect to the
Lagrangian L0 if and only if ζ is a unique action minimizer with respect to the
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Lagrangian L |R×TUα . Notice that ζ is a flow line of ϑ·,t0 if and only if ζ0 is
a stationary curve. Therefore, in order to prove that the flow lines of ϑ·,t0 are
unique action minimizers, we only have to show that L0 fulfills the hypotheses
(i) and (ii) of Lemma 1.3.5. Hypothesis (ii) readily follows from the fact that, by
equation (1.16), γ0 is a solution of the Euler-Lagrange system of L0 if and only
if γ, given by γ(t) = ϑt,t0(γ0(t)) for each t ∈ [t0, t1], is a solution of the Euler-
Lagrange system of L . Therefore if and only if γ0 is stationary. As for hypothesis
(i), it follows from the fact that the fiberwise Hessian of L0 is positive-definite,
since

∂vvL0(t, q, v)[w, w]

= ∂vvL
(
t, ϑt,t0(q), dϑt,t0(q)v + Y (t, ϑt,t0(q))

)
[dϑt,t0(q)w, dϑt,t0(q)w]

> 0

for all (t, q, v) ∈ [t0, t1] × TVα and w ∈ TqVα with w �= 0, together with the fact
that

∂vL0(t, q, 0)

= ∂vL
(
t, ϑt,t0(q), Y (t, ϑt,t0(q))

) ◦ dϑt,t0(q) − ∂qG(t, ϑt,t0(q)) ◦ dϑt,t0(q)
= 0

for all (t, q) ∈ [t0, t1] × Vα. �

Unlike the Weierstrass theorem, the Tonelli theorem (Theorem 1.3.1) does
not imply that the action minimizers, whose existence is guaranteed there, are
smooth solutions of the Euler-Lagrange system of L . Indeed, Ball and Mizel
[BM85] provided several examples of Tonelli Lagrangian systems possessing action
minimizers that are not C1. However, this lack of regularity cannot occur if we
deal with Tonelli Lagrangians with global Euler-Lagrange flow.

Theorem 1.3.7 (Regularity of minimizers). Let L : R × TM → R be a Tonelli
Lagrangian with global Euler-Lagrange flow. Then every action minimizer (with
respect to L ) is a smooth solution of the Euler-Lagrange system of L .

Proof. Let γ : [t0, t1] → M be an action minimizer with respect to L . Since γ is
absolutely continuous, its derivative γ̇(t) exists for almost every t ∈ [t0, t1]. Namely,
it exists for every t ∈ I, where I is a subset of full Lebesgue measure in [t0, t1].
Let us consider an arbitrary s∗ ∈ I and let us fix a real quantity C0 > |γ̇(s∗)|γ(s∗).
Notice that, for some ε1 > 0, we must have

dist(γ(s0), γ(s1)) ≤ C0(s1 − s0), ∀s0 ∈ [s∗ − ε1, s∗], s1 ∈ [s∗, s∗ + ε1].

By the Weierstrass theorem (Theorem 1.3.4), there exists ε0 = ε0(C0, t1) > 0 such
that, for each s0 ∈ [s∗ − ε1, s∗) and s1 ∈ (s∗, s∗ + ε1] with |s1 − s0| ≤ ε0, there is
a unique action minimizer γq0,q1 : [s0, s1] → M such that γq0,q1(s0) = q0 := γ(s0)
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and γq0,q1(s1) = q1 := γ(s1). But since γ|[s0,s1] is an action minimizer, we must
have γ|[s0,s1] = γq0,q1 . This proves that I is a full measure open subset of [t0, t1]
such that, for each interval J ⊆ I, the curve γ|J is a solution of the Euler-Lagrange
system of L .

Now, let J be a connected component of I ⊆ [t0, t1], and let r∗ := supJ .
We assume by contradiction that r∗ �= t1. Since the Euler-Lagrange flow of L is
global, there exists a solution ζ : R → M of the Euler-Lagrange system of L such
that ζ|J = γ|J , which implies that

lim
r↑r∗

|γ̇(r)|γ(r) = |ζ̇(r∗)|ζ(r∗) < ∞.

Fix a real quantity C0 > |ζ̇(r∗)|ζ(r∗) and consider ε0 = ε0(C0, t1) > 0 given by the
Weierstrass theorem (Theorem 1.3.4). We can choose r0 ∈ (r∗− ε0

2 , r∗) sufficiently
close to r∗ such that

dist(γ(r0), γ(r∗)) < C0(r∗ − r0).

By the continuity of γ, we can further choose r1 ∈ (r∗, r∗ + ε0
2 ) sufficiently close

to r∗ such that
dist(γ(r0), γ(r1)) < C0(r1 − r0).

By the Weierstrass theorem, there exists a unique action minimizer ζ : [r0, r1] →
M such that ζ(r0) = γ(r0) and ζ(r1) = γ(r1). But since γ|[r0,r1] is an action
minimizer, we must have γ|[r0,r1] = ζ and therefore [r0, r1] ⊂ J , contradicting the
definition of r∗. This proves that supJ = sup I = t1. By the same proof, we have
inf J = inf I = t0. �

The hypothesis of global flow is always fulfilled when the Tonelli Lagrangian
under consideration is autonomous, as a consequence of the conservation of energy
(i.e., the invariance of the Legendre-dual Hamiltonian along its Hamiltonian flow
lines). In fact, let L : TM → R be an autonomous Tonelli Lagrangian with
Legendre-dual Hamiltonian H : T∗M → R. Then

d
dt

H (Φt,0
H (q, p)) = dH (Φt,0

H (q, p))XH (Φt,0
H (q, p))

= ω
(
XH (Φt,0

H (q, p)), XH (Φt,0
H (q, p))

)
= 0

(1.17)

for each (t, q, p) ∈ R×T∗M such that Φt,0
H (q, p) is defined. Let Γ : (t0, t1) → T∗M ,

for some t0 < 0 and t1 > 0, be a maximal solution of the Hamilton system of H
with c := H (Γ(0)). Since H is a Tonelli Hamiltonian, the fiberwise superlinearity
assumption (T2’) implies that H is coercive, i.e.,

lim
|p|q→∞

H (q, p) = ∞, ∀q ∈ M,
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and in particular the hypersurface H −1(c) is compact. By (1.17) we have that

H (Γ(t)) = H (Φt,0
H (Γ(0))) = H (Γ(0)) = c, ∀t ∈ (t0, t1),

namely Γ lies on the compact hypersurface H −1(c) and since it is a maximal
solution of the Hamilton system we must have (t0, t1) = R. This proves that the
Hamiltonian flow of H (and equivalently the Euler-Lagrange flow of L ) is global.

More generally, the following statement holds.

Proposition 1.3.8. Let L : R × TM → R be a Tonelli Lagrangian such that, for
some C > 0 and D > 0, we have

∂L

∂t
(t, q, v) ≥ C

(
L (t, q, v) − ∂vL (t, q, v)v

)− D,

∀(t, q, v) ∈ R× TM.
(1.18)

Then the Euler-Lagrange flow of L is global.

Proof. By the properties of Legendre-dual functions (see Proposition 1.2.2), for
each (t, q, p) ∈ R× T∗M we have

∂H

∂t
(t, q, p) =

∂

∂t

[
p (∂pH (t, q, p)) − L (t, q, ∂pH (t, q, p))

]
= p

(
∂

∂t
∂pH (t, q, p)

)
− ∂L

∂t
(t, q, ∂pH (t, q, p))

− ∂vL (t, q, ∂pH (t, q, p))︸ ︷︷ ︸
=p

∂

∂t
∂pH (t, q, p)

= − ∂L

∂t
(t, q, ∂pH (t, q, p))

and

H (t, q, p) = p (∂pH (t, q, p)) − L (t, q, ∂pH (t, q, p))
= ∂vL (t, q, ∂pH (t, q, p)) ∂pH (t, q, p) − L (t, q, ∂pH (t, q, p)).

Hence, the inequality (1.18) is equivalent to

∂

∂t
H (t, q, p) ≤ C H (t, q, p) + D, ∀(t, q, p) ∈ R× T∗M. (1.19)

Let us fix (t0, q0, p0) ∈ R×T∗M and consider a smooth curve Γ : (t′, t′′) → T∗M ,
for some t′ < t0 and t′′ > t0, which is a maximal solution of the Hamilton system
of H with initial condition Γ(t0) = (q0, p0). By (1.19), for each t ∈ (t′, t′′) we have

d
dt

H (t, Γ(t)) =
∂H

∂t
(t, Γ(t)) + dH (t, Γ(t))XH (t, Γ(t))

=
∂H

∂t
(t, Γ(t)) + ω(XH (t, Γ(t)), XH (t, Γ(t)))︸ ︷︷ ︸

=0

≤ C H (t, Γ(t)) + D,
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and therefore, by the Gronwall lemma (see for instance [Ver96, Theorem 1.3]), we
have

H (t, Γ(t)) ≤
(

H (t0, Γ(t0)) +
D

C

)
eC |t−t0| − D

C
.

Now, let us assume by contradiction that t′′ < +∞. By the coercivity of H , the
curve Γ|[t0,t′′) lies inside the compact set

Kt′′ = {(q, p) ∈ T∗M |H (t, q, p) ≤ kt′′ ∀t ∈ [t0, t′′]},

where

kt′′ :=
(

H (t0, Γ(t0)) +
D

C

)
eC |t′′−t0| − D

C
∈ R,

but this contradicts the maximality of t′′. Hence t′′ = +∞. Analogously, we must
have t′ = −∞. �





Chapter 2

The Morse Indices in
Lagrangian Dynamics

In this chapter we introduce the Morse index and nullity for periodic orbits of
Euler-Lagrange systems of Tonelli type, an orbit being regarded as an extremal
point of the action functional. These indices were first introduced by Morse [Mor96]
in the study of closed geodesics. As we will see in the forthcoming chapters, they
play a crucial role in the proof of existence and multiplicity results of periodic
orbits. In Section 2.1 we give the definition of Morse index and nullity of a periodic
orbit, and we prove that they are always finite. In Section 2.2 we outline the
beautiful iteration theory of Bott, which studies the behavior of the Morse indices
as a periodic orbit is iterated. Finally, in Section 2.3 we describe the relation
between the Morse index and the Maslov index from symplectic geometry, which
is an index for periodic orbits of general Hamiltonian systems.

2.1 The Morse index and nullity

Let us consider a closed manifold M of dimension m ≥ 1 with a fixed Riemannian
metric 〈·, ·〉·, and 1-periodic Tonelli Lagrangian L : R/Z× TM → R. We denote
by A the associated action defined on the space of 1-periodic curves γ : R/Z → M
of class C2, given by

A (γ) =
∫ 1

0

L (t, γ(t), γ̇(t)) dt, ∀γ ∈ C2(R/Z; M).

The extremal points of this functional are precisely the 1-periodic solutions of the
Euler-Lagrange system of L (cf. Section 1.1). We want to compute the second
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variation of the functional A at an extremal γ. Hence, let us consider a smooth
section σ of the pull-back bundle γ∗TM . Notice that σ is 1-periodic, being a map
of the form σ : R/Z → γ∗TM . We can use this section to define a homotopy
Σ : (−ε, ε) ×R/Z → M of γ as

Σ(s, t) := expγ(t)(s σ(t)), ∀(s, t) ∈ (−ε, ε) ×R/Z,

where ε > 0 is a sufficiently small real constant and exp is the exponential map
associated to a Riemannian metric on M . The section σ can be reobtained by
differentiating the homotopy Σ in the s direction at s = 0, for

∂

∂s

∣∣∣∣
s=0

Σ(s, t) = d expγ(t)(0)(σ(t)) = σ(t) ∀t ∈ R/Z.

If we consider a finite atlas U = {φα : Uα → Rm |α = 0, . . . , u} for M , as in sec-
tion 1.1, we can find a subdivision 0 = r0 < r1 < · · · < rn = 1 such that
the support γ([rk, rk+1]) is contained in some coordinate domain Uαk

, for each
k = 0, . . . , n − 1. We define

Bγ(σ) :=
d2

ds2

∣∣∣∣
s=0

A (Σ(s, t))

=
d
ds

∣∣∣∣
s=0

n−1∑
k=0

m∑
j=1

∫ rk+1

rk

[
∂L

∂vj
αk

(
t, Σ(s, t),

∂Σ
∂t

(s, t)
)

∂2Σj
αk

∂s ∂t
(s, t)

+
∂L

∂qj
αk

(
t, Σ(s, t),

∂Σ
∂t

(s, t)
)

∂Σj
αk

∂s
(s, t)

]
dt

=
n−1∑
k=0

m∑
j,h=1

∫ rk+1

rk

[
∂2L

∂vh
αk

∂vj
αk

(t, γ, γ̇)σ̇j
αk

σ̇h
αk

+ 2
∂2L

∂vh
αk

∂qj
αk

(t, γ, γ̇)σj
αk

σ̇h
αk

+
∂2L

∂qh
αk

∂qj
αk

(t, γ, γ̇)σj
αk

σh
αk

]
dt ∈ R.

Notice that Bγ(σ) is independent of the particular choice of the homotopy Σ, and
for each r ∈ R we have Bγ(rσ) = r2Bγ(σ). This shows that Bγ is a well-defined
quadratic form, and by polarization we can define the symmetric bilinear form

Bγ(σ, ξ) :=
1
4

[
Bγ(σ + ξ) − Bγ(σ − ξ)

]
(2.1)

=
n−1∑
k=0

m∑
j,h=1

∫ rk+1

rk

[
∂2L

∂vh
αk

∂vj
αk

(t, γ, γ̇)σ̇j
αk

ξ̇h
αk

+
∂2L

∂vh
αk

∂qj
αk

(t, γ, γ̇)σj
αk

ξ̇h
αk

+
∂2L

∂qh
αk

∂vj
αk

(t, γ, γ̇)σ̇j
αk

ξh
αk

+
∂2L

∂qh
αk

∂qj
αk

(t, γ, γ̇)σj
αk

ξh
αk

]
dt,
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where σ and ξ are smooth sections of γ∗TM . The above expression still makes
sense if we only require that σ and ξ have W 1,2 regularity1, and actually Bγ

extends to a bounded symmetric bilinear form

Bγ : W 1,2(γ∗TM) × W 1,2(γ∗TM) → R.

Here we have denoted by W 1,2(γ∗TM) the space of W 1,2 sections of γ∗TM . This
is a Hilbert space with inner product

〈〈ξ, ζ〉〉W 1,2 :=
∫ 1

0

[
〈ξ(t), ζ(t)〉γ(t) + 〈∇tξ,∇tζ〉γ(t)

]
dt, ∀ξ, ζ ∈ W 1,2(γ∗TM),

where ∇t denotes the covariant derivative of the Riemannian manifold (M, 〈·, ·〉·).
Before studying the properties of Bγ , let us recall some definitions concerning

symmetric bilinear forms over a Hilbert space. Let E be a real separable Hilbert
space with inner product 〈〈·, ·〉〉E and norm ‖ · ‖E. We denote by Bil(E) the set
of bounded (or, equivalently, continuous) bilinear forms on E, which is a Banach
space with norm

‖B‖Bil(E) = max {B(v, w) | ‖v‖E = ‖w‖E = 1} , ∀B ∈ Bil(E).

A bounded symmetric bilinear form B : E ×E → R is called Fredholm when the
unique bounded self-adjoint linear operator B on E, given by

B(v, w) = 〈〈Bv, w〉〉E , ∀v, w ∈ E, (2.2)

is Fredholm (see section A.2). We define the Morse index ind(B) as the supremum
of the dimension of the vector subspaces of E on which B is negative-definite.
Analogously, we define the nullity nul(B) as the dimension of the kernel of the
associated operator B, and the large Morse index ind∗(B) as ind(B) + nul(B).

Lemma 2.1.1. The Morse index [resp. the large Morse index] is lower semi-contin-
uous [resp. upper semi-continuous] over the space of Fredholm symmetric bilinear
forms on E.

Proof. Let B be a Fredholm symmetric bilinear form on E, with associated oper-
ator B as in (2.2). By the spectral theorem, this operator induces an orthogonal
splitting E = E0 ⊕ E− ⊕ E+, where E0 is the kernel of B, and E− [resp. E+]
is a subspace of E over which B is negative-definite [resp. positive-definite]. No-
tice that the dimension of E0, E− and E+ is respectively nul(B), ind(B) and
ind(−B).

Since B is a Fredholm operator, 0 ∈ R is an isolated point in the spectrum
of B. In fact, the subspace E0 is finite-dimensional, so that the quotient E/E0 is
still a Hilbert space, and B induces a bounded self-adjoint linear operator B̄ on
E/E0 that is bijective. By the inverse mapping theorem, B̄ is an isomorphism.
1See Section 3.1 for the background on W 1,2 sections of the pull-back bundle γ∗TM .
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Therefore, since the spectrum of B is the disjoint union of the spectrum of B̄ and
{0}, the claim follows. This implies that there exists a constant cB > 0 such that

B(v, v) ≥ cB‖v‖2
E, ∀v ∈ E+,

B(v, v) ≤ −cB‖v‖2
E, ∀v ∈ E−.

Now, consider an arbitrary Fredholm symmetric bilinear form B′ such that
‖B′ − B‖Bil(E) < cB . For each v ∈ E− \ {0} and w ∈ E+ \ {0}, we have

B′(v, v) ≤ B(v, v) + ‖B′ − B‖Bil(E) ‖v‖2
E < (−cB + cB)‖v‖2

E = 0,

B′(w, w) ≥ B(w, w) − ‖B′ − B‖Bil(E) ‖w‖2
E > (cB − cB)‖w‖2

E = 0.

Therefore, B′ is still negative-definite on E− and positive-definite on E+. This im-
plies that ind(B′) ≥ ind(B) and ind(−B′) ≥ ind(−B), which forces ind∗(B′) ≤
ind∗(B). �
Lemma 2.1.2. Consider a bounded symmetric bilinear form B = P + K , where:

• P = 〈〈P ·, ·〉〉E : E × E → R is a semipositive-definite symmetric bilinear
Fredholm form, i.e., P(v, v) ≥ 0 for each v ∈ E,

• K = 〈〈K·, ·〉〉E : E × E → R is a compact symmetric bilinear form, i.e., its
associated self-adjoint operator K is compact.

Then B is a Fredholm bilinear form and its Morse index ind(B) is finite.

Proof. First of all, notice that the self-adjoint bounded operator B associated to
B is given by P + K. In particular, B is a compact perturbation of the Fredholm
operator P , and therefore it is Fredholm (see, e.g., [Arv02, Section 3.3]). This
proves that B is a Fredholm form. Now, consider the orthogonal splittings of E
induced by B, P and K , i.e.,

E = E0
B ⊕ E+

B ⊕ E−
B = E0

P ⊕ E+
P = E0

K ⊕ E+
K ⊕ E−

K .

Here, E0
B, E0

P and E0
K are the kernels of B, P and K respectively, and

± B(v, v) > 0 ∀v ∈ E±
B \ {0} ,

± K (v, v) > 0 ∀v ∈ E±
K \ {0} ,

P(v, v) ≥ cP ‖v‖2
E ∀v ∈ E+

P ,

where cP > 0 is a constant determined by the spectrum of the Fredholm operator
P (see the proof of Lemma 2.1.1). We can further express the negative eigenspace
E−

B as the orthogonal direct sum

E−
B = (E−

B ∩ E0
P) ⊕ (E−

B ∩ E+
P),

where the first direct summand E−
B ∩ E0

P is finite-dimensional (since P is a
Fredholm form). Hence, in order to conclude we only need to show that the second
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summand E−
B ∩E+

P is finite-dimensional as well. This is easily proved as follows.
For each v ∈ (E−

B ∩ E+
P), we have

0 ≥ B(v, v) = P(v, v) + K (v, v) ≥ cP ‖v‖2
E + K (v, v),

and therefore

E−
B ∩ E+

P ⊆ E≤−cP

K := {v ∈ E |K (v, v) ≤ −cP ‖v‖2
E}.

Notice that E≤−cP

K is the direct sum of the eigenspaces of K corresponding to
the eigenvalues less than or equal to −cP . Since K is a compact operator, each
of these eigenspaces is finite-dimensional. Moreover, by the spectral theorem for
compact self-adjoint operators (see, e.g., [Mac09, Section 4.3]), K admits only
a finite number of distinct eigenvalues less than or equal to −cP . This proves
that E≤−cP

K is finite-dimensional, which in turn implies that E−
B ∩ E+

P is finite-
dimensional. �

After these preliminaries, let us go back to consider the form Bγ defined
in (2.1). In order to simplify the notation, we denote its Morse index ind(Bγ) by
ind(γ) and its nullity nul(Bγ) by nul(γ). In the following chapters, we will also
write them as ind(A , γ) and nul(A , γ) whenever we need to keep track of the
action functional with respect to which γ is an extremal.

Remark 2.1.1. In the next chapter we will see that, for a certain subclass of Tonelli
Lagrangians L and for a suitable functional setting for the Lagrangian action A ,
the bilinear form Bγ is the Hessian (in the Gâteaux or Fréchet sense, depending
on the properties of L ) of A at γ. Hence, in that case, the indices ind(γ) and
nul(γ) are respectively the Morse index and the nullity of the functional A at
the critical point γ (see Section A.1). By abuse of terminology, for any Tonelli
Lagrangian L , from now on we will always call ind(γ) and nul(γ) the Morse index
and nullity of γ. �
Proposition 2.1.3. The symmetric bilinear form Bγ is Fredholm and the Morse
index ind(γ) = ind(Bγ) is finite.

Proof. Consider the bounded bilinear forms

C : W 1,2(γ∗TM) × W 1,2(γ∗TM) → R,

K0 : L2(γ∗TM) × L2(γ∗TM) → R,

K ′ : L2(γ∗TM) × W 1,2(γ∗TM) → R,

K ′′ : W 1,2(γ∗TM) × L2(γ∗TM) → R,

K ′′′ : L2(γ∗TM) × L2(γ∗TM) → R,

given by

C (σ, ξ) =
n−1∑
k=0

m∑
j,h=1

∫ rk+1

rk

∂2L

∂vh
αk

∂vj
αk

(t, γ(t), γ̇(t)) σ̇j
αk

(t) ξ̇h
αk

(t) dt,
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K0(ζ, χ) =
∫ 1

0

〈ζ(t), χ(t)〉γ(t) dt,

K ′(ζ, σ) =
n−1∑
k=0

m∑
j,h=1

∫ rk+1

rk

∂2L

∂vh
αk

∂qj
αk

(t, γ(t), γ̇(t)) ζj
αk

(t) σ̇h
αk

(t) dt,

K ′′(σ, ζ) =
n−1∑
k=0

m∑
j,h=1

∫ rk+1

rk

∂2L

∂qh
αk

∂vj
αk

(t, γ(t), γ̇(t)) σ̇j
αk

(t) ζh
αk

(t) dt,

K ′′′(ζ, χ) =
n−1∑
k=0

m∑
j,h=1

∫ rk+1

rk

∂2L

∂qh
αk

∂qj
αk

(t, γ(t), γ̇(t)) ζj
αk

(t)χh
αk

(t) dt,

for each σ, ξ ∈ W 1,2(γ∗TM) and ζ, χ ∈ L2(γ∗TM). By the Rellich-Kondrachov
theorem (see [AF03, page 168]), the embedding W 1,2(γ∗TM) ↪→ L2(γ∗TM) is
compact. This implies that K0, K ′, K ′′ and K ′′′, restricted as bilinear forms

W 1,2(γ∗TM) × W 1,2(γ∗TM) → R,

are compact (meaning that their associated bounded operator on W 1,2(γ∗TM) is
compact). The symmetric bilinear form C + K0 is Fredholm with

ind(C + K0) = nul(C + K0) = 0.

In fact, it is easy to see that C + K0 is a positive-definite bounded symmetric bi-
linear form. Therefore its associated operator on W 1,2(γ∗TM) is an isomorphism,
and in particular it is Fredholm. Notice that the forms K0 and K ′ + K ′′ + K ′′′

are both symmetric and compact, which implies that Bγ is a symmetric compact
perturbation of a positive-definite symmetric Fredholm form, for

Bγ = (C + K0) + (K ′ + K ′′ + K ′′′ − K0).

Applying the abstract Lemma 2.1.2, with E = W 1,2(γ∗TM), P = C + K0 and
K = K ′ + K ′′ + K ′′′ − K0, we obtain the claim. �

The Morse indices are often used to distinguish among periodic orbits that
have been detected by abstract methods. To this purpose, it is useful to have some
a priori estimates for them, such as the one given by the following statement due
to Abbondandolo and Figalli [AF07, Lemma 2.2].

Proposition 2.1.4. Assume that the Euler-Lagrange flow ΦL of L is global (see
Section 1.1). Then for each a ∈ R there exists j = j(L , a) ∈ N such that, for each
1-periodic solution γ of the Euler-Lagrange system of L with A (γ) ≤ a, we have
ind(γ) + nul(γ) ≤ j.

Proof. For each ζ ∈ C1(R/Z; M), we can define a bilinear form Bζ as in equation
(2.1). We introduce the smooth infinite-dimensional vector bundle

π : E → C1(R/Z; M)
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such that, for each ζ ∈ C1(R/Z; M), the fiber π−1(ζ) is the space of Fredholm
symmetric bilinear forms on W 1,2(ζ∗TM). By the dominated convergence theo-
rem, the map ζ �→ Bζ is a continuous section of this vector bundle. Now, we
claim that the set of 1-periodic orbits with action less than or equal to a are com-
pact in the C1 topology. By the upper semi-continuity of the large Morse index
(Lemma 2.1.1), the thesis of the proposition follows. All we need to do in order to
conclude the proof is to establish the claim.

Consider γ as in the statement. Since A (γ) ≤ a, there exists t0 ∈ [0, 1] such
that

L (t0, γ(t0), γ̇(t0)) ≤ a. (2.3)

By the uniform fiberwise superlinearity of L (see Remark 1.2.1) there exists a
real constant C(L ) > 0 such that

L (t, q, v) ≥ |v|q − C(L ), ∀(t, q, v) ∈ R/Z× TM. (2.4)

Since we are assuming that the Euler-Lagrange flow ΦL is global, we can define
a compact subset of TM by

K = K(a) =
{
Φt,s

L (q, v) ∈ TM
∣∣ t, s ∈ [0, 1], (q, v) ∈ TM, |v|q ≤ a + C(L )

}
.

By (2.3) and (2.4), |γ̇(t0)|γ(t0) ≤ a + C(L ) and therefore, for each t ∈ [0, 1], we
have that (γ(t), γ̇(t)) = Φt,t0

L (γ(t0), γ̇(t0)) belongs to the compact set K. By the
compactness of K and the arbitrariness of the choice of γ, we obtain a uniform
C1 bound for the 1-periodic orbits with action less than or equal to a. This im-
mediately implies also a uniform C2 bound, since, for each γ as above, the lifted
orbit (γ, γ̇) is a 1-periodic integral curve of the (smooth and 1-periodic in time)
Euler-Lagrange vector field XL , i.e.,

d
dt

(γ(t), γ̇(t)) = XL (t, γ(t), γ̇(t)), ∀t ∈ R/Z.

This uniform C2 bound, together with the Arzelà-Ascoli theorem, implies that the
set of 1-periodic orbits with action less than or equal to a is compact in the C1

topology. �

2.2 Bott’s iteration theory

Consider again the 1-periodic solution γ of the Euler-Lagrange system of L . For
each n ∈ N, we denote by γ[n] : R/nZ → M its nth iteration defined as the
composition of γ with the n-fold covering map of the circle R/nZ → R/Z, i.e.,

γ [n](k + t) = γ(t), ∀k ∈ {0, . . . , n − 1}, t ∈ [0, 1].
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Geometrically, γ and γ[n] are the same curve. However, at a formal level they are
different objects, and indeed γ[n] is an extremal point of the Lagrangian action
A [n] in period n, given by

A [n](ζ) =
1
n

∫ n

0

L (t, ζ(t), ζ̇(t)) dt.

Here, we consider A [n] as a functional defined on a space of n-periodic curves
ζ : R/nZ → M with suitable regularity (for instance C2). As we did in the
previous section, we can introduce the bilinear form Bγ[n] representing the second
variation of A [n] at γ[n], the Morse index ind(γ[n]) and the nullity nul(γ[n]). In the
1950s, Bott [Bot56] studied the behavior of these indices as the period n varies.
Here, we wish to outline the part of his beautiful iteration theory that is relevant
in Lagrangian dynamics, more specifically to the problem of the multiplicity of
periodic orbits with unprescribed period (see Section 6.5)

For each integer n ∈ N, consider the Hilbert space E[n] := W 1,2((γ[n])∗TM)
with inner product

〈〈ξ, ζ〉〉E[n] :=
1
n

∫ n

0

[
〈ξ(t), ζ(t)〉γ(t) + 〈∇tξ,∇tζ〉γ(t)

]
dt, ∀ξ, ζ ∈ E[n],

where ∇t denotes the covariant derivative of the Riemannian manifold (M, 〈·, ·〉·).
Let B[n] be the self-adjoint bounded operator on E[n] associated to the bilinear
form Bγ[n] , i.e.,

Bγ[n](σ, ξ) = 〈〈B[n]σ, ξ〉〉E[n] , ∀σ, ξ ∈ E[n].

Notice that, for each 1-periodic section σ ∈ E[1], the nth iteration of the curve
B[1]σ is precisely B[n]σ[n], i.e.,

(B[1]σ)[n] = B[n]σ[n]. (2.5)

Consider the orthogonal spectral decomposition of E[n] associated to the operator
B[n]. The Morse index ind(γ[n]) and the nullity nul(γ[n]) are equal to the dimension
of the negative eigenspace and of the kernel of B[n] respectively. Bott’s idea was
to study the eigenvalue problems associated to B[n] in the complexified setting
E[n] ⊗ C: since B[n] is a real self-adjoint operator, its eigenvalues are all real and
the dimension of its eigenspaces in E[n] is the same as the complex dimension
of its corresponding eigenspaces in E[n] ⊗ C. As we will see in a moment, in the
complexified setting, the Fourier decomposition allows to reduce the analysis in
period n to the one in period 1.

Let S1 ⊂ C be the unit circle in the complex plane. For each z ∈ S1 we define
the space of complex sections

E[n]
z :=

{
σ ∈ W 1,2(R; TM ⊗ C)

∣∣∣σ(t) ∈ Tγ(t)M ⊗ C, σ(t + n) = zσ(t) ∀t ∈ R
}
.
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This is a complex Hilbert space with Hermitian inner product

〈〈ξ, ζ〉〉
E

[n]
z

:=
1
n

∫ n

0

[
〈ξ(t), ζ(t)〉γ(t) + 〈∇tξ,∇tζ〉γ(t)

]
dt, ∀ξ, ζ ∈ E[n]

z .

In particular E
[n]
1 = E[n] ⊗ C, and the symmetric bilinear form Bγ[n] can be

extended as a Hermitian form on E
[n]
1 . By the same expression, for each z ∈ S1

we can define the Hermitian bilinear form Bγ[n] and the associated operator B[n]

on E
[n]
z .

Remark 2.2.1. Notice that E
[1]
z is a vector subspace of E

[n]
zn , hence the restric-

tion of the operator B[n] : E
[n]
zn → E

[n]
zn to E

[1]
z is precisely B[1] : E

[1]
z → E

[1]
z

(cf. equation (2.5)). �

For each λ ∈ R we consider the eigenvalue problem{
B[n]σ = λσ,

σ ∈ E
[n]
z .

We denote by indz,λ(γ[n]) the complex dimension of the vector space of solutions
of this eigenvalue problem, and we set

indz(γ[n]) :=
∑
λ<0

indz,λ(γ[n]),

nulz(γ[n]) := indz,0(γ[n]).

As for the standard Morse index, for each z ∈ S1 and λ ∈ R, the indices indz,λ(γ[n])
are finite. Moreover, for each z ∈ S1, the set of those λ ≤ 0 for which indz,λ(γ[n]) �=
0 is finite (in order to verify this, the reader can simply check that the proof of
Proposition 2.1.3 goes through in the complexified setting E

[n]
z ). Notice that the

standard Morse index and nullity are a particular case of these indices, as

ind(γ [n]) = ind1(γ[n]),

nul(γ[n]) = nul1(γ[n]).

The advantage of working with these more general indices is that the function
z �→ indz,λ(γ) completely determines the indices indz,λ(γ[n]) in any period n. The
precise relation is described in the following statement.

Lemma 2.2.1. For each n ∈ N, z ∈ S1 and λ ≤ 0 we have

indz,λ(γ[n]) =
∑

w∈ n
√

z

indw,λ(γ).
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Proof. Every section σ ∈ E
[n]
z admits a unique Fourier expansion

σ =
∑

w∈ n
√

z

σw,

where each σw belongs to the vector space E
[1]
w and can be computed as

σw(t) =
1
n

n−1∑
j=0

w1−j σ(t + j), ∀t ∈ R.

Now, as we already pointed out in Remark 2.2.1, E
[1]
w is a vector subspace of E

[n]
z

and

B[n]σ =
∑

w∈ n
√

z

B[n]σw =
∑

w∈ n
√

z

B[1]σw.

Since B[n]σ belongs to E
[n]
z and each B[1]σw belongs to E

[1]
w , the above expression

gives the unique Fourier expansion of B[n]σ. From this, we conclude that σ satisfies
B[n]σ = λσ is and only if each σw satisfies B[1]σw = λσw, and the lemma follows.

�

Thanks to this lemma, we can now restrict ourselves to study the indices
indz,λ(γ[n]) for n = 1. To start with, let us investigate the properties of nulz(γ) =
indz,0(γ). Following Bott’s terminology, we call z ∈ S1 a Poincaré point of γ when
nulz(γ) �= 0.

Lemma 2.2.2. The curve γ has only finitely many Poincaré points, and we have∑
z∈S1

nulz(γ) ≤ 2m,

where m = dim(M).

Proof. By the definition of B[1] and after an integration by parts in (2.1), we infer
that a curve σ ∈ E

[1]
n is contained in the kernel of the operator B[1] if and only if

it satisfies the linear second-order differential system that can by written in local
coordinates as

m∑
h=1

[
ahj(t) σ̈h(t) +

(
bhj(t) − bjh(t) + ȧhj(t)

)
σ̇h(t) +

(
ḃhj(t) − chj(t)

)
σh(t)

]
= 0,

j = 1, . . . , m,
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where

ahj(t) =
∂2L

∂vh∂vj
(t, γ(t), γ̇(t)),

bhj(t) =
∂2L

∂vh∂qj
(t, γ(t), γ̇(t)),

chj(t) =
∂2L

∂qh∂qj
(t, γ(t), γ̇(t)).

Since L is a Tonelli Lagrangian, by condition (T1) in Section 1.2 the m × m
matrix a(t) = [ahj(t)] is invertible. Hence we can put the above differential system
in normal form as

σ̈j(t) =
m∑

h,k=1

−a(t)−1
kj

[(
bhk(t) − bkh(t) + ȧhk(t)

)
σ̇h(t) +

(
ḃhk(t) − chk(t)

)
σh(t)

]
,

j = 1, . . . , m,

Now, consider a curve σ : R → TM with σ(t) ∈ Tγ(t)M for each t ∈ R, and
assume that σ is a solution of this system. Then σ(t) depends linearly on the
initial conditions (σ(0), σ̇(0)). Notice that the initial conditions belong to a vector
space that we can identify with Tγ(0)M ⊕ Tγ(0)M . Therefore the vector space of
solutions of the above system has dimension at most 2m = dim(Tγ(0)M⊕Tγ(0)M).
This proves the lemma. �

Now, let us discuss the properties of the index indz(γ).

Lemma 2.2.3. Let z1, . . . , zr ∈ S1 be the Poincaré points of γ. Then the function
z �→ indz(γ) is locally constant on S1 \ {z1, . . . , zr} and lower semi-continuous on
the whole of S1. Moreover, the jump of this function at any Poincaré point zj is
bounded in absolute value by nulzj (γ), i.e.,

indzj (γ) ≤ lim
z→z±

j

indz(γ) ≤ indzj (γ) + nulzj (γ).

Proof. For each z ∈ S1, the real self-adjoint linear operator B[1] : E
[1]
z → E

[1]
z is

Fredholm (this can be proved by the same argument as in Proposition 2.1.3). We
denote by σz its spectrum. By continuity, for each interval (α, β] ⊂ R such that α
and β do not belong to σz , there is a neighborhood of z in S1 such that, for each
z′ in this neighborhood, α and β do not belong to σz′ and moreover∑

λ∈(α,β)

indz,λ(γ) =
∑

λ∈(α,β)

indz′,λ(γ).

Assume that z ∈ S1 is not a Poincaré point of γ, namely 0 does not belong to
σz. By the above continuity property, 0 does not belong to σz′ for each z′ in a
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sufficiently small neighborhood of z, and therefore

indz(γ) =
∑
λ<0

indz,λ(γ) =
∑
λ<0

indz′,λ(γ) = indz′(γ).

Now, assume that z ∈ S1 is a Poincaré point of γ. Since B[1] : E
[1]
z → E

[1]
z is a

Fredholm operator, 0 is an isolated point in the spectrum σz (see the second para-
graph in the proof of Lemma 2.1.1). Therefore, we can fix a sufficiently small ε > 0
such that [−ε, ε]∩σz = {0}. By applying once more the above continuity property,
−ε and ε do not belong to σz′ for each z′ in a sufficiently small neighborhood of
z, and we have

indz′(γ) =
∑

λ<−ε

indz′,λ(γ) +
∑

λ∈(−ε,0)

indz′,λ(γ)

=
∑

λ<−ε

indz,λ(γ) +
∑

λ∈(−ε,0)

indz′,λ(γ)

= indz(γ) +
∑

λ∈(−ε,0)

indz′,λ(γ).

This proves that indz(γ) ≤ indz′(γ). Finally

indz′(γ) = indz(γ) +
∑

λ∈(−ε,0)

indz′,λ(γ)

≤ indz(γ) +
∑

λ∈(−ε,ε)

indz′,λ(γ)

= indz(γ) +
∑

λ∈(−ε,ε)

indz,λ(γ)

= indz(γ) + nulz(γ). �

Now, we introduce the index ind(γ) defined by

ind(γ) =
1
2π

∫ 2π

0

indeiϑ(γ) dϑ.

We call ind(γ) the mean Morse index of γ, as it is obtained by averaging the
indices indz(γ) on S1. Notice that, by Lemma 2.2.3, ind(γ) is always finite (it is
a non-negative real number). We conclude the section by showing that the Morse
index of γ[n] grows linearly in the period n, and the asymptotic slope is exactly
given by the mean Morse index. For a stronger result we refer the reader to Liu
and Long [LL98, LL00] (see also [Lon02, page 213]).

Proposition 2.2.4. For each periodic solution γ of the Euler-Lagrange system of a
Tonelli Lagrangian L : R/Z× TM → R, the following claims hold.
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(i) The nullity of γ[n] is uniformly bounded by 2m = 2 dim(M), i.e.,

nul(γ [n]) ≤ 2m.

(ii) We have ind(γ) = 0 if and only if ind(γ[n]) = 0 for every n ∈ N.

(iii) The Morse index of γ[n] verifies the inequality

n ind(γ[n]) − 2m ≤ ind(γ[n]) ≤ n ind(γ[n]) + 2m − nul(γ[n]).

In particular the mean Morse index ind(γ) can be computed as

ind(γ) = lim
n→∞

1
n

ind(γ[n]).

Proof. Point (i) follows from Lemma 2.2.2 together with Lemma 2.2.1. By the
definition of mean Morse index, ind(γ) = 0 if and only if the function z �→ indz(γ)
is zero almost everywhere. By Lemma 2.2.3, this function is locally constant outside
the Poincaré points and lower semi-continuous on the whole S1. Hence ind(γ) = 0
if and only if indz(γ) = 0 for every z ∈ S1. This, together with Lemma 2.2.1,
proves point (ii). As for point (iii), let us denote by z1, . . . , zr ∈ S1 the Poincaré
points of γ. By Lemma 2.2.1, the Poincaré points of the nth iteration γ[n] are
precisely zn

1 , . . . , zn
r . By Lemma 2.2.3, for each w, z ∈ S1 we have

indw(γ[n]) + nulw(γ[n]) ≤ indz(γ[n]) +
r∑

j=1

nulzn
j
(γ[n]). (2.6)

By Lemmas 2.2.1 and 2.2.2 we have
r∑

j=1

nulzn
j
(γ[n]) =

r∑
j=1

nulzj (γ) ≤ 2m,

and, together with (2.6), we obtain

indw(γ[n]) + nulw(γ[n]) ≤ indz(γ[n]) + 2m. (2.7)

Notice that, by Lemma 2.2.2, the mean nullity of γ and of γ [n] is zero, i.e.,

1
2π

∫ 2π

0

nuleiϑ(γ) dϑ =
1
2π

∫ 2π

0

nuleiϑ(γ[n]) dϑ = 0,

whereas, by Lemma 2.2.1,

ind(γ[n]) :=
1
2π

∫ 2π

0

indeiϑ(γ[n]) dϑ = n ind(γ).

Now, by setting z = 1 and integrating w on S1 in (2.7), we get

n ind(γ) ≤ ind(γ[n]) + 2m.

By setting w = 1 and integrating z on S1 in (2.7), we get

ind(γ[n]) + nul(γ[n]) ≤ n ind(γ) + 2m. �
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2.3 A symplectic excursion: the Maslov index

In this section we wish to provide a symplectic interpretation of the Morse index
for Tonelli Lagrangian systems: the Morse index of a periodic orbit coincides with
the Maslov index of the associated periodic orbit of the Legendre-dual Hamiltonian
system (see section 1.1). The Maslov index can actually be defined for periodic
orbits of more general Hamiltonian systems, and indeed it can be regarded as a
generalization of the Morse index.

We begin by recalling some background from linear symplectic geometry (we
refer the reader to [MS98, Chapter 2] for more details). The standard symplectic
structure on R2m is given by the skew-symmetric bilinear form ω0 : R2m∧R2m →
R defined by

ω0(v, w) = 〈J0v, w〉 , ∀v, w ∈ R2m.

Here, 〈·, ·〉 denotes the Euclidean inner product of R2m, and J0 denotes the stan-
dard complex structure on R2m given in matrix form by

J0 =
[

0 −I
I 0

]
.

The symplectic group Sp(2m) is defined as the subgroup of GL(2m) given by the
matrices A such that A∗ω = ω, or equivalently

Sp(2m) =
{
A ∈ GL(2m) |ATJ0A = J0

}
,

where AT denotes the transpose of A. We denote by Sp0(2m) the subset of Sp(2m)
consisting of matrices having 1 as an eigenvalue, and by Sp∗(2m) the complemen-
tary subspace of Sp(2m), i.e.,

Sp0(2m) = {A ∈ Sp(2m) | det(A − I) = 0} ,

Sp∗(2m) = Sp(2m) \ Sp0(2m).

The space Sp0(2m) is a singular hypersurface of Sp(2m) that separates Sp∗(2m)
in two connected components Sp+(2m) and Sp−(2m) given by

Sp±(2m) = {A ∈ Sp(2m) | ± det(A − I) > 0} .

Every symplectic matrix A admits a unique polar decomposition

A = (AAT)1/2︸ ︷︷ ︸
P

(AAT)−1/2A︸ ︷︷ ︸
Q

,

where P ∈ Sp(2m) is symmetric and positive-definite, while Q ∈ Sp(2m)∩O(2m).
The map r(A) = (AAT)−1/2A is a retraction

r : Sp(2m) → Sp(2m) ∩ O(2m)
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coming from the deformation retraction rt : Sp(2m) → Sp(2m) given by

rt(A) = (AAT)−t/2A. (2.8)

In particular r is a homotopy equivalence. Now, if we consider GL(m,C) to be a
subgroup of GL(2m) via the embedding

X + iY �−→
[

X −Y
Y X

]
, ∀X + iY ∈ GL(m,C),

then Sp(2m) ∩ O(2m) is identified with the unitary group U(m). We denote by
detC(M) : Sp(2m) ∩ O(2m) → S1 ⊂ C the complex determinant function, that is

detC

([
X −Y
Y X

])
:= det(X + iY ).

We define the rotation function as the composition

ρ := detC ◦ r : Sp(2m) → S1.

From our discussion above and the properties of the unitary group, it readily
follows that this map induces an isomorphism π1(ρ) between the fundamental
groups of Sp(2m) and S1.

Let P be the space of continuous paths Ψ : [0, 1] → Sp(2m) such that
Ψ(0) = I. This space is the disjoint union of the subspaces P∗ and P0 given by
those Ψ such that Ψ(1) ∈ Sp∗(2m) and Ψ(1) ∈ Sp0(2m) respectively. We fix the
2m× 2m diagonal symplectic matrices

W ′ := diag(2, 1/2,−1,−1, . . . ,−1),
W ′′ := −I = diag(−1,−1, . . . ,−1).

Notice that

ρ(W ′) = (−1)m−1 = −ρ(W ′′), (2.9)

and therefore W ′ and W ′′ belong to different connected components of Sp∗(2m).
Now, consider a path Ψ ∈ P∗ and fix arbitrarily an auxiliary continuous path
Ψ̃ : [1, 2] → Sp∗(2m) such that Ψ̃(1) = Ψ(1) and Ψ̃(2) ∈ {W ′, W ′′}. We denote by
Ψ • Ψ̃ : [0, 2] → Sp(2m) the concatenation of the paths Ψ and Ψ̃, i.e.,

(Ψ • Ψ̃)(t) =
{

Ψ(t), t ∈ [0, 1],
Ψ̃(t), t ∈ [1, 2].

We define the Maslov index ι(Ψ) as

ι(Ψ) :=
ϑ(2) − ϑ(0)

π
, (2.10)
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where ϑ : [0, 2] → R is a continuous function such that ρ ◦ (Ψ • Ψ̃)(t) = eiϑ(t). It
turns out that this index is well defined (i.e., it does not depend on the choice of the
auxiliary path Ψ̃) and, due to (2.9), it is an integer. This notion of Maslov index is
due to Conley and Zehnder [CZ84] (indeed, some authors refer to it as the Conley-
Zehnder index), and it is related to other notions of Maslov index previously
defined by Gel’fand and Lidskĭı [GL58] and Maslov [Mas72]. The original definition
of Conley and Zehnder, although equivalent, is different from the one given in
(2.10), which is due to Long and Zehnder [LZ90].

The main properties of the Maslov index are summarized in the following
statement. We refer the reader to [SZ92, Section 3] for a proof.

Proposition 2.3.1. The Maslov index satisfies the following properties:

(Naturality) For each Ψ ∈ P∗ and A ∈ Sp(2m) we have ι(Ψ) = ι(A−1ΨA).
(Homotopy) For any two paths Ψ, Ψ′ ∈ P∗ which are homotopic with fixed end-

points we have ι(Ψ) = ι(Ψ′). �
Notice that the homotopy property stated above can be rephrased in the

following way. Let S̃p(2m) be the universal cover of the symplectic linear group.
Here, we regard an element of S̃p(2m) covering A ∈ Sp(2m) as a homotopy class
(with fixed endpoints) of paths Ψ : [0, 1] → Sp(2m) with Ψ(0) = I and Ψ(1) = A.
Then the Maslov index descends to a locally-constant integer-valued function on
the space of those [Ψ] ∈ S̃p(2m) with Ψ(1) ∈ Sp∗(2m). This function does not
admit a continuous extension to the whole S̃p(2m). Following Long [Lon90], we
define its extension as the maximal lower semi-continuous one2. More precisely,
for each path Ψ ∈ P0 we define the Maslov index ι(Ψ) as

ι(Ψ) := lim inf
Ψ′→Ψ
Ψ′∈P∗

ι(Ψ′), (2.11)

where Ψ′ → Ψ denotes pointwise convergence.
For paths Ψ ∈ P0 (which might be regarded as “degenerate” paths), it is

useful to consider another index ν(Ψ) that is equal to the multiplicity of 1 as an
eigenvalue of Ψ(1), i.e.,

ν(Ψ) := dim ker(Ψ(1) − I).

The homotopy invariance property of the Maslov index in the general case is
described by the following statement, which is due to Long. We refer the reader
to [Lon90] or [Lon02, page 145] for a proof.

Proposition 2.3.2. Let Ψ : [0, 1] × [0, 1] → Sp(2m) be a continuous map such
that Ψ(s, ·) ∈ P and ν(Ψ(s, ·)) = ν(Ψ(0, ·)) for each s ∈ [0, 1]. Then ι(Ψ(s, ·)) =
ι(Ψ(0, ·)) for each s ∈ [0, 1]. �
2Other extensions of the Maslov index on S̃p(2m) have been considered in the literature. For
instance, in [RS93a], Robbin and Salamon consider the average between the maximal lower
semi-continuous extension and the minimal upper semi-continuous extension.
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Now, we wish to show how to associate a Maslov index to periodic orbits of
Hamiltonian systems. This can be done in very general Hamiltonian systems (for
instance for contractible periodic orbits of Hamiltonian systems on any symplectic
manifold (W, ω) such that the first Chern class c1(TW ) vanishes over π2(W ),
see, e.g., [Sal99]). Here, we restrict to the case of Tonelli Hamiltonian systems on
cotangent bundles, and we follow Abbondandolo and Schwarz [AS06, Section 1.2].
Let us fix a 1-periodic Tonelli Hamiltonian H : R/Z×T∗M → R that is Legendre-
dual to a Tonelli Lagrangian L : R/Z×TM → R, and consider a 1-periodic orbit
Γ : R/Z → T∗M of the Hamiltonian flow of H . This orbit corresponds to the
1-periodic solution γ = τ∗ ◦ Γ : R/Z → M of the Euler-Lagrange system of L ,
where τ∗ : T∗M → M is the projection onto the base of the cotangent bundle.
For simplicity, let us restrict to the case in which the pull-back bundle γ∗TM is
trivial. This assumption is always verified if the orbit γ is contractible, or if the
manifold M is orientable (in fact, in this latter case, γ∗TM is an oriented vector
bundle over the circle and therefore it must be trivial). For the general case, we
refer the reader to Weber [Web02].

The Hamiltonian flow of H defines symplectic transformations of T∗M . In
fact, assume that there exists an open set (t0, t1) × U ⊂ R × T∗M such that
Φt,t′

H |U is a well-defined diffeomorphism onto its image for each t, t′ ∈ (t0, t1). This
diffeomorphism is symplectic, meaning

(Φt,t′

H )∗ω = ω.

In fact, (Φt′,t′
H )∗ω = (idU )∗ω = ω, and by the Cartan formula

d
dt

(Φt,t′
H )∗ω = (Φt,t′

H )∗
(
d(XH �ω︸ ︷︷ ︸

=dH

) + XH � dω︸︷︷︸
=0

)
= 0.

This implies that the differential dΦt,0
H (Γ(0)) is a symplectic linear map. Therefore,

once we fix a trivialization of Γ∗TT∗M , it defines a path in the symplectic group
Sp(2m) and in particular it has a Maslov index ι(Γ). However, in order to produce
an index for periodic orbits we have to make sure that ι(Γ) does not depend on
the chosen trivialization, at least if we pick it in a certain family of trivializations
which are intrinsically associated to the symplectic manifold T∗M .

We denote by TverT∗M the vertical subbundle of TT∗M , i.e., TverT∗M =
ker(Tτ∗). It is straightforward to verify that this vector bundle is isomorphic to
the pull-back of TM by the map τ∗. Therefore, the pull-back bundle Γ∗TverT∗M
is trivial, being

Γ∗TverT∗M � Γ∗(τ∗)∗TM = γ∗TM.

Consider an almost complex structure J on T∗M that is compatible with the
canonical symplectic structure ω of T∗M . This means precisely that ω(·, J·) is a
Riemannian metric on T∗M . With respect to this metric, we can fix an orthogonal
trivialization

φ̃ : R/Z×Rm 
−→Γ∗TverT∗M,
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and then we can extend φ̃ to a trivialization

φ : R/Z×R2m 
−→Γ∗TT∗M,

as

φ(t, ·) = (−J ◦ φ̃(t, ·) ◦ J0) ⊕ φ̃(t, ·), ∀t ∈ R/Z,

where J0 is the standard complex structure on R2m introduced previously. By
construction, the trivialization φ sends the vertical Lagrangian subspace

Vm := {0} ×Rm ⊂ R2m

diffeomorphically onto the vertical subbundle Γ∗TverT∗M , i.e.,

φ|R/Z×Vm : R/Z×Vm 
−→Γ∗TverT∗M. (2.12)

Let e1, . . . , em, f1, . . . , fm be the standard symplectic basis of R2m, which means
that e1, . . . , em is an orthonormal basis of Rm×{0} and f1, . . . , fm is an orthonor-
mal basis of Vm = {0} × Rm with fj = J0ej for each j ∈ {1, . . . , m}. For each
t ∈ R/Z, if we set

f̃j := φ(t, fj) = φ̃(t, fj),

ẽj := φ(t, ej) = −J ◦ φ̃(t, ·) ◦ J0ej = −Jf̃j ,

it is straightforward to verify that ẽ1, . . . , ẽm, f̃1, . . . , f̃m is a symplectic basis of
the tangent space TΓ(t)T∗M , which means

ω(ẽj, ẽh) = ω(f̃j , f̃h) = 0,

ω(ẽj, f̃h) =
{

1 j = h,
0 j �= h.

This shows that the trivialization φ is symplectic, in the sense that

φ(t, ·)∗ω = ω0, ∀t ∈ R/Z. (2.13)

Therefore, the differential of the Hamiltonian flow along Γ defines a continuous
path Γφ : [0, 1] → Sp(2m) by

Γφ(t) := φ(t, ·)−1 ◦ dΦt,0
H (Γ(0)) ◦ φ(0, ·), ∀t ∈ [0, 1].

Notice that Γφ(0) = I, hence Γφ ∈ P. We wish to define the Maslov index of Γ
as the Maslov index of this path. Before doing it, however, we need to verify that
this index does not depend on the specific choice of the trivialization φ.

We denote by Sp(2m,Vm) the subgroup of Sp(2m) consisting of those ma-
trices that preserve the vertical Lagrangian subspace Vm ⊂ R2m, i.e.,

Sp(2m,Vm) = {A ∈ Sp(2m) |AVm = Vm}

=
{[

A1 0
A2 A3

] ∣∣∣∣AT
1 A3 = I, AT

1 A2 = AT
2 A1

}
.
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Lemma 2.3.3. Consider the inclusion j : Sp(2m,Vm) ↪→ Sp(2m). Then the in-
duced fundamental group homomorphism π1(j) : π1(Sp(2m,Vm)) → π1(Sp(2m))
is the zero homomorphism.

Proof. The deformation retraction of equation (2.8) restricts to a deformation
retraction of Sp(2m,Vm) onto

Sp(2m,Vm) ∩ U(m) =
{[

R 0
0 R

] ∣∣∣∣R ∈ O(m)
}

.

Therefore, we know that in the following diagram of inclusions

Sp(2m,Vm) � � j �� Sp(2m)

Sp(2m,Vm) ∩ U(m)
��

∼
��

� � h �� U(m)
��

∼
��

the vertical arrows are homotopy equivalences, and in order to conclude we just
need to show that h induces the zero homomorphism between fundamental groups.
The complex determinant detC induces a fundamental group isomorphism

π1(detC) : π1(U(m)) 
−→π1(S1) � Z.

Consider an arbitrary [ϑ] ∈ π1(Sp(2m,Vm) ∩ U(m)), i.e.,

ϑ : (R/Z, 0) → (Sp(2m,Vm) ∩ U(m), I).

Since detC ◦ ϑ ≡ 1, we have π1(detC) ◦ π1(h)[ϑ] = [detC ◦ ϑ] = 0, and we conclude
π1(h)[ϑ] = 0. �
Lemma 2.3.4. The Maslov index ι(Γφ) is independent of the trivialization φ, pro-
vided φ satisfies (2.12) and (2.13).

Proof. Let ψ : R/Z×R2m 
−→Γ∗TT∗M be another symplectic trivialization that
satisfies (2.12). Consider the loop ϑ : R/Z → Sp(2m,Vm) defined by

ϑ(t) = φ(t, ·)−1 ◦ ψ(t, ·), ∀t ∈ R/Z.

Notice that
Γψ(t) = ϑ(t)−1 ◦ Γφ(t) ◦ ϑ(0), ∀t ∈ R/Z.

By Lemma 2.3.3 there exists a homotopy Θ : [0, 1] × R/Z → Sp(2m) such that
Θ(0, ·) = ϑ, Θ(s, 0) = ϑ(0) for each s ∈ [0, 1], and Θ(1, ·) ≡ ϑ(0). Hence we can
build a homotopy Ω : [0, 1] × [0, 1] → Sp(2m) as

Ω(s, t) = Θ(s, t)−1 ◦ Γφ(t) ◦ ϑ(0), ∀(s, t) ∈ [0, 1]× [0, 1],



48 Chapter 2. The Morse Indices in Lagrangian Dynamics

such that Ω(0, ·) = Γψ, Ω(1, ·) = ϑ(0)−1 ◦Γφ ◦ϑ(0), Ω(s, 0) = Γψ(0) and Ω(s, 1) =
Γψ(1) for each s ∈ [0, 1]. Since the homotopy Ω fixes the endpoints of the homo-
toped path, we have that ν(Ω(s, ·)) = ν(Γψ) for each s ∈ [0, 1]. Hence, by the
homotopy invariance of the Maslov index (Proposition 2.3.2) we conclude

ι(Γψ) = ι(Ω(s, ·)), ∀s ∈ [0, 1],

and in particular

ι(Γψ) = ι
(
ϑ(0)−1 ◦ Γφ ◦ ϑ(0)

)
.

Finally, by the naturality property of the Maslov index, we conclude

ι(Γψ) = ι
(
ϑ(0)−1 ◦ Γφ ◦ ϑ(0)

)
= ι(Γφ). �

By the above lemma, we can define the Maslov index of the periodic orbit
Γ as the integer ι(Γ) := ι(Γφ), where φ is any trivialization satisfying (2.12) and
(2.13). Similarly we define ν(Γ) := ν(Γφ), that is, the multiplicity of 1 as an
eigenvalue of the endomorphism dΦ1,0

H (Γ(0)) of TΓ(0)T∗M . The indices ι(Γ) and
ν(Γ) turn out to be equal to the Morse index ind(γ) and the nullity nul(γ), where
γ := τ∗ ◦ Γ is the Euler-Lagrange 1-periodic orbit corresponding to Γ. This is an
important result first established by Duistermaat [Dui76] in the non-degenerate
case nul(γ) = 0, and by Viterbo [Vit90] in full generality. Alternative proofs were
also given by Long and An [LA98] and Abbondandolo [Abb03]. We refer the reader
to these papers or to [Lon02, Section 7.3] for a proof.

Theorem 2.3.5 (Maslov-Morse indices theorem). Let H : R/Z× T∗M → R and
L : R/Z × TM → R be Legendre-dual Tonelli Hamiltonians and Lagrangians,
and Γ : R/Z → T∗M a Hamiltonian periodic orbit corresponding to the Euler-
Lagrange periodic orbit γ. Assume further that γ∗TM is a trivial bundle. Then
the Maslov and Morse indices of these orbits are the same, i.e.,

ι(Γ) = ind(γ),
ν(Γ) = nul(γ). �

An extensive study of the Maslov index has been carried out, starting in the
1990s, by Long and his collaborators, who in particular generalized Bott’s iteration
theory to the Maslov case and provided many applications to the existence of
periodic orbits in Hamiltonian systems more general than the Tonelli ones. We
refer the reader to Long’s monograph [Lon02] for a detailed account of these
developments.



Chapter 3

Functional Setting for the
Lagrangian Action

In order to apply the machinery of critical point theory to study the periodic
solutions of Tonelli Lagrangian systems on a closed manifold M , one needs to
find a nice functional setting for the Lagrangian action: a suitable free loop space
on M with a manifold structure, over which the action is regular, say at least
C1, and such that its sublevels satisfy some sort of compactness, such as the
Palais-Smale condition. For the special case in which the Lagrangian is a squared
Riemannian norm (the “geodesic” case) a suitable free loop space is known to be
the Hilbert manifold W 1,2(R/Z; M). For general Tonelli Lagrangians, a functional
setting such that the action functional fulfills the above requirements is not known.
However, W 1,2(R/Z; M) is still a good choice for the subclass of Lagrangians that
are fiberwise convex with fiberwise quadratic-growth: the fact that a Lagrangian
grows at most quadratically guarantees that the action functional is regular, and
the fact that the Lagrangian grows at least quadratically implies the Palais-Smale
condition.

In Section 3.1 we recall how to associate Hilbert manifold structures to W 1,2

path spaces. In Section 3.2 we discuss a few topological properties of the free loop
space that will be needed in the forthcoming chapters. In Section 3.3 we introduce
the class of convex quadratic-growth Lagrangians. In Section 3.4, we discuss the
regularity of the action functional associated to Lagrangians that are fiberwise
subquadratic. In Section 3.5 we study the critical points of the action functional
associated to convex quadratic-growth Lagrangians. In particular, we prove that,
in the W 1,2 setting, the critical points of the action are always smooth solutions of
the Euler-Lagrange system, and we verify that the Palais-Smale condition holds.
Finally, in Section 3.6, we define the mean action functional in any integer period.

     OI 10.1007/978-3-0348-0163-8_3, © Springer Basel AG 2012
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3.1 Hilbert manifold structures for path spaces

Let M be a smooth closed manifold of dimension m ≥ 1. A free path space of
M is, loosely speaking, a set of maps from a compact interval, say I := [0, 1],
to the manifold M . It may be the set of all the continuous maps C0(I; M), as
is common in topology, or the smaller set of all the smooth maps C∞(I; M), as
is often considered in differential geometry. Each of these spaces is endowed with
the corresponding topology, i.e., the one induced by the uniform convergence for
C0(I; M) and the one induced by the uniform convergence of all the derivatives for
C∞(I; M). In nonlinear analysis it is rather useful to consider an intermediate free
path space, such as W 1,2(I; M), that has the structure of an infinite-dimensional
Hilbert manifold.

Following Klingenberg [Kli78, Chapter 1], let us give a precise definition of
W 1,2(I; M). By the Whitney embedding theorem (see [Lee03, Theorem 10.11]),
there exists a proper smooth embedding M ↪→ R2m+1, and we define

W 1,2(I; M) :=
{
γ ∈ W 1,2(I;R2m+1) | γ(I) ⊂ M

}
,

where W 1,2(I;R2m+1) is the Sobolev space of absolutely continuous maps γ : I →
R2m+1 whose (weak) derivative is square-integrable. On W 1,2(I; M) we consider
the subspace topology induced by W 1,2(I;R2m+1). Now, let us provide M with a
Riemannian metric 〈·, ·〉·, for instance the pull-back of the flat metric on R2m+1

via the embedding M ↪→ R2m+1, with corresponding norm | · |·. For each γ ∈
W 1,2(I; M), we denote by W 1,2(γ∗TM) the space of W 1,2 sections of the pull-
back bundle γ∗TM → I, namely the space of absolutely continuous sections ξ of
γ∗TM → I that are weakly differentiable and such that∫ 1

0

[
|ξ(t)|2γ(t) + |∇tξ|2γ(t)

]
dt < ∞.

Here, ∇t denotes the covariant derivative induced by the Levi-Civita connection of
the Riemannian manifold (M, 〈·, ·〉·). It turns out that W 1,2(γ∗TM) is a separable
Hilbert space, with inner product given by

〈〈ξ, ζ〉〉γ :=
∫ 1

0

[
〈ξ(t), ζ(t)〉γ(t) + 〈∇tξ,∇tζ〉γ(t)

]
dt, ∀ξ, ζ ∈ W 1,2(γ∗TM).

For each ε > 0 we define

Uε :=
{
v ∈ TM

∣∣ |v|τ(v) < ε
}
,

where τ : TM → M denotes the projection of the tangent bundle onto the base.
Let us fix γ ∈ C∞(I; M) and denote by W 1,2(γ∗Uε) the subset of W 1,2(γ∗TM)
consisting of those sections that take values in Uε. Notice that, by the Sobolev
embedding theorem (see [AF03, page 85]), W 1,2(γ∗Uε) is actually an open subset
of W 1,2(γ∗TM). If ε is strictly less than the injectivity radius of M , then the
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exponential map expq : Uε ∩ TqM → M is a diffeomorphism onto its image and
therefore can be used to define an injective map

expγ : W 1,2(γ∗Uε) → W 1,2(I; M)

by
expγ(ξ)(t) := expγ(t)(ξ(t)), ∀ξ ∈ W 1,2(γ∗Uε), t ∈ I.

We denote by Uγ ⊂ W 1,2(I; M) the image of the map expγ . It is easy to see that
Uγ is an open set in W 1,2(I; M), so that expγ is a homeomorphism onto it.

Now, notice that each γ ∈ W 1,2(I; M) can be approximated by smooth maps
in the topology of the uniform convergence. In fact, consider the Whitney embed-
ding M ↪→ R2m+1 as before and a tubular neighborhood N ⊆ R2m+1 of M with
associated retraction r : N → M . Since C∞(I;R2m+1) is dense in C0(I;R2m+1),
there exists a sequence {γk} ⊂ C∞(I;R2m+1) that converges uniformly to γ. Up
to ignoring a finite number of elements of this sequence, we can assume that each
γk has support inside N . Hence, the sequence {r ◦ γk} ⊂ C∞(I; M) converges
uniformly to γ as well.

This density argument implies that the family {Uγ | γ ∈ C∞(I; M)} is an
open cover of the path space W 1,2(I; M). Moreover, for each γ1, γ2 ∈ C∞(I; M)
such that Uγ1 ∩ Uγ2 �= ∅, it turns out that the composition

exp−1
γ1

◦ expγ2
|exp−1

γ2 (Uγ1∩Uγ2 ) : exp−1
γ2

(Uγ1 ∩ Uγ2) → exp−1
γ1

(Uγ1 ∩ Uγ2)

is a diffeomorphism between open subsets of the Hilbert spaces W 1,2(γ∗
2TM) and

W 1,2(γ∗
1TM). Hence we can endow W 1,2(I; M) with a Hilbert manifold structure

given by the atlas {
(Uγ , exp−1

γ ) | γ ∈ C∞(I; M)
}

.

The tangent space of W 1,2(I; M) at a point γ is given by

TγW 1,2(I; M) = W 1,2(γ∗TM),

and 〈〈·, ·〉〉· is a Hilbert-Riemannian metric on W 1,2(I; M). By means of this metric,
the free path space W 1,2(I; M) turns out to be a complete Hilbert-Riemannian
manifold (see the definition in Section A.3).

Now, following Abbondandolo and Schwarz [AS09], for each smooth closed
submanifold V ⊆ M × M , we consider the subspace W 1,2

V (I; M) of W 1,2(I; M)
given by the paths whose pair of endpoints lies in V , i.e.,

W 1,2
V (I; M) =

{
γ ∈ W 1,2(I; M) | (γ(0), γ(1)) ∈ V

}
.

This space turns out to be a smooth submanifold of W 1,2(I; M). In fact, if we
consider the smooth submersion π : W 1,2(I; M) → M × M given by π(γ) =
(γ(0), γ(1)) for each γ ∈ W 1,2(I; M), then W 1,2

V (I; M) is precisely given by the
preimage of V by π, i.e.,

W 1,2
V (I; M) = π−1(V ).
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Let us consider an arbitrary γ ∈ W 1,2
V (I; M), and set

V := T(γ(0),γ(1))V.

The tangent space of W 1,2
V (I; M) at γ consists of the W 1,2 sections of γ∗TM → I

whose pair of endpoints lies in the vector space V, i.e.,

TγW 1,2
V (I; M) = W 1,2

V (γ∗TM) :=
{
ξ ∈ W 1,2(γ∗TM) | (ξ(0), ξ(1)) ∈ V

}
.

This tangent space is clearly a Hilbert subspace of the tangent space of W 1,2(I; M)
at γ. Therefore, the path space W 1,2

V (I; M), together with the metric 〈〈·, ·〉〉· inher-
ited from W 1,2(I; M), is a complete Hilbert-Riemannian manifold.

If V is a connected 0-dimensional smooth manifold, i.e., V = {(q0, q1)} for
some q0, q1 ∈ M , then W 1,2

V (I; M) = W 1,2
q0,q1

(I; M) is precisely the set of W 1,2

paths joining q0 and q1. With this choice of V we have

V = T(γ(0),γ(1))V = {0}
and therefore

TγW 1,2
q0,q1

(I;Rm) = W 1,2
0 (γ∗TM) :=

{
ξ ∈ W 1,2(γ∗TM) | ξ(0) = ξ(1) = 0

}
.

If we rather take V to be the diagonal, i.e., V = {(q, q) | q ∈ M}, then
W 1,2

V (I; M) becomes the free loop space of M , namely the space W 1,2(T; M)
of W 1,2 maps from the circle T = R/Z to M . In this case, we have that

V = T(γ(0),γ(1))V =
{
(v, v) | v ∈ Tγ(0)M

}
.

Hence, the tangent space of W 1,2(T; M) at γ consists of the W 1,2 sections of the
pull-back bundle γ∗TM → I that are 1-periodic, i.e.,

TγW 1,2(T; M) =
{
ξ ∈ W 1,2(γ∗TM) | ξ(0) = ξ(1)

}
.

Equivalently, the tangent space of W 1,2(T; M) at γ consists in the W 1,2 sections
of the pull-back bundle γ∗TM → T.

Remark 3.1.1. In order to compute expressions in local coordinates, it is often
convenient to work with other charts of the free path space W 1,2(I; M) that are
compatible with the ones in the atlas

{
(Uγ , exp−1

γ ) | γ ∈ C∞(I; M)
}

introduced
above. These charts are obtained as follows. Let us fix a smooth γ : I → M . Since
the interval I is contractible, the pull-back bundle γ∗TM → I admits a smooth
trivialization

φγ : γ∗TM

−→ I×Rm. (3.1)

This trivialization induces an isomorphism of Hilbert spaces

W 1,2(φγ) : W 1,2(γ∗TM) 
−→W 1,2(I;Rm)
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given by

W 1,2(φγ)(ξ)(t) = π2 ◦ φγ(t, ξ(t)), ∀ξ ∈ W 1,2(γ∗TM), t ∈ I,

where π2 : I×Rm → Rm is the projection onto the Rm factor of I×Rm. Therefore,
we can provide W 1,2(I; M) with a compatible atlas {(Uγ , Φγ) | γ ∈ C∞(I; M)},
whose charts are given by

Φγ = W 1,2(φγ) ◦ exp−1
γ : Uγ → W 1,2(I;Rm). (3.2)

This atlas restricts to compatible atlases for the submanifolds W 1,2
q0,q1

(I; M) and
W 1,2(T; M). In fact, for each smooth γ : I → M such that γ(t0) = q0 and
γ(t1) = q1, the chart Φγ defined in (3.2) restricts to a chart for W 1,2

q0,q1
(I; M) of

the form
Φγ : Uγ ∩ W 1,2

q0,q1
(I; M) → W 1,2

0 (I;Rm),

where
W 1,2

0 (I;Rm) = {ζ ∈ W 1,2(I;Rm) | ζ(0) = ζ(1) = 0}.
As for W 1,2(T; M), for each smooth γ : I → M with γ(0) = γ(1) consider the
trivialization φγ as in (3.1) and define the m-dimensional vector subspace V ⊂
Rm ×Rm by

V =
{
(π2 ◦ φγ(0, v), π2 ◦ φγ(1, v)) | v ∈ Tγ(0)M = Tγ(1)M

}
. (3.3)

The chart Φγ defined in (3.2) restricts to a chart for W 1,2(T; M) of the form

Φγ : Uγ ∩ W 1,2(T; M) → W 1,2
V (I;Rm),

where
W 1,2

V (I;Rm) = {ζ ∈ W 1,2(I;Rm) | (ζ(0), ζ(1)) ∈ V}.
Notice that, whenever the bundle γ∗TM → T is trivial (e.g., when the manifold M
is orientable or if the loop γ is contractible), we can choose φγ to be a trivialization
of the form

φγ : γ∗TM

−→T×Rm,

so that the vector space V is simply the diagonal vector subspace of Rm × Rm

and therefore W 1,2
V (I;Rm) = W 1,2(T;Rm). �

Now, let us consider a nonzero positive integer n ∈ N and denote by T[n]

the n-periodic circle R/nZ. The n-periodic free loop space W 1,2(T[n]; M) is dif-
feomorphic to the 1-periodic one W 1,2(T; M) simply by the map γ �→ γ̃, where
γ̃(t) = γ(nt) for each t ∈ I. On W 1,2(T[n]; M) we can put the rescaled Hilbert-
Riemannian metric given by

〈〈ξ, ζ〉〉γ :=
1
n

∫ n

0

[
〈ξ(t), ζ(t)〉γ(t) + 〈∇tξ,∇tζ〉γ(t)

]
dt,

∀γ ∈ W 1,2(T[n]; M), ξ, ζ ∈ W 1,2(γ∗TM).



54 Chapter 3. Functional Setting for the Lagrangian Action

We define the nth iteration map ψ[n] : W 1,2(T; M) ↪→ W 1,2(T[n]; M) by

ψ[n](γ) = γ[n], ∀γ ∈ W 1,2(T; M),

where, as in Section 2.2, γ[n] denotes the composition of γ with the n-fold cov-
ering map of the circle T[n] → T. We can easily show that the iteration map
ψ[n] is smooth. In fact, if we consider two correspondent charts (Uγ , exp−1

γ ) and
(Uγ[n] , exp−1

γ[n]) of W 1,2(T; M) and W 1,2(T[n]; M), the composition

exp−1
γ[n] ◦ψ[n] ◦ expγ : Uγ ↪→ Uγ[n]

is simply the analogous iteration map between the Hilbert spaces W 1,2(γ∗TM)
and W 1,2(γ[n]∗TM). This latter map, in turn, is bounded linear and in particular it
is smooth. Hence ψ[n] is smooth as well. For each γ ∈ W 1,2(T; M), the differential
of the iteration map at γ,

dψ[n](γ) : W 1,2(γ∗TM) → W 1,2(γ[n]∗TM),

is the iteration map between the above Hilbert spaces, i.e.,

dψ[n](γ)ξ = ξ[n], ∀ξ ∈ W 1,2(γ∗TM).

By our choice of the Hilbert-Riemannian metrics on the loop spaces, we have

〈〈ξ, ξ〉〉γ = 〈〈ξ[n], ξ[n]〉〉γ[n] , ∀ξ ∈ W 1,2(γ∗TM).

This shows that ψ[n] is an isometry, and we can consider W 1,2(T; M) as a sub-
manifold of W 1,2(T[n]; M) with the pulled-back Hilbert-Riemannian metric.

3.2 Topological properties of the free loop space

In terms of homotopy type, the free loop spaces C∞(T; M), W 1,2(T; M) and
C0(T; M) are indistinguishable. The fact that the inclusion map

W 1,2(T; M) ⊂ C0(T; M),

which is continuous by the Sobolev embedding theorem, is a homotopy equivalence
follows from an abstract theorem of Palais [Pal66, page 5] about dense inclusions
of infinite-dimensional vector spaces (see also [Kli78, page 15]). Here, we give a
proof that the continuous inclusion

C∞(T; M) ⊂ W 1,2(T; M)

is also a homotopy equivalence, by means of a simple convolution argument.

Proposition 3.2.1. The continuous inclusion C∞(T; M) ⊂ W 1,2(T; M) is a homo-
topy equivalence.
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Proof. We will prove the statement by building a continuous homotopy

J : I× W 1,2(T; M) → W 1,2(T; M)

such that J (0, ·) is the identity on W 1,2(T; M), and J (1, ·) is a map of the
form J (1, ·) : W 1,2(T; M) → C∞(T; M) that is continuous with respect to the
topologies of W 1,2(T; M) and C∞(T; M).

First of all, we define a smooth function k : R → R by

k(t) =

{
C exp

(
1

t2−1

)
, if |t| < 1,

0, if |t| ≥ 1,

where C > 0 is a constant such that∫
R

k(t) dt = 1.

For each ε > 0 we define a smooth function kε : R → R by kε(t) = ε−1k(tε−1).
Notice that ∫

R

kε(t) dt = 1, ∀ε > 0,

and kε tends to the Dirac delta as ε → 0, in the sense of distributions. The func-
tions in the family {kε | ε > 0} can be used as convolution kernels to regularize
W 1,2 maps (in the convolution literature, this family is sometimes called approx-
imate identity, see for instance [Rud73, page 157]). We define

K : (0,∞) × W 1,2(T;R2m+1) → C∞(T;R2m+1) (3.4)

as K (ε, ζ) = kε ∗ ζ for each ε > 0 and ζ ∈ W 1,2(T;R2m+1), i.e.,

K (ε, ζ)(t) =
∫
R

kε(t − s)ζ(s) ds ∀t ∈ R.

Notice that K is in fact a map of the form (3.4) (since the convolution of periodic
maps is still periodic) and it is a continuous map. Moreover K can be continuously
extended to a continuous map

K : [0,∞) × W 1,2(T;R2m+1) → W 1,2(T;R2m+1)

by setting K (0, ζ) = ζ for each ζ ∈ W 1,2(T;R2m+1).
Recall that, by the Whitney embedding theorem, we may assume that M is a

closed submanifold of R2m+1. Consider an open tubular neighborhood N ⊆ R2m+1

of M , and a corresponding retraction r : N → M . This retraction induces a smooth
map

W 1,2(r) : W 1,2(T; N) → W 1,2(T; M)
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given by W 1,2(r)(ζ) = r ◦ ζ, for each ζ ∈ W 1,2(T; N). Moreover, W 1,2(r) restricts
to a smooth map

C∞(r) : C∞(T; N) → C∞(T; M).

Notice that W 1,2(T; N) and C∞(T; N) are open subsets of W 1,2(T;R2m+1) and
C∞(T;R2m+1) respectively.

Now, for each γ ∈ C∞(T; M) we choose a real εγ > 0 and an open neighbor-
hood Wγ ⊂ W 1,2(T; M) of γ such that K ([0, εγ]×Wγ) ⊂ W 1,2(T; N). The family
W = {Wγ | γ ∈ C∞(T; M)} is an open cover of W 1,2(T; M), and since this latter
is a Hilbert manifold (in particular, it is paracompact) there exists a partition of
unity {ργ | γ ∈ C∞(T; M)} subordinated to the open cover W. We define a smooth
function ε : W 1,2(T; M) → (0,∞) by

ε(ζ) :=
∑

γ∈C∞(T;M)

εγργ(ζ).

Notice that K (ε(ζ), ζ) ∈ C∞(T; N) for each ζ ∈ W 1,2(T; M). A homotopy J as
claimed at the beginning can be built by setting

J (s, ζ) := W 1,2(r) ◦ K (sε(ζ), ζ) . �

From now on, let us assume that the closed manifold M is connected (for
non-connected manifolds, all the forthcoming arguments can be applied separately
to each connected component). There is a well-known relationship between the
connected components of the free loop space and the fundamental group of the
underlying manifold M . We are going to recall it with the next proposition. For
each continuous loop γ : T → M such that γ(0) = q∗ is a fixed basepoint on the
configuration space M , we denote by C[γ] the conjugacy class of the element of
π1(M) = π1(M, q∗) represented by γ, i.e.,

C[γ] = {[β][γ][β]−1 ∈ π1(M) | [β] ∈ π1(M)}.
Proposition 3.2.2. The connected components of the free loop spaces C∞(T; M),
W 1,2(T; M) and C0(T; M) are in one-to-one correspondence with the conjugacy
classes of π1(M). Under this correspondence, the connected component associated
to any conjugacy class C[γ] ⊆ π1(M) is given by those loops that are homotopic
to γ.

Proof. First of all, notice that there is a one-to-one correspondence among the
connected components of C∞(T; M), W 1,2(T; M) and C0(T; M), as these spaces
are homotopically equivalent. Moreover, since these spaces are all locally path-
connected, their connected components are actually path-connected components.
Therefore we just need to prove the statement for the path-connected components
of C0(T; M).

Let us fix an arbitrary basepoint q∗ on the manifold M . Notice that any loop
γ ∈ C0(T; M) is homotopic to a loop γ∗ ∈ C0(T; M) such that γ∗(0) = q∗. In
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q∗ q∗
s

β
γ(0)

γ Γ(s)

(a) (b)

Figure 3.1. (a) Example of path β joining the basepoint q∗ with the starting point of the loop γ.
(b) Loop Γ(s) of the corresponding homotopy.

fact, let β : I → M be a continuous path joining the basepoint q∗ with γ(0), i.e.,
β(0) = q∗ and β(1) = γ(0). We define a homotopy Γ : I → C0(T; M) by

Γ(s)(t) :=

⎧⎪⎪⎨⎪⎪⎩
β (s + 3t) , t ∈ [

0, 1−s
3

]
,

γ
(

3
1+2s

(
t − 1−s

3

))
, t ∈ [

1−s
3 , 2+s

3

]
,

β (s + 3 − 3t) , t ∈ [
2+s
3

, 1
]
.

(3.5)

This homotopy begins at a loop γ∗ := Γ(0) with the desired properties, and ends
at Γ(1) = γ (see Figure 3.1).

Therefore, for any loop γ, its path-connected component in C0(T; M) con-
tains a loop γ∗ as above that represents an element of the fundamental group
π1(M) = π1(M, q∗). In order to conclude the proof, all we have to show is that
any given loops γ0, γ1 ∈ C0(T; M) with γ0(0) = γ1(0) = q∗ are homotopic if and
only if they represent conjugated elements of π1(M), that is, if and only if there
exists [β] ∈ π1(M) such that [γ0] = [β][γ1][β]−1 ∈ π1(M).

If [γ0] = [β][γ1][β]−1 in π1(M), then the loops γ0 and γ1 are homotopic
(by a homotopy analogous to the one in (3.5)). Conversely, assume that we have a
continuous path Γ : I → C0(T; M) joining γ0 and γ1, i.e., Γ(0) = γ0 and Γ(1) = γ1.
We define a loop β ∈ C0(T; M) by β(t) := Γ(t)(0) for each t ∈ T, and a homotopy
H : I×T → M by

H(s, t) :=

⎧⎪⎪⎨⎪⎪⎩
β(3t), t ∈ [

0, s
3

]
,

Γ(s)
(

3t−s
3−2s

)
, t ∈ [

s
3 , 1 − s

3

]
,

β (3 − 3t) , t ∈ [
1 − s

3
, 1
]
.

(3.6)

Notice that the homotopy H preserves the basepoint, namely H(s, 0) = q∗ for
each s ∈ I (see Figure 3.2). Therefore, in π1(M), we have that

[γ0] = [H(0, ·)] = [H(1, ·)] = [β][γ1][β]−1. �
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(a) (b)

γ0

γ1

γ0

γ1

s

Γ(s) H(s, ·)
q∗ q∗

Figure 3.2. (a) An example of a path Γ : I → C0(T; M) joining two loops γ0 and γ1 with
q∗ = γ0(0) = γ1(0). (b) The corresponding homotopy H defined by equation (3.6).

Concerning the richness of the homotopy and homology of the free loop
space, a first easy remark is that the connected component of contractible loops
on M inherits all the homology and homotopy of the manifold M . This is in fact
a particular case of the following general property. Let Top be the category of
topological spaces and continuous maps, C an arbitrary category and F : Top →
C a functor. We denote by W 1,2

contr(T; M) the connected component of W 1,2(T; M)
given by the contractible loops, and by ι : M ↪→ W 1,2

contr(T; M) the map that sends
a point to the constant loop at that point, i.e., ι(q)(t) = q for each q ∈ M and
t ∈ T.

Proposition 3.2.3. The induced morphism F(ι) : F(M) → F(W 1,2
contr(T; M)) is a

monomorphism (in the sense of category theory).

Proof. Let ev : W 1,2(T; M) → M be the evaluation map defined by

ev(γ) = γ(0), ∀γ ∈ W 1,2(T; M).

This map is continuous (and even smooth), since it is the restriction of the bounded
linear map ev : W 1,2(T;R2m+1) → R2m+1 defined analogously. We obtain the
following commutative diagram of continuous maps.

W
1,2
contr(T; M)

ev

����
��

��
��

��
��

M
� �

ι

�������������� idM �� M
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The endomorphism F(idM ) : F(M) → F(M) is the identity on F(M), and in
particular it is an isomorphism in the sense of category theory. By functoriality,
we have F(idM ) = F(ev) ◦ F(ι), and therefore F(ι) is a monomorphism in the
sense of category theory. �

Notice that, in the category Grp of groups and homomorphisms, the notions
of monomorphism and isomorphism are the usual ones. Therefore, by choosing
F to be the homotopy functor π∗ and the singular homology functor H∗ (with
arbitrary coefficient group), we obtain the following.

Corollary 3.2.4. The homotopy homomorphism π∗(ι) and homology homomor-
phism H∗(ι) are injective. �

An important result due to Vigué-Poirrier and Sullivan implies that the free
loop space of M has nontrivial homology with real coefficients in infinitely many
degrees, provided the closed manifold M is simply connected. We refer the reader
to [VPS76] for a proof of this (and actually of a stronger) result.

Theorem 3.2.5. Let H∗ be the homology functor with real coefficients. If M is a
simply connected closed manifold of positive dimension, then Hd(W 1,2(T; M)) is
nontrivial for infinitely many d ∈ N. �

3.3 Convex quadratic-growth Lagrangians

Let M be a closed manifold of dimension m ≥ 1, over which we fix a Riemannian
metric 〈·, ·〉· and a finite atlas (so that every expression in local coordinates will be
implicitly understood with respect to some chart of this atlas). We will consider
smooth Lagrangian functions L : I × TM → R that satisfy the following two
conditions:

(Q1) there is a positive constant �0 such that
m∑

i,j=1

∂2L

∂vi ∂vj
(t, q, v)wiwj ≥ �0 |w|2q ,

for all (t, q, v) ∈ I× TM and all w ∈ TqM ;
(Q2) there is a positive constant �1 such that∣∣∣∣ ∂2L

∂vi ∂vj
(t, q, v)

∣∣∣∣ ≤ �1,∣∣∣∣ ∂2L

∂qi ∂vj
(t, q, v)

∣∣∣∣ ≤ �1(1 + |v|q),∣∣∣∣ ∂2L

∂qi ∂qj
(t, q, v)

∣∣∣∣ ≤ �1(1 + |v|2q),

for all (t, q, v) ∈ I× TM and i, j = 1, . . . , m.
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If we integrate the inequalities in (Q2) along the fibers of TM we obtain, for some
positive constants �3, �4 > 0,∣∣∣∣∂L

∂vi
(t, q, v)

∣∣∣∣ ≤ �3(1 + |v|q), (3.7)∣∣∣∣∂L

∂qi
(t, q, v)

∣∣∣∣ ≤ �3(1 + |v|2q), (3.8)

|L (t, q, v)| ≤ �4(1 + |v|2q), (3.9)

for all (t, q, v) ∈ I×TM and i = 1, . . . , m. Analogously, integrating the inequality
in (Q1) along the fibers of TM we get, for some positive constants �5, �6 > 0,∣∣∣∣∂L

∂vi
(t, q, v)

∣∣∣∣ ≥ �5(|v|q − 1),

L (t, q, v) ≥ �6(|v|2q − 1),

for all (t, q, v) ∈ I×TM and i = 1, . . . , m. Notice that the Euler-Lagrange system
is unchanged if we add a constant to the Lagrangian L . Therefore, by adding �6
to L and setting � := �6 and � := �4 + �6, we infer

� |v|2q ≤ L (t, q, v) ≤ � (|v|2q + 1), ∀(t, q, v) ∈ I× TM. (3.10)

From these bounds we readily obtain that L is a Tonelli Lagrangian. In the
following, we will informally refer to the class of smooth Lagrangian functions that
satisfy (Q1) and (Q2) as to the class of convex quadratic-growth Lagrangians.

Apparently, conditions (Q1) and (Q2) depend on the choice of the Rieman-
nian metric and of the finite atlas on M . However, this is not the case, as stated
by the following.

Proposition 3.3.1. Up to changing the constants �0 and �1, conditions (Q1) and
(Q2) are independent of the choice of the Riemannian metric and of the finite atlas
on M .

Proof. Let U = {φα : Uα → Rm |α = 0, . . . , u} be the previously fixed atlas on
M , and consider another finite atlas U′ = {φβ : U ′

β → Rm |β = 0, . . . , u′}. As
in section 1.1, we denote by TU = {Tφα : TUα → Rm × Rm |α = 0, . . . , u} and
TU′ = {Tφβ : TU ′

β → Rm × Rm |β = 0, . . . , u′} the associated atlases on the
tangent bundle of M . We denote the components of the introduced charts by

φα = (q1
α, . . . , qm

α ), φβ = (q1
β , . . . , qm

β ),

Tφα = (q1
α, . . . , qm

α , v1
α, . . . , vm

α ), Tφβ = (q1
β , . . . , qm

β , v1
β , . . . , vm

β ).

Notice that, whenever the domains of two charts φα ∈ U and φβ ∈ U′ intersect,
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on the intersection we have

vi
α =

m∑
k=1

vk
β

∂qi
α

∂qk
β

,
∂vi

α

∂vj
β

=
∂qi

α

∂qj
β

,

∂vi
α

∂qj
β

=
m∑

k=1

vk
β

∂2qi
α

∂qj
β ∂qk

β

,
∂2vi

α

∂qj
β ∂qh

β

=
m∑

k=1

vk
β

∂3qi
α

∂qj
β ∂qh

β ∂qk
β

,

∀i, j, h ∈ {1, . . . , m} .

By the compactness of M , there exists a constant c > 0 such that, for each
φα ∈ U and φβ ∈ U′ with Uα ∩ U ′

β �= ∅ and for each q ∈ Uα ∩ U ′
β, v ∈ TqM and

i, j ∈ {1, . . . , m}, we have∣∣∣∣∣∂qi
α

∂qj
β

(q)

∣∣∣∣∣ ≤ c,

∣∣∣∣∣ ∂2qi
α

∂qj
β ∂qk

β

(q)

∣∣∣∣∣ ≤ c,∣∣∣∣∣∂vi
α

∂qj
β

(q, v)

∣∣∣∣∣ ≤ c |v|q ,
∣∣∣∣∣ ∂2vi

α

∂qj
β ∂qh

β

(q, v)

∣∣∣∣∣ ≤ c |v|q.

This, together with (Q2), implies that

∣∣∣∣∣ ∂2L

∂vi
β ∂vj

β

(t, q, v)

∣∣∣∣∣ =

∣∣∣∣∣∣
m∑

h,k=1

∂2L

∂vh
α ∂vk

α

(t, q, v)
∂qh

α

∂qi
β

(q)
∂qk

α

∂qj
β

(q)

∣∣∣∣∣∣ ≤ �1c
2m2.

By (3.7) and (3.8), we have∣∣∣∣∣ ∂2L

∂qi
β ∂vj

β

(t, q, v)

∣∣∣∣∣ =

∣∣∣∣∣ ∂

∂qi
β

(
m∑

h=1

∂L

∂vh
α

(t, q, v)
∂qh

α

∂qj
β

(q)

)∣∣∣∣∣
=

∣∣∣∣∣
m∑

h=1

(
∂L

∂vh
α

(t, q, v)
∂2qh

α

∂qi
β ∂qj

β

(q)

+
m∑

k=1

(
∂2L

∂qk
α ∂vh

α

(t, q, v)
∂qk

α

∂qi
β

(q)
∂qh

α

∂qj
β

(q)

+
∂2L

∂vk
α ∂vh

α

(t, q, v)
∂vk

α

∂qi
β

(q)
∂qh

α

∂qj
β

(q)
))∣∣∣∣∣

≤
m∑

h=1

(
�3(1 + |v|q)c +

m∑
k=1

(
�1(1 + |v|q)c2 + �1c

2|v|q
))

≤ (m�3c + 2m2�1c
2)(1 + |v|q).
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Moreover∣∣∣∣∣ ∂2L

∂qi
β ∂qj

β

(t, q, v)

∣∣∣∣∣ =

∣∣∣∣∣ ∂

∂qi
β

(
m∑

h=1

(
∂L

∂qh
α

(t, q, v)
∂qh

α

∂qj
β

(q) +
∂L

∂vh
α

(t, q, v)
∂vh

α

∂qj
β

(q)

))∣∣∣∣∣
=

∣∣∣∣∣
m∑

h=1

(
∂L

∂qh
α

(t, q, v)
∂2qh

α

∂qi
β ∂qj

β

(q) +
∂L

∂vh
α

(t, q, v)
∂2vh

α

∂qi
β ∂qj

β

(q)

+
m∑

k=1

(
∂2L

∂qk
α ∂qh

α

(t, q, v)
∂qk

α

∂qi
β

(q)
∂qh

α

∂qj
β

(q)

+
∂2L

∂vk
α ∂qh

α

(t, q, v)
∂vk

α

∂qi
β

(q)
∂qh

α

∂qj
β

(q)

+
∂2L

∂qk
α ∂vh

α

(t, q, v)
∂qk

α

∂qi
β

(q)
∂vh

α

∂qj
β

(q)

+
∂2L

∂vk
α ∂vh

α

(t, q, v)
∂vk

α

∂qi
β

(q)
∂vh

α

∂qj
β

(q)
))∣∣∣∣∣

≤
m∑

h=1

(
�3(1 + |v|2q)c + �3(1 + |v|q)c|v|q

+
m∑

k=1

(
�1(1 + |v|2q)c2 + �1(1 + |v|q)c2|v|q

+ �1(1 + |v|q)c2|v|q + �1c
2|v|2q

))
≤ (3m�3c + 6m2�1c

2)(1 + |v|2q).

These estimates prove that condition (Q2) still holds with respect to the atlas U′,
up to replacing the constant �1 with (3m�3c + 6m2�1c

2). Condition (Q1) holds
with respect to the atlas U′, even without changing the constant �0. In fact, for
each (t, q, v) ∈ R× TM and w ∈ TqM , we have

m∑
i,j=1

∂2L

∂vi
α ∂vj

α

(t, q, v)wi
αwj

α =
d2

ds2

∣∣∣∣
s=0

L (t, q, v + sw)

=
m∑

i,j=1

∂2L

∂vi
β ∂vj

β

(t, q, v)wi
βwj

β ,

which implies that condition (Q1) is coordinate independent. Finally, the fact that
conditions (Q1) and (Q2) still hold with respect to a different Riemannian metric
follows from the compactness of M , together with the fact that all the Riemannian
metrics on it are locally equivalent. Namely, if 〈〈·, ·〉〉· is another Riemannian metric
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on M with correspondent norm ‖ · ‖·, there exists a constant d ≥ 1 such that

d−1|v|q ≤ ‖v‖q ≤ d |v|q, ∀(q, v) ∈ TM. �

Classical examples of convex quadratic-growth Lagrangians are given by func-
tions L : I× TM → R of the form

L (t, q, v) = α(t, q)[v, v] + β(t, q)v − V (t, q),

where α is a time-dependent symmetric and positive-definite (0, 2)-tensor field on
M , β is a time-dependent one-form on M and V : I × M → R is a function.
In physics, Lagrangians of this form are called electro-magnetic: α is the kinetic
tensor of the system, β is the magnetic form and V is the potential energy.

3.4 Regularity of the action functional

Let L : I× TM → R be a smooth Lagrangian with associated action functional

A (γ) =
∫ 1

0

L (t, γ(t), γ̇(t)) dt, ∀γ ∈ W 1,2(I; M).

We require L to satisfy (Q2), and in particular, by (3.9), to have subquadratic-
growth on each fiber of TM . This implies that every W 1,2 curve has finite action.
Namely, A is a well-defined functional of the form A : W 1,2(I; M) → R. Its
regularity is described by the following statement, essentially due to Benci [Ben86],
and by Proposition 3.4.3, which is due to Abbondandolo and Schwarz [AS09].

Proposition 3.4.1. Let L : I × TM → R be a smooth Lagrangian satisfying
(Q2). Then its action functional A : W 1,2(I; M) → R is C1, and the differential
dA : T W 1,2(I; M) → R is Gâteaux-differentiable and locally Lipschitz-continu-
ous.

Remark 3.4.1 (Localization). In order to do analysis with the Lagrangian action
functional locally at a curve γ ∈ C∞(I; M), it is often worthwhile to employ the
chart Φγ : Uγ → W 1,2(I;Rm) introduced in Remark 3.1.1. More precisely, let U
be a sufficiently small open neighborhood of the origin in Rm, so that the closed
set W 1,2(I; U) ⊂ W 1,2(I;Rm) is contained in the image of the chart Φγ , and let
φγ be the trivialization (3.1) that enters the definition of Φγ . We write

Πγ := Φ−1
γ |W1,2(I;U) : W 1,2(I; U) → Uγ

and we define a smooth embedding πγ : I × U ×Rm ↪→ I× TM in the following
way: for each (t, q, v) ∈ I× U ×Rm we set

πγ(t, q, v) := (t, q′, v′),
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where

q′ = expγ(t) ◦ φ−1
γ (t, q),

v′ = d(expγ(t) ◦ φ−1
γ )(t, q)(0, v) +

d
dt

(expγ(t) ◦ φ−1
γ (t, q)).

Notice that, if L satisfies (Q1) [resp. (Q2)], then the pull-back Lagrangian

L ◦ πγ : I× U ×Rm → R

satisfies (Q1) [resp. (Q2)] as well, up to changing the constant �0 [resp. �1]. More-
over, the pulled-back functional

A ◦ Πγ : W 1,2(I; U) → R

turns out to be the action functional associated to the Lagrangian L ◦ πγ , i.e.,

A ◦ Πγ(ζ) =
∫ 1

0

L ◦ πγ(t, ζ(t), ζ̇(t)) dt, ∀ζ ∈ W 1,2(I; U).

This localization procedure can be also employed when we consider the action
functional A restricted to either W 1,2

q0,q1
(I; M) (for any q0, q1 ∈ M) or W 1,2(T; M).

In fact, in the first case, for each smooth γ : I → M with γ(0) = q0 and γ(1) = q1,
we localize A : W 1,2

q0,q1
(I; M) → R by considering the restriction of A ◦ Πγ to the

open set
W 1,2

0 (I; U) := W 1,2(I; U) ∩ W 1,2
0 (I;Rm).

In the second case, for each smooth γ : I → M with γ(0) = γ(1), we localize
A : W 1,2(T; M) → R by considering the restriction of A ◦ Πγ to the open set

W 1,2
V (I; U) := W 1,2(I; U) ∩ W 1,2

V (I;Rm),

where the vector space V ⊂ Rm × Rm is defined in (3.3). Moreover, if the pull-
back bundle γ∗TM → T is trivial, with a suitable trivialization the vector space
V turns out to be the diagonal in Rm ×Rm, and therefore

W 1,2
V (I; U) = W 1,2(T; U). �

The proof of Proposition 3.4.1 makes use of the following elementary fact
about convergences in metric spaces.

Lemma 3.4.2. In a metric space, a sequence {xj} converges to x as j → ∞ if
and only if every subsequence {xj(k)} has a further subsequence {xj(k(h))} that
converges to x as h → ∞.

Proof. The “only if” part is trivial. For the other implication, assume that {xj}
does not converge to x as j → ∞. This means that there exists ε > 0 such that,
for each k ∈ N, there exists j(k) > k such that dist(xj(k) , x) > ε. Hence the
subsequence {xj(k)} has no subsequence converging to x. �
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Proof of Proposition 3.4.1. Since the statement is of a local nature, by adopting
the localization argument of Remark 3.4.1 we can assume that our Lagrangian
has the form L : I × U × Rm → R, where U is a bounded open subset of Rm,
so that the action functional A is defined on the open subset W 1,2(I; U) of the
Sobolev space W 1,2(I;Rm). On this latter space we can consider either the usual
norm ‖ · ‖W 1,2 or the equivalent norm ||| · |||W1,2 given by

|||ξ|||W1,2 =
(|ξ(0)|2 + ‖ξ̇‖2

L2

)1/2
, ∀ξ ∈ W 1,2(I;Rm).

It will be useful for the reader to keep in mind the following inequalities:

‖ξ‖L1 ≤ ‖ξ‖L2 ≤ ‖ξ‖L∞ ≤ |ξ(0)| + ‖ξ̇‖L1 ≤
√

2
(|ξ(0)|2 + ‖ξ̇‖2

L1

)1/2 ≤
√

2|||ξ|||W 1,2 ,

∀ξ ∈ W 1,2(I;Rm).

Consider ζ ∈ W 1,2(I; U) and ξ ∈ W 1,2(I;Rm). For each ε ∈ R with suffi-
ciently small absolute value we have that ζ + εξ belongs to W 1,2(I; U). Then

A (ζ + εξ) − A (ζ)
ε

=
∫ 1

0

∫ 1

0

[
〈∂qL (t, ζ + sεξ, ζ̇ + sεξ̇), ξ〉 + 〈∂vL (t, ζ + sεξ, ζ̇ + sεξ̇), ξ̇〉

]
dt ds,

where we denoted by ∂qL and ∂vL the gradients of L with respect to the q and v
variables respectively. By (3.7) and (3.8) we can apply the dominated convergence
theorem to assert that, for ε → 0, the above quantity tends to

dA (ζ) ξ := lim
ε→0

A (ζ + εξ) − A (ζ)
ε

=
∫ 1

0

[
〈∂qL (t, ζ, ζ̇), ξ〉 + 〈∂vL (t, ζ, ζ̇), ξ̇〉

]
dt.

The functional dA (ζ) : W 1,2(I;Rm) → R is the Gâteaux-differential of the action
A at ζ, being a bounded linear functional on W 1,2(I;Rm). Now, we want to prove
that the map dA : W 1,2(I; U) → W 1,2(I;Rm)∗ is continuous, namely we want
to prove that, for an arbitrary sequence {ζj} ⊂ W 1,2(I; U) converging to some
ζ ∈ W 1,2(I; U), we have

lim
j→∞

sup
{
dA (ζj) ξ − dA (ζ) ξ

∣∣ |||ξ|||W1,2 = 1
}

= 0.

First of all, for each ζ, λ ∈ W 1,2(I; U) and ξ ∈ W 1,2(I;Rm), we have the estimate

|(dA (ζ) − dA (λ)) ξ| ≤ ‖∂qL (·, ζ, ζ̇) − ∂qL (·, λ, λ̇)‖L1‖ξ‖L∞

+ ‖∂vL (·, ζ, ζ̇) − ∂vL (·, λ, λ̇)‖L2‖ξ̇‖L2

≤ (√
2‖∂qL (·, ζ, ζ̇) − ∂qL (·, λ, λ̇)‖L1

+ ‖∂vL (·, ζ, ζ̇) − ∂vL (·, λ, λ̇)‖L2

)|||ξ|||W1,2 .

(3.11)
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Let us assume that the sequence {ζj} ⊂ W 1,2(I; U) converges to ζ in W 1,2. This
implies that {ζj} converges to ζ uniformly and {ζ̇j} converges to ζ̇ in L2. In partic-
ular there exists a function f ∈ L2(I;R) such that |ζ̇j | < f almost everywhere for
all j. The L2 convergence implies that, for every subsequence {ζ̇j(k)}, there exists
a further subsequence {ζ̇j(k(h))} converging to ζ̇ almost everywhere. Therefore, by
(3.7) and (3.8), we can apply the dominated convergence theorem as before to get

∂qL (·, ζj(k(h)), ζ̇j(k(h))) −→
h→∞

∂qL (·, ζ, ζ̇) in L1(I;Rm),

∂vL (·, ζj(k(h)), ζ̇j(k(h))) −→
h→∞

∂vL (·, ζ, ζ̇) in L2(I;Rm).

These convergences, together with the estimate in (3.11), imply that the subse-
quence {dA (ζj(k(h)))} converges to dA (ζ) in W 1,2(I;Rm)∗ as h → ∞. By Lem-
ma 3.4.2 we conclude that the whole sequence {dA (ζj)} converges to dA (ζ) in
W 1,2(I;Rm)∗ as j → ∞. By the total differential theorem, the functional A is C1

with Fréchet differential dA .
Now, consider ζ ∈ W 1,2(I; U), ξ, σ ∈ W 1,2(I;Rm) and ε ∈ R with sufficiently

small absolute value so that ζ + εσ belongs to W 1,2(I; U). We have

dA (ζ + εσ) ξ − dA (ζ) ξ

ε

=
∫ 1

0

∫ 1

0

[
〈∂2

vvL (t, ζ + sεσ, ζ̇ + sεσ̇)ξ̇, σ̇〉 + 〈∂2
vqL (t, ζ + sεσ, ζ̇ + sεσ̇)ξ, σ̇〉

+ 〈∂2
qvL (t, ζ + sεσ, ζ̇ + sεσ̇)ξ̇, σ〉 + 〈∂2

qqL (t, ζ + sεσ, ζ̇ + sεσ̇)ξ, σ〉
]
dt ds.

By (Q2), we can apply the dominated convergence theorem to assert that the
above quantity converges, as ε → 0, to

HessA (ζ)[σ, ξ] := lim
ε→0

dA (ζ + εσ) ξ − dA (ζ) ξ

ε

=
∫ 1

0

[
〈∂2

vvL (t, ζ, ζ̇)ξ̇, σ̇〉 + 〈∂2
vqL (t, ζ, ζ̇)ξ, σ̇〉

+ 〈∂2
qvL (t, ζ, ζ̇)ξ̇, σ〉 + 〈∂2

qqL (t, ζ, ζ̇)ξ, σ〉
]
dt.

Since HessA (ζ) : W 1,2(I;Rm)×W 1,2(I;Rm) → R is a bounded symmetric bilinear
form on W 1,2(I;Rm), the bounded linear map

d2A (ζ) : W 1,2(I;Rm) → W 1,2(I;Rm)∗

given by

(d2A (ζ)σ)ξ := HessA (ζ)[σ, ξ], ∀ξ, σ ∈ W 1,2(I;Rm),
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is the Gâteaux-differential of dA at ζ. By (Q2), we obtain the estimate

|(d2A (ζ)σ)ξ| ≤ �1‖ξ̇‖L2‖σ̇‖L2 + �1

(‖ξ‖L∞‖σ̇‖L1 + ‖ζ̇‖L2‖ξ‖L∞‖σ̇‖L2

)
+ �1

(‖ξ̇‖L1‖σ‖L∞ + ‖ζ̇‖L2‖ξ̇‖L2‖σ‖L∞
)

+ �1

(‖ξ‖L∞‖σ‖L∞ + ‖ξ‖L∞‖σ‖L∞‖ζ̇‖2
L2

)
≤ �1

(
(2
√

2 + 3) + 4|||ζ|||W 1,2 + 2|||ζ|||2W1,2

)︸ ︷︷ ︸
=:ω(|||ζ|||W1,2 )

|||ξ|||W1,2 |||σ|||W1,2 .

Notice that the function ω : [0,∞) → [0,∞) is continuous and monotone in-
creasing. For each R > 0 and, for each ζ, λ ∈ W 1,2(I; U) with |||ζ|||W 1,2 < R and
|||λ|||W 1,2 < R, we have

|||dA (λ) − dA (ζ)|||(W 1,2)∗ =
∣∣∣∣∣∣∣∣∣∣∣∣∫ 1

0

d
dr

dA ((1 − r)ζ + rλ) dr

∣∣∣∣∣∣∣∣∣∣∣∣
(W 1,2)∗

=
∣∣∣∣∣∣∣∣∣∣∣∣∫ 1

0

d2A ((1 − r)ζ + rλ)(λ − ζ) dr

∣∣∣∣∣∣∣∣∣∣∣∣
(W1,2)∗

≤
∫ 1

0

ω
(|||(1 − r)ζ + rλ|||W1,2

) |||λ − ζ|||W1,2 dr

≤ ω(max{|||ζ|||W1,2 , |||λ|||W1,2}) |||λ − ζ|||W1,2

≤ ω(R) |||λ − ζ|||W1,2 ,

which proves that dA is locally Lipschitz-continuous. �

Proposition 3.4.3. Let L : I×TM → R be a smooth Lagrangian satisfying (Q2).
Then its action functional A : W 1,2(I; M) → R is C2 if and only if, for each
(t, q) ∈ I × M , the function L (t, q, ·) : TqM → R is a polynomial of degree at
most two. Moreover, if A is C2, then it is C∞.

Proof. Adopting the localization argument of Remark 3.4.1, we will assume that
our Lagrangian has the form L : I × U ×Rm → R, where U is a bounded open
subset of Rm. Throughout this proof, on the Sobolev space W 1,2(I;Rm) we will
consider the equivalent norm ||| · |||W1,2 given by

|||ξ|||W1,2 =
(|ξ(0)|2 + ‖ξ̇‖2

L2

)1/2
, ∀ξ ∈ W 1,2(I;Rm).

If L is fiberwise a polynomial of degree at most 2, then after the localization
it has the form

L (t, q, v) = 〈a(t, q)v, v〉 + 〈b(t, q), v〉 − c(t, q), ∀(t, q, v) ∈ I× U ×Rm,

where a : I × U → Rm×m, b : I × U → Rm and c : I × U → R. We denote
by Bil(W 1,2(I;Rm)) the Banach space of bounded bilinear forms on W 1,2(I;Rm).



68 Chapter 3. Functional Setting for the Lagrangian Action

We have already proved in Proposition 3.4.1 that the action functional admits a
second Gâteaux differential d2A . For each ζ ∈ W 1,2(I; U) and ξ, λ ∈ W 1,2(I;Rm)
we have

(d2A (ζ)σ)ξ = P(ζ)[σ, ξ] + Q(ζ)[σ, ξ] + Q(ζ)[ξ, σ] + R(ζ)[σ, ξ],

where P, Q, R : W 1,2(I;Rm) → Bil(W 1,2(I;Rm)) are given by

P(ζ)[σ, ξ] =
∫ 1

0

〈∂2
vvL (t, ζ, ζ̇)ξ̇, σ̇〉dt =

∫ 1

0

〈(a(t, ζ) + a(t, ζ)T )ξ̇, σ̇〉dt,

Q(ζ)[σ, ξ] =
∫ 1

0

〈∂2
vqL (t, ζ, ζ̇)ξ, σ̇〉dt,

R(ζ)[σ, ξ] =
∫ 1

0

〈∂2
qqL (t, ζ, ζ̇)ξ, σ〉dt.

For each ζ, λ ∈ W 1,2(I; U) and ξ, σ ∈ W 1,2(I;Rm), we have the estimates

|(P(ζ) − P(λ))[σ, ξ]| ≤ 2‖a(·, ζ) − a(·, λ)‖L∞‖ξ̇‖L2‖σ̇‖L2

≤ 2‖a(·, ζ) − a(·, λ)‖L∞ |||ξ|||W1,2 |||σ|||W1,2 ,

|(Q(ζ) − Q(λ))[σ, ξ]| ≤ ‖∂2
vqL (·, ζ, ζ̇) − ∂2

vqL (·, λ, λ̇)‖L2‖ξ‖L∞‖σ̇‖L2

≤
√

2‖∂2
vqL (·, ζ, ζ̇) − ∂2

vqL (·, λ, λ̇)‖L2 |||ξ|||W 1,2 |||σ|||W1,2 ,

|(R(ζ) − R(λ))[σ, ξ]| ≤ ‖∂2
qqL (·, ζ, ζ̇) − ∂2

qqL (·, λ, λ̇)‖L1‖ξ‖L∞‖σ‖L∞

≤ 2‖∂2
qqL (·, ζ, ζ̇) − ∂2

qqL (·, λ, λ̇)‖L1 |||ξ|||W1,2 |||σ|||W1,2 .

Now, let us consider an arbitrary sequence {ζj} ⊂ W 1,2(I; U) converging to ζ in
W 1,2. This implies that {ζj} converges to ζ uniformly and {ζ̇j} converges to ζ̇ in
L2. In particular there exists a function f ∈ L2(I;R) such that |ζ̇j | < f almost ev-
erywhere for all j. The L2 convergence implies that, for every subsequence {ζ̇j(k)},
there exists a further subsequence {ζ̇j(k(h))} converging to ζ̇ almost everywhere.
Therefore, by (Q2), we can apply the dominated convergence theorem to get

a(·, ζj(k(h))) −→
h→∞

a(·, ζ) in L∞(I;Rm),

∂2
vqL (·, ζj(k(h)), ζ̇j(k(h))) −→

h→∞
∂2

vqL (·, ζ, ζ̇) in L2(I;Rm),

∂2
qqL (·, ζj(k(h)), ζ̇j(k(h))) −→

h→∞
∂2

qqL (·, ζ, ζ̇) in L1(I;Rm).

These convergences, together with the above estimates on P, Q and R, imply
that {d2A (ζj(k(h)))} converges to d2A (ζ) in Bil(W 1,2(I;Rm)) as h → ∞. By
Lemma 3.4.2 we conclude that the full sequence {d2A (ζj)} converges to d2A (ζ)
in Bil(W 1,2(I;Rm)) as h → ∞. Therefore, by the total differential theorem, the
functional A is C2 with second Fréchet differential d2A . By an inductive argu-
ment, one can easily prove that A is actually C∞. In fact, knowing that A is
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Cp−1 for some integer p > 2, one easily shows that the pth Gâteaux differential of
A , seen as a symmetric bounded multilinear form on W 1,2(I;Rm), is given by

dpA (ζ)[σ1, σ2, . . . , σp] =
2m∑

j1,...,jp=1

∫ 1

0

[∂j1 . . . ∂jpL (t, ζ(t), ζ̇(t))]Σj1
1 (t) . . . Σjp

p (t) dt,

∀ζ ∈ W 1,2(I; U), Σ1, . . . ,Σp ∈ W 1,2(I;Rm),

where, for each j = 1, . . . , p, we have set Σj = (σj , σ̇j) ∈ L2(I;Rm ×Rm) and we
have adopted the shorthand notation

∂j =
{

∂qj , if j ∈ {1, . . . , m} ,
∂vj−m , if j ∈ {m + 1, . . . , 2m} .

Beside the calligraphic complications, with a reasoning analogous to the case p =
2 one can prove that the pth Gâteaux differential dpA is continuous, and then
conclude that A is Cp by the total differential theorem. We leave the details to
the reader.

In order to conclude the proof, it only remains to establish the “only if” part
of the first statement of the proposition. Let us assume that, for some (t∗, q∗) ∈
I×U , the function L (t∗, q∗, ·) : Rm → R is not a polynomial of degree at most 2.
Equivalently, we have that the matrix-valued map ∂2

vvL (t∗, q∗, ·) : Rm → Rm×m

is not constant. By continuity, there exist an open neighborhood J × V ⊆ I × U
of (t∗, q∗), three nonzero vectors v∗, w∗, z∗ ∈ Rm and c∗ > 0 such that

〈[∂2
vvL (t, q∗, 0) − ∂2

vvL (t, q, v∗)
]
w∗, z∗〉 ≥ c∗, ∀(t, q) ∈ J × V.

Let ζ : I → U be the stationary curve ζ ≡ q∗. For each ε > 0 sufficiently small,
there exists a measurable subset Jε ⊆ J having Lebesgue measure μLeb(Jε) = ε,
and we can define a curve ζε ∈ W 1,2(I; V ) by

ζε(t) := q∗ +
(∫ t

0

χJε(s) ds

)
v∗, ∀t ∈ I.

Here χJε is the characteristic functions of set Jε. The sequence {ζε} clearly con-
verges to ζ in W 1,2 as ε → 0. Now, notice that the proof of the continuity of Q
and R given above did not need the assumption that L is a fiberwise polyno-
mial of degree at most 2, but only the (Q1) assumption. Therefore, we have that
{Q(ζε)} and {R(ζε)} converge respectively to Q(ζ) and R(ζ) in Bil(W 1,2(I;Rm))
as ε → 0. If we show that {P(ζε)} does not converge to P(ζ) in Bil(W 1,2(I;Rm))
as ε → 0, we will immediately obtain that d2A is not continuous at ζ. For each
ε > 0 as before, we define the vector fields ξε, σε ∈ W 1,2(I;Rm) by

ξε(t) :=
(

1√
ε |w∗|

∫ t

0

χJε(s) ds

)
w∗, σε(t) :=

(
1√

ε |z∗|
∫ t

0

χJε(s) ds

)
z∗,

∀t ∈ I.
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Notice that |||ξε|||W1,2 = |||σε|||W1,2 = 1. Therefore, we conclude

|||P(ζ) − P(ζε)|||Bil(W1,2)

= max
{|(P(ζ) − P(ζε))[ξ, σ]| ∣∣ |||ξ|||W1,2 = |||σ|||W1,2 = 1

}
≥ |(P(ζ) − P(ζε))[ξε, σε]|

=
∣∣∣∣∫ 1

0

〈[∂2
vvL (t, ζ, ζ̇) − ∂2

vvL (t, ζε, ζ̇ε)
]
ξ̇ε(t), σ̇ε(t)〉dt

∣∣∣∣
=
∣∣∣∣ 1
ε |w∗| |z∗|

∫
Jε

〈[∂2
vvL (t, q∗, 0) − ∂2

vvL (t, ζε, v∗)
]
w∗, z∗〉︸ ︷︷ ︸

≥c∗

dt

∣∣∣∣
≥ c∗

|w∗| |z∗| . �

Remark 3.4.2. In [AS09, Proposition 2.3], Abbondandolo and Schwarz actually
proved a stronger version of Proposition 3.4.3. Under the same assumptions, they
proved that A is twice Fréchet-differentiable if and only if, for each (t, q) ∈ I×M ,
the function L (t, q, ·) : TqM → R is a polynomial of degree at most 2, and in this
case A is even C∞. �

Let V ⊂ M × M be either a 0-dimensional manifold {(q0, q1)} or the diag-
onal {(q, q) | q ∈ M}. With the notation of Section 3.1 we consider the Hilbert
submanifold W 1,2

V (I; M) ⊂ W 1,2(I; M), i.e.,

W 1,2
V (I; M) =

⎧⎨⎩W 1,2
q0,q1

(I; M) if V = {(q0, q1)} ,

W 1,2(T; M) if V = {(q, q) | q ∈ M} .

If the action functional A : W 1,2(I; M) → R is Cp, for some positive integer p,
then its restriction to W 1,2

V (I; M) must be Cp as well. Furthermore, it is easy to
check that, after minor modifications, the proof of Theorem 3.4.3 goes through
even for the restricted action functional, and therefore we have the following.

Proposition 3.4.4. Let L : I×TM → R be a smooth Lagrangian satisfying (Q2),
and V ⊂ M×M be either {(q0, q1)} or {(q, q) | q ∈ M}. Then the associated action
functional A : W 1,2

V (I; M) → R is C2 if and only if, for each (t, q) ∈ I × M , the
function L (t, q, ·) : TqM → R is a polynomial of degree at most 2. �

3.5 Critical points of the action functional

Let L : I×TM → R be a convex quadratic-growth Lagrangian, and V a smooth
submanifold of M × M . We consider the Euler-Lagrange system of L , which in
local coordinates can be written as

d
dt

∂L

∂vj
(t, ζ, ζ̇) − ∂L

∂qj
(t, ζ, ζ̇) = 0, ∀j = 1, . . . , m, (3.12)
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together with the nonlocal boundary conditions

(ζ(0), ζ(1)) ∈V, (3.13)

∂vL (0, ζ(0), ζ̇(0)) v0 = ∂vL (1, ζ(1), ζ̇(1)) v1, ∀(v0, v1) ∈ T(ζ(0),ζ(1))V, (3.14)

where ∂vL denotes the fiberwise derivative of L (see Section 1.1).

Remark 3.5.1. If V is the 0-dimensional manifold {(q0, q1)}, then the boundary
condition (3.14) is always satisfied, while the boundary condition (3.13) becomes

ζ(0) = q0, ζ(1) = q1.

If V is the diagonal {(q, q) | q ∈ M} and the Lagrangian L is 1-periodic in time
(i.e., if it has the form L : T × TM → R), then the boundary conditions (3.13)
and (3.14) can be rewritten as

(ζ(0), ζ̇(0)) = (ζ(1), ζ̇(1)).

Namely, in this case, the solutions of the Euler-Lagrange system subject to the
imposed boundary conditions are precisely the 1-periodic orbits. �

Proposition 3.5.1. Let L : I×TM → R be a convex quadratic-growth Lagrangian,
and V ⊂ M ×M be either {(q0, q1)} or {(q, q) | q ∈ M}. Then the critical points of
the associated action functional A : W 1,2

V (I; M) → R are precisely the (smooth)
solutions ζ : I → M of the Euler-Lagrange system (3.12) subject to the boundary
conditions (3.13) and (3.14).

Proof. Since the statement is of a local nature, we can adopt the localization
argument of Remark 3.4.1. More precisely, with the notation employed there, fix
a smooth curve γ : I → M such that (γ(0), γ(1)) ∈ V and consider the associated
maps

πγ : I× U ×Rm ↪→ I× TM,

Πγ = Φ−1
γ : W 1,2

V (I; U) → Uγ ∩ W 1,2
V (I; M).

Here, V is the trivial vector space {0} if V = {(q0, q1)}, and is defined by (3.3)
if V = {(q, q) | q ∈ M}. Note that a curve ζ ∈ Uγ is a (smooth) solution of the
Euler-Lagrange system of L subject to the boundary conditions (3.13) and (3.14)
if and only if the curve ζγ := Φγ(ζ) is a smooth solution of the Euler-Lagrange
system of Lγ := L ◦ πγ subject to the boundary conditions

(ζγ(0), ζγ(1)) ∈V, (3.15)

〈∂vLγ(0, ζγ(0), ζ̇γ(0)), v0〉 = 〈∂vLγ(1, ζγ(1), ζ̇γ(1)), v1〉, ∀(v0, v1) ∈ V. (3.16)

From now on, we will simply write L and A for Lγ and A ◦ Πγ respectively.
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Let ζ ∈ W 1,2
V (I; U) be a critical point of A , which means that, for each

ξ ∈ W 1,2
V (I;Rm), we have

dA (ζ) ξ =
∫ 1

0

[
〈∂qL (t, ζ, ζ̇), ξ〉 + 〈∂vL (t, ζ, ζ̇), ξ̇〉

]
dt = 0. (3.17)

If we take any smooth ξ such that ξ(0) = ξ(1) = 0, integrating the above equation
by parts we obtain∫ 1

0

〈
−
∫ t

0

∂qL (s, ζ(s), ζ̇(s)) ds + ∂vL (t, ζ(t), ζ̇(t)), ξ̇(t)
〉

dt = 0.

By the Du Bois-Reymond lemma, there exists a vector wζ ∈ Rm such that, for
almost every t ∈ I, we have

−
∫ t

0

∂qL (s, ζ(s), ζ̇(s)) ds + ∂vL (t, ζ(t), ζ̇(t)) = wζ . (3.18)

Now, consider the Hamiltonian1 H : I×U ×Rm → R which is Legendre-dual to
L . Notice that L is a Tonelli Lagrangian, since it satisfies (Q1), and therefore
H is a Tonelli Hamiltonian. By Proposition 1.2.2(ii), we have

∂pH (t, q, ·) = ∂vL (t, q, ·)−1 : Rm 
−→Rm, ∀(t, q) ∈ I× U,

which, together with (3.18), implies

ζ̇(t) = ∂pH

(
t, ζ(t), wζ +

∫ t

0

∂qL (s, ζ(s), ζ̇(s)) ds

)
(3.19)

for almost every t ∈ I. We can conclude that ζ is smooth by means of a standard
boot-strap argument: we know that ζ is continuous, since it is in W 1,2

V (I; U); if
we assume that it is Cp, for some integer p ≥ 0, then the right-hand side of
equation (3.19) is Cp in the variable t, which forces ζ̇ to be Cp and therefore ζ
to be Cp+1. Now, by applying a different integration by parts in (3.17), we obtain
that

0 =
∫ 1

0

〈
∂qL (t, ζ, ζ̇) − d

dt
∂vL (t, ζ, ζ̇), ξ

〉
dt

+ 〈∂vL (0, ζ(0), ζ̇(0)), ξ(0)〉 − 〈∂vL (1, ζ(1), ζ̇(1)), ξ(1)〉
(3.20)

for each ξ ∈ W 1,2
V (I;Rm). Since this equality holds in particular for all the smooth

ξ such that ξ(0) = ξ(1) = 0, the fundamental lemma of the calculus of variations

1In order to simplify the notation, we are making the identification Rm ≡ (Rm)∗ via the Eu-
clidean inner product.
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implies that the curve ζ satisfies the Euler-Lagrange system of L . Therefore,
equation (3.20) reduces to

〈∂vL (0, ζ(0), ζ̇(0)), ξ(0)〉 − 〈∂vL (1, ζ(1), ζ̇(1)), ξ(1)〉 = 0, ∀ξ ∈ W 1,2
V (I;Rm),

which is equivalent to the boundary condition (3.16).
Conversely, let ζ : I → U be a solution of the Euler-Lagrange system of L

subject to the boundary conditions (3.15) and (3.16). Since, by condition (Q1),
the Lagrangian L is non-degenerate (see Section 1.1), the orbit ζ must be smooth.
Therefore, an integration by parts as in equation (3.20) shows that dA (ζ) vanishes.

�

In order to study the critical points of the Lagrangian action functional by
means of critical point theory, we have to make sure that its sublevels satisfy some
sort of compactness. A sufficient requirement, as discussed in the Appendix, is
given by the Palais-Smale condition. In [Ben86], Benci proved that this condition
holds provided the involved Lagrangian is convex quadratic-growth. Here, we give
a proof of this statement following [AF07].

Proposition 3.5.2. Let L : I×TM → R be a convex quadratic-growth Lagrangian,
and V ⊂ M×M be either {(q0, q1)} or {(q, q) | q ∈ M}. Then the associated action
functional A : W 1,2

V (I; M) → R satisfies the Palais-Smale condition.

Proof. Consider an arbitrary sequence {ζj | j ∈ N} ⊂ W 1,2
V (I; M) such that

c := sup{A (ζj) | j ∈ N} < +∞, (3.21)
lim

j→∞
‖dA (ζj)‖ζj = 0, (3.22)

where

‖dA (ζj)‖ζj = sup
{
|dA (ζj)ξ|

∣∣ ξ ∈ Tζj W
1,2
V (I; M), ‖ξ‖ζj

= 1
}

.

In order to conclude we have to prove that there exists a subsequence that con-
verges to some ζ ∈ W 1,2

V (I; M) in the W 1,2 topology.
First of all, without loss of generality, we can assume that the Lagrangian L

satisfies (3.10). The sequence of nonnegative real numbers{∫ 1

0

|ζ̇j(t)|2ζj(t)dt

∣∣∣∣ j ∈ N

}
is bounded, for∫ 1

0

|ζ̇j(t)|2ζj(t)dt ≤ �−1

∫ 1

0

L (t, ζj(t), ζ̇j(t)) dt = �−1A (ζj) ≤ �−1c.
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For every t0, t1 ∈ I with t0 ≤ t1, we have

dist(ζj(t0), ζj(t1)) ≤
∫ t1

t0

|ζ̇j(t)|ζj(t)dt

≤ |t1 − t0|1/2

(∫ 1

0

|ζ̇j(t)|2ζj(t)
dt

)1/2

≤ |t1 − t0|1/2(�−1c)1/2.

This proves that the sequence {ζj | j ∈ N} is equi-1/2-Hölder continuous. By the
Arzelà-Ascoli theorem, up to passing to a subsequence, {ζj | j ∈ N} converges uni-
formly to some continuous curve ζ : I → M with (ζ(0), ζ(1)) ∈ V . Up to further
ignoring a finite number of entries of the sequence, we can assume that {ζj | j ∈ N}
and ζ are contained in some coordinate open set Uγ ⊆ W 1,2

V (I; M) (see Section 3.1
for the notation), where γ : I → M is a smooth curve which is arbitrarily C0-close
to ζ. Adopting the localization argument of Remark 3.4.1, we consider the maps

πγ : I× U ×Rm ↪→ I× TM,

Πγ = Φ−1
γ : W 1,2

V (I; U) → Uγ ∩ W 1,2
V (I; M),

where V is the trivial vector space {0} if V = {(q0, q1)} and is defined by (3.3) if
V = {(q, q) | q ∈ M}. From now on, we can consider L to be a Lagrangian of the
form L : I×U ×Rm → R, so that {ζj | j ∈ N} and ζ are contained in W 1,2

V (I; U).
Therefore, equation (3.22) can be written as

lim
j→∞

‖dA (ζj)‖(W1,2
V

)∗ = 0. (3.23)

In order to conclude, we must show that {ζj | j ∈ N} admits a subsequence that
converges to ζ in the Hilbert space W 1,2

V (I;Rm).
The sequence {ζj | j ∈ N} is bounded in W 1,2

V (I;Rm). Thus, up to a choice
of a subsequence, we can assume that it converges to some ζ∗ in the weak W 1,2

topology and uniformly. This forces ζ∗ = ζ ∈ W 1,2
V (I; U). Now, it only remains to

establish the convergence in the (strong) W 1,2 topology. By (3.23), we have

0 = lim
j→∞

dA (ζj)(ζj − ζ)

=
∫ 1

0

〈∂qL (t, ζj , ζ̇j), ζj − ζ〉dt︸ ︷︷ ︸
=:Ij

+
∫ 1

0

〈∂vL (t, ζj , ζ̇j), ζ̇j − ζ̇〉dt︸ ︷︷ ︸
=:IIj

.

By (3.8), the sequence {∂qL (·, ζj , ζ̇j) | j ∈ N} is bounded in L1(I;Rm) and, since
the sequence {ζj − ζ |j ∈ N} converges to zero uniformly, we obtain that

lim
j→∞

Ij = 0,
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which also implies

lim
j→∞

IIj = 0. (3.24)

Now, condition (Q1) implies that, for almost every t ∈ I,

〈∂vL (t, ζj , ζ̇j), ζ̇j − ζ̇〉 − 〈∂vL (t, ζj , ζ̇), ζ̇j − ζ̇〉

=
∫ 1

0

〈∂vvL (t, ζj , ζ̇ + s(ζ̇j − ζ̇)) (ζ̇j − ζ̇), ζ̇j − ζ̇〉ds

≥ �0|ζ̇j(t) − ζ̇(t)|2.

Integrating this inequality, we get

�0

∫ 1

0

|ζ̇j − ζ̇|2 dt ≤
∫ 1

0

〈∂vL (t, ζj , ζ̇j), ζ̇j − ζ̇〉dt︸ ︷︷ ︸
=IIj

−
∫ 1

0

〈∂vL (t, ζj , ζ̇), ζ̇j − ζ̇〉dt︸ ︷︷ ︸
=:IIIj

.

By (3.7), we have that

∂vL (·, ζj , ζ̇) −→
j→∞

∂vL (·, ζ, ζ̇) in L2(I;Rm),

and since the sequence {ζ̇j | j ∈ N} converges to ζ̇ weakly in the L2 topology, we
conclude that

lim
j→∞

IIIj = 0. (3.25)

Equations (3.24) and (3.25) imply

lim
j→∞

∫ 1

0

|ζ̇j − ζ̇|2 dt ≤ lim
j→∞

1
�0

(IIj − IIIj) = 0,

and therefore that {ζj | j ∈ N} converges to ζ in the (strong) W 1,2 topology. �

A first easy consequence of the Palais-Smale condition is the existence of
minima for the action functional.

Proposition 3.5.3. Let L : I×TM → R be a convex quadratic-growth Lagrangian,
V ⊂ M × M be either {(q0, q1)} or {(q, q) | q ∈ M}, A : W 1,2

V (I; M) → R be the

action functional associated to L , and C be either W 1,2
V (I; M) or a connected

component of it. Then A |C admits a global minimum which is a (smooth) solution
of the Euler-Lagrange system of L subject to the boundary conditions (3.13)
and (3.14).
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Proof. The action functional A is bounded from below by the infimum of L ,
which is a real number since L satisfies (Q1). We set U := {{ζ} | ζ ∈ C }. By
applying the Minimax theorem as in Remark A.6.1, we obtain that

inf
ζ∈C

{A (ζ)} = minimax
U

A

is a critical value of A . Therefore, there exists a critical point ζC of A such that

A (ζC ) = inf
ζ∈C

{A (ζ)}.

By Proposition 3.5.1, ζC is a (smooth) solution of the Euler-Lagrange system of
L subject to the boundary conditions (3.13) and (3.14). �

As a particular case of the above proposition, we reobtain the Tonelli the-
orem (cf. Theorem 1.3.1) for convex quadratic-growth Lagrangians. Notice that,
in this case, the regularity of the action minimizer (cf. Theorem 1.3.7) is always
guaranteed.

Theorem 3.5.4 (Tonelli theorem for convex quadratic-growth Lagrangians). Let
L : I × TM → R be a convex quadratic-growth Lagrangian. For each interval
[t0, t1] ⊆ I and for all q0, q1 ∈ M there exists an action minimizer2 (with respect
to L ) γ with γ(t0) = q0 and γ(t1) = q1. Furthermore, γ is a smooth solution of
the Euler-Lagrange system of L .

Proof. We denote by A t0,t1 the action functional of L defined on the space
W 1,2

q0,q1
([t0, t1]; M), i.e.,

A t0,t1(ζ) =
∫ t1

t0

L (t, ζ(t), ζ̇(t)) dt, ∀ζ ∈ W 1,2([t0, t1]; M).

Notice that, for what concerns the functional properties of the action, dealing
with the interval [t0, t1] is equivalent to dealing with the interval I. By Proposi-
tion 3.5.3, A t0,t1 admits a global minimum ζ, which is a smooth solution of the
Euler-Lagrange system of L . Now, let us assume without loss of generality that
the Lagrangian L satisfies (3.10). For each absolutely continuous curve λ : I → R,
the quantity ∫ t1

t0

L (t, λ(t), λ̇(t)) dt

is finite if and only λ ∈ W 1,2([t0, t1]; M), for

�

∫ t1

t0

|λ̇(t)|2λ(t) dt ≤
∫ t1

t0

L (t, λ(t), λ̇(t)) dt ≤ �

(
(t1 − t0) +

∫ t1

t0

|λ̇(t)|2λ(t) dt

)
.

This shows that the minima of A t0,t1 are also action minimizers in the sense of
Section 1.3. �
2Here we mean action minimizer in the sense of Section 1.3.
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In the time-periodic case, Proposition 3.5.3 implies the following elementary
multiplicity result for periodic orbits.

Theorem 3.5.5. Let L : T × TM → R be a 1-periodic convex quadratic-growth
Lagrangian. For each conjugacy class C of π1(M), the Euler-Lagrange system
of L admits a 1-periodic orbit γ that is homotopic to some (and therefore all)
ζ : T → M representing C. Moreover, γ minimizes the action among all the
absolutely continuous 1-periodic curves that are homotopic to ζ.

Proof. Consider an arbitrary ζ that represents C. By Proposition 3.2.2, the space
of those W 1,2 loops that are homotopic to ζ is a connected component C of
W 1,2(T; M). Let A : W 1,2(T; M) → R be the action functional associated to
L . By Proposition 3.5.3, A |C admits a global minimum γ, which is a (smooth)
1-periodic solution of the Euler-Lagrange system of L . Now, as we showed in
the proof of Theorem 3.5.4, for each absolutely continuous curve λ : T → M the
quantity ∫ 1

0

L (t, λ(t), λ̇(t)) dt

is finite if and only if λ ∈ W 1,2(T; M). Therefore, γ minimizes the action among
all the absolutely continuous 1-periodic curves that are homotopic to ζ. �

3.6 The mean action functional in higher periods

Let L : T × TM → R be a 1-periodic convex quadratic-growth Lagrangian. For
each period n ∈ N, consider the nth iteration map

ψ[n] : W 1,2(T; M) ↪→ W 1,2(T[n]; M)

introduced in section 3.1. By this map we interpret W 1,2(T; M) as a Hilbert sub-
manifold of W 1,2(T[n]; M). A natural extension of the action functional A to
W 1,2(T[n]; M) is given by the mean action functional A [n] : W 1,2(T[n]; M) → R,
defined as in section 2.2 by

A [n](ζ) =
1
n

∫ n

0

L (t, ζ(t), ζ̇(t)) dt, ∀ζ ∈ W 1,2(T[n]; M).

Notice that A [n] ◦ ψ[n] = A . Of course, A [n] has the same functional properties
of A . In particular, it is C1,1 and its critical points are the n-periodic solutions of
the Euler-Lagrange system of L .





Chapter 4

Discretizations

The W 1,2 functional setting for the action functional A , introduced in Chap-
ter 3, presents several drawbacks. First of all, the regularity that we can expect
for A is only C1,1, at least if we work with a general convex quadratic-growth
Lagrangian. This prevents the applicability of all those abstract results that re-
quire more smoothness, for instance the Morse lemma from critical point theory.
Moreover, the W 1,2 topology is sometimes uncomfortable to work with. In fact,
on several occasions it is useful to deal with a topology that is as strong as the C1

topology, or at least the W 1,∞ topology. This would guarantee that the restriction
of the action functional A to a small neighborhood of a loop γ only depends on
the values that the Lagrangian assumes on a small neighborhood of the support of
the lifted loop (γ, γ̇) in the tangent bundle of the configuration space. In order to
overcome these difficulties, in this chapter we develop a discretization technique
that provides a suitable finite-dimensional setting for the Lagrangian action func-
tional. This approach was pioneered by Morse (see [Mil63, Section 16] or [Kli78,
Section A.1]) with his broken geodesics approximation of the path space, and then
further investigated in the Finsler case by Rademacher [Rad92] and by Bangert
and Long [BL10]. In the Hamiltonian formulation, an analogous approach based
on generating functions was followed by Chaperon [Cha84] and later by Lauden-
bach and Sikorav [LS85] and by Robbin and Salamon [RS93b], see also the book
of McDuff and Salamon [MS98, Section 9.2] and the bibliography therein.

In Section 4.1 we prove a stronger version of the Weierstrass theorem (Theo-
rem 1.3.4) asserting the uniqueness of action minimizing curves joining two suffi-
ciently close given points. This result, as well as the forthcoming arguments in the
chapter, are valid for the class of convex quadratic-growth Lagrangian functions
defined in Chapter 3. In Section 4.2 we introduce the discretization technique, that
basically consists in reducing our analysis to the spaces Λk (for each integer k suffi-

     OI 10.1007/978-3-0348-0163-8_4, © Springer Basel AG 2012
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ciently large) of continuous loops that are k-broken solutions of the Euler-Lagrange
system. These loop spaces are finite-dimensional submanifolds of W 1,2(T; M), and
in particular all the reasonable topologies coincide on them. In Section 4.3 we study
the discrete action functional, that is, the restriction of the action functional to
the broken Euler-Lagrange loop spaces. We prove that it is smooth and it has
compact sublevels, and hence that it is suitable for a Morse-theoretic analysis. In
Section 4.4 we study its critical points, proving that they correspond to critical
points of the full action functional. Moreover, we prove that the Morse index and
nullity of corresponding critical points of the action and of the discrete action
functionals are the same. In Section 4.5 we show that the discretization technique
can be used to build finite-dimensional homotopic approximations of the action
sublevels and, more importantly, that the action and the discrete action func-
tionals have the same local homology groups. In Section 4.6, we apply minimax
techniques (see Section A.6) to the discrete action functional in order to prove an
important multiplicity result for its critical points, originally due to Benci [Ben86].
This result implies that the Euler-Lagrange system of a convex quadratic-growth
Lagrangian has infinitely many 1-periodic solutions, provided the configuration
space has finite or abelian fundamental group. Finally, in Section 4.7, we intro-
duce the notation concerning discretizations in an arbitrary period, and we define
the iteration map in the discrete setting of broken Euler-Lagrange loops.

4.1 Uniqueness of the action minimizers

Throughout this chapter, M will be a smooth closed manifold of dimension m ≥ 1,
equipped with a Riemannian metric 〈·, ·〉· that turns it into a complete metric
space with respect to the induced Riemannian distance dist : M × M → [0,∞).
Let L : T × TM → R be a 1-periodic convex quadratic-growth Lagrangian. As
we have already shown in Section 3.3, without loss of generality we can assume
that there exist two positive constants � ≤ � such that

� |v|2q ≤ L (t, q, v) ≤ �(|v|2q + 1), ∀(t, q, v) ∈ T× TM. (4.1)

For every compact interval [t0, t1] ⊂ R and for every absolutely continuous curve
ζ : [t0, t1] → M , we denote by A t0,t1(ζ) the usual Lagrangian action of the curve,
i.e.,

A t0,t1(ζ) =
∫ t1

t0

L (t, ζ(t), ζ̇(t)) dt ∈ R ∪ {+∞} .

Notice that, by (4.1), A t0,t1(ζ) is finite if and only if the derivative of ζ is an L2

curve. In other words, A t0,t1 is a well-defined functional of the form

A t0,t1 : W 1,2([t0, t1]; M) → R,

and we know, by Proposition 3.4.1, that it is C1,1 and twice Gâteaux-differentiable.
The Weierstrass theorem (Theorem 1.3.4) asserts that, for each C0 > 0, the re-



4.1. Uniqueness of the action minimizers 81

striction of the action functional A t0,t1 to the space

W 1,2
q0,q1

([t0, t1]; M) = {ζ ∈ W 1,2([t0, t1]; M) | ζ(t0) = q0, ζ(t1) = q1}

admits a unique global minimum provided that t1 − t0 is small enough and
dist(q0, q1) ≤ C0(t1 − t0). For our purposes, we will need the following stronger
version of this result, that requires the convex quadratic-growth assumptions on
the involved Lagrangian. Under slightly stronger assumptions this result can be
found in Mañé [Mn91, page 53], while the current version is taken from [Maz11].

Theorem 4.1.1 (Uniqueness of the action minimizers). Let L : T×TM → R be a
1-periodic convex quadratic-growth Lagrangian. Then there exist ε0 = ε0(L ) > 0
and ρ0 = ρ0(L ) > 0 such that, for each interval [t0, t1] ⊂ R with 0 < t1 − t0 ≤ ε0

and for all q0, q1 ∈ M with dist(q0, q1) < ρ0, there is a unique action minimizer
(with respect to L ) γq0,q1 : [t0, t1] → M with γq0,q1(t0) = q0 and γq0,q1(t1) = q1.
Moreover, γq0,q1 is a smooth solution of the Euler-Lagrange system of L .

Proof. Let us consider two arbitrary points q0, q1 ∈ M and two arbitrary real
numbers t0 < t1. We set

ρ := dist(q0, q1), ε := t1 − t0.

In order to prove the statement, we have to show that, for ρ and ε sufficiently small,
the functional A t0,t1 : W 1,2

q0,q1
([t0, t1]; M) → R admits a unique global minimum.

Let us fix a real constant μ > 1. By compactness, the manifold M admits a finite
atlas U = {(Uα, φα) |α = 1, . . . , u} such that for all α ∈ {1, . . . , u}, q, q′ ∈ Uα and
v ∈ TqM we have

μ−1 |φα(q) − φα(q′)| ≤ dist(q, q′) ≤ μ |φα(q) − φα(q′)| , (4.2)

μ−1 |dφα(q)v| ≤ |v|q ≤ μ |dφα(q)v| . (4.3)

Here we have denoted by |·| the Euclidean norm in Rm and by |·|q the Riemannian
norm in TqM as usual. Without loss of generality, we can further assume that
the image φα(Uα) of every chart is a convex ball of Rm. Let Leb(U) denote the
Lebesgue number of the atlas U and consider the two points q0, q1 ∈ M chosen
at the beginning with dist(q0, q1) = ρ. By definition of the Lebesgue number, the
Riemannian closed ball

B(q0, Leb(U)/2) = {q ∈ M | dist(q, q0) ≤ Leb(U)/2}

is contained in a coordinate open set Uα for some α ∈ {1, . . . , u}. Therefore if we
require that ρ ≤ Leb(U)/2 the points q0 and q1 lie in the same open set Uα.

Let r : [t0, t1] → Uα be the segment from q0 to q1 given by

r(t) = φ−1
α

(
t1 − t

ε
φα(q0) +

t − t0
ε

φα(q1)
)

, ∀t ∈ [t0, t1].
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Assuming without loss of generality that L satisfies (4.1), by (4.2) and (4.3) we
obtain

A t0,t1(r) ≤ �

(∫ t1

t0

|ṙ(t)|2r(t)dt + ε

)
≤ �

(
ε max

t∈[t0,t1]

{
|ṙ(t)|2r(t)

}
+ ε

)
≤ �

(
μ2 |φα(q1) − φα(q0)|2

ε
+ ε

)
≤ �

(
μ4 dist(q0, q1)2

ε
+ ε

)
≤ �μ4

(
ρ2

ε
+ ε

)
= C

(
ρ2

ε
+ ε

)
.

Notice that the positive constant C := �μ4 does not depend on q0, q1 and [t0, t1].
This estimate, in turn, furnishes an upper bound for the action of the minima, i.e.,

min
{
A t0,t1(ζ)

∣∣ ζ ∈ W 1,2
q0,q1

([t0, t1]; M)
} ≤ C

(
ρ2

ε
+ ε

)
.

In particular, the action sublevel

U t0,t1
q0,q1

(ρ, ε) =
{

ζ ∈ W 1,2
q0,q1

([t0, t1]; M)
∣∣∣A t0,t1(ζ) ≤ C

(
ρ2

ε
+ ε

)}
(4.4)

is not empty. By Theorem 3.5.4, this action sublevel must contain a global mini-
mum γq0,q1 of A t0,t1 , which is also a smooth solution of the Euler-Lagrange system
of L . All we have to do in order to conclude is to show that, for ρ and ε sufficiently
small, the sublevel U t0,t1

q0,q1
= U t0,t1

q0,q1
(ρ, ε) cannot contain other minima of the action.

By the first inequality in (4.1) we have∫ t1

t0

|ζ̇(t)|2ζ(t)dt ≤ �−1A t0,t1(ζ), ∀ζ ∈ W 1,2
q0,q1

([t0, t1]; M),

and this, in turn, gives the following bound for all ζ ∈ U t0,t1
q0,q1

:

max
t∈[t0,t1]

dist(ζ(t0), ζ(t))2 ≤
(∫ t1

t0

|ζ̇(t)|ζ(t)dt

)2

≤ ε

∫ t1

t0

|ζ̇(t)|2ζ(t)dt

≤ ε�−1A t0,t1(ζ) ≤ C�−1(ρ2 + ε2).

Therefore, all the curves ζ ∈ U t0,t1
q0,q1

(ρ, ε) have image inside the coordinate open
set Uα ⊆ M provided ρ and ε satisfy

ρ2 + ε2 ≤ �

4C
Leb(U)2. (4.5)

This allows us to restrict our attention to the open set Uα. From now on we will
identify Uα with φα(Uα) ⊆ Rm, so that

q0 ≡ φα(q0) ∈ Rm, q1 ≡ φα(q1) ∈ Rm.
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Without loss of generality we can also assume that q0 ≡ φα(q0) = 0 ∈ Rm. We
will also consider L to be a convex quadratic-growth Lagrangian of the form

L : T× φα(Uα) ×Rm → R

by means of the identification

L (t, q, v) ≡ L (t, φ−1
α (q), dφ−1

α (φα(q))v).

Now, consider the following closed convex subset of W 1,2([t0, t1];Rm):

C t0,t1
q0,q1

= C t0,t1
q0,q1

(ρ, ε) =
{

ζ ∈ W 1,2([t0, t1];Rm)
∣∣∣∣ ,

ζ(t0) = q0 = 0, ζ(t1) = q1, ‖ζ̇‖2
L2 ≤ μC�−1

(
ρ2

ε
+ ε

)}
. (4.6)

Since ‖ζ‖2
L∞ ≤ ε‖ζ̇‖2

L2 , for ρ and ε sufficiently small all the curves ζ ∈ C t0,t1
q0,q1

have
support inside the open set Uα. Moreover, by (4.1), (4.3) and (4.4) we have

‖ζ̇‖2
L2 ≤ μ

∫ t1

t0

|ζ̇(t)|2ζ(t)dt ≤ μ�−1A t0,t1(ζ) ≤ μC�−1

(
ρ2

ε
+ ε

)
, ∀ζ ∈ U t0,t1

q0,q1
,

which implies
U t0,t1

q0,q1
⊆ C t0,t1

q0,q1
.

Now, since all the minima of A t0,t1 lie in the closed convex set C t0,t1
q0,q1

, in order to
conclude that γq0,q1 is the unique minimum we only need to show that the Hessian
of the action is positive-definite on C t0,t1

q0,q1
provided ρ and ε are sufficiently small.

Namely, we need to show that there exist ρ0 > 0 and ε0 > 0 such that, for all
ρ ∈ (0, ρ0) and ε ∈ (0, ε0], we have

HessA t0,t1(ζ)[σ, σ] > 0, ∀ζ ∈ C t0,t1
q0,q1

(ρ, ε), σ ∈ W 1,2
0 ([t0, t1];Rm). (4.7)

As usual, we have denoted by W 1,2
0 ([t0, t1];Rm) the tangent space to C t0,t1

q0,q1
at ζ,

i.e.,
W 1,2

0 ([t0, t1];Rm) =
{
σ ∈ W 1,2([t0, t1];Rm) |σ(t0) = σ(t1) = 0

}
.

For every ζ ∈ C t0,t1
q0,q1

and σ ∈ W 1,2
0 ([t0, t1];Rm), we have

HessA t0,t1(ζ)[σ, σ]

=
∫ t1

t0

(
〈∂2

vvL (t, ζ, ζ̇)σ̇, σ̇〉 + 2〈∂2
vqL (t, ζ, ζ̇)σ, σ̇〉 + 〈∂2

qqL (t, ζ, ζ̇)σ, σ〉
)

dt

≥
∫ t1

t0

�0 |σ̇|2 dt −
∫ t1

t0

2�1(1 + μ|ζ̇|) |σ| |σ̇| dt︸ ︷︷ ︸
=: I1

−
∫ t1

t0

�1(1 + μ2|ζ̇|2) |σ|2 dt︸ ︷︷ ︸
=: I2

,
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where �0 and �1 are the positive constants that appear in (Q1) and (Q2) with
respect to the atlas U. Now, the quantities I1 and I2 can be estimated from above
as follows:

I1 ≤ 2�1μ‖σ‖L∞
(
‖σ̇‖L1 +

∥∥∥|ζ̇| · |σ̇|∥∥∥
L1

)
≤ 2�1μ

√
ε‖σ̇‖L2

(√
ε‖σ̇‖L2 + ‖ζ̇‖L2‖σ̇‖L2

)
= 2�1μ‖σ̇‖2

L2

(
ε +

√
ε‖ζ̇‖L2

)
,

I2 ≤ �1μ
2
(
‖σ‖2

L2 + ‖σ‖2
L∞‖ζ̇‖2

L2

)
≤ �1μ

2‖σ̇‖2
L2

(
ε2 + ε‖ζ̇‖2

L2

)
,

and since by (4.6) we have

‖ζ̇‖2
L2 ≤ μC�−1

(
ρ2

ε
+ ε

)
,

we conclude that

HessA t0,t1(ζ)[σ, σ]

≥ �0‖σ̇‖2
L2 − I1 − I2

≥ ‖σ̇‖2
L2

(
�0 − 2�1μ

(√
μC�−1 + 1

)
(ρ + ε) − �1μ

2
(
μC�−1 + 1

)
(ρ2 + ε2)

)
︸ ︷︷ ︸

=: F (ρ, ε)

.

Notice that the quantity F (ρ, ε) is independent of the specific choice of the points
q0, q1 and of the interval [t0, t1], but depends only on ρ = dist(q0, q1) and ε = t1−t0.
Moreover, there exist ρ0 > 0 and ε0 > 0 small enough so that for all ρ ∈ (0, ρ0)
and ε ∈ (0, ε0] the quantity F (ρ, ε) is positive. This proves (4.7). �

Now, we wish to prove that the unique action minimizers γq0,q1 , whose ex-
istence is asserted by the previous theorem, depend smoothly on their endpoints
q0 and q1. If ρ0 is the constant given by Theorem 4.1.1, we denote by Δ(ρ0) the
open neighborhood of the diagonal submanifold of M × M given by

Δ(ρ0) = {(q0, q1) ∈ M × M | dist(q0, q1) < ρ0} .

Theorem 4.1.2 (Smooth dependence on endpoints). With the notation of Theo-
rem 4.1.1, for each real interval [t0, t1] ⊂ R with 0 < t1 − t0 ≤ ε0 the assignment

(q0, q1) �→ γq0,q1 : [t0, t1] → M (4.8)

defines a smooth map Δ(ρ0) → C∞([t0, t1]; M).

Proof. By Theorem 4.1.1, the map given by (4.8) is well defined and has the form
Δ(ρ0) → C∞([t0, t1]; M). Thus, we just need to show that the dependence of γq0,q1
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on (q0, q1) is smooth. For ε := t1 − t0 ∈ (0, ε0] and (q0, q1) ∈ Δ(ρ0), in the proof
of Theorem 4.1.1 we have already shown that γq0,q1 : [t0, t1] → M has image
contained in a coordinate neighborhood Uα ⊆ M that we can identify with an
open set of Rm. Since γq0,q1 is a smooth solution of the Euler-Lagrange system of
L , we have

Φt,t0
L (q0, v0) = (γq0,q1(t), γ̇q0,q1(t)), ∀t ∈ [t0, t1],

where v0 = γ̇q0,q1(t0) and Φt,t0
L is the Euler-Lagrange flow associated to L (see

section 1.1). We define

Qt,t0
L := τ ◦ Φt,t0

L : U ′
α × V ′

α → Uα, ∀t ∈ [t0, t1],

where U ′
α ⊂ Uα is a small neighborhood of q0, V ′

α ⊂ Rm is a small neighborhood
of v0, and τ : Rm ×Rm → Rm is the projection onto the first m components, i.e.,
τ(q, v) = q for all (q, v) ∈ Rm ×Rm. We claim that

dQt1,t0
L (q0, v0)({0} ×Rm) = Rm. (4.9)

In fact, assume by contradiction that (4.9) does not hold. Then there exists a
nonzero vector v ∈ Rm such that

d
ds

∣∣∣∣
s=0

Qt1,t0
L (q0, v0 + sv) = 0.

Let us define the curve σ : [t0, t1] → Rm by

σ(t) :=
d
ds

∣∣∣∣
s=0

Qt,t0
L (q0, v0 + sv), ∀t ∈ [t0, t1].

Thus σ(t0) = σ(t1) = 0. Now notice that the curve t �→ Qt,t0
L (q0, v0 + sv) is a

solution of the Euler-Lagrange system of L . By differentiating this system in s at
s = 0, we obtain that σ is a solution of the linearized Euler-Lagrange system

d
dt

(a σ̇ + b σ) − bT σ̇ − c σ = 0,

where, for each t ∈ [t0, t1], we have put

a(t) = ∂2
vvL (t, γq0,q1 , γ̇q0,q1),

b(t) = ∂2
vqL (t, γq0,q1 , γ̇q0,q1),

c(t) = ∂2
qqL (t, γq0,q1 , γ̇q0,q1).

This implies that

HessA t0,t1(γq0,q1)[σ, σ] =
∫ t1

t0

(〈a σ̇, σ̇〉 + 2〈b σ, σ̇〉 + 〈c σ, σ〉) dt

=
∫ t1

t0

〈− d
dt (a σ̇ + b σ) + bT σ̇ + c σ, σ〉dt

= 0,
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which contradicts the positive definitiveness of HessA t0,t1(γq0,q1) (see (4.7) in the
proof of Theorem 4.1.1). Therefore, (4.9) must hold.

By the implicit function theorem we obtain a neighborhood Uq0,q1 ⊂ Rm×Rm

of (q0, q1), a neighborhood Uv0 ⊂ Rm of v0, and a smooth map w0 : Uq0,q1 →
Uv0 such that, for each (q′0, q′1, v′0) ∈ Uq0,q1 × Uv0 , we have Qt1,t0

L (q′0, v′0) = q′1 if
and only if v′

0 = w0(q′0, q
′
1). Thus we can define a smooth map from Uq0,q1 to

C∞([t0, t1]; Uα) by

(q′0, q
′
1) �→ ζq′

0,q′
1
, (4.10)

where for each t ∈ [t0, t1] we have

ζq′
0,q′

1
(t) := Qt,t0

L (q′0, w0(q′0, q
′
1)).

In order to conclude we only have to show that the map in (4.10) coincides with the
one in (4.8) on Uq0,q1 provided this latter neighborhood is small enough, i.e., after
possibly shrinking Uq0,q1 we have to show that ζq′

0,q′
1

is a unique action minimizer
for all (q′0, q

′
1) ∈ Uq0,q1 . This is easily seen as follows. By construction, the curves

ζq′
0,q′

1
are critical points of the action

A t0,t1 : W 1,2
q′
0,q′

1
([t0, t1]; Uα) → R,

being solutions of the Euler-Lagrange system of L . By the arguments in the proof
of Theorem 4.1.1, each of these curves ζq′

0 ,q′
1

is a unique action minimizer if and
only if it lies in the convex set C t0,t1

q′
0,q′

1
defined in (4.6). We already know that

ζq0,q1 = γq0,q1 ∈ C t0,t1
q0,q1

.

Since the map in (4.10) is smooth, for (q′0, q′1) close to (q0, q1) we obtain that the
curve ζq′

0,q′
1

is C1-close to ζq0,q1 = γq0,q1 , and therefore

ζq′
0,q′

1
∈ C t0,t1

q′
0,q′

1
. �

4.2 The broken Euler-Lagrange loop spaces

For each k ∈ N, let Zk := Z/kZ be the cyclic group of order k. We consider
the space C∞

k (T; M) of continuous and k-broken smooth loops, which consists of
those continuous loops ζ : T → M such that, for each j ∈ Zk, the restriction
ζ|[j/k,(j+1)/k] is smooth. We can endow C∞

k (T; M) with a topology that turns it
into a Fréchet manifold (see for instance [Ham82, Section I.4]) in the following
way. Let us denote by Fk the product of Fréchet manifolds

C∞([0, 1
k ]; M) × C∞([ 1k , 2

k ]; M) × · · · × C∞([k−1
k , 1]; M).
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Consider the smooth submersion

πk : Fk → M × · · · × M︸ ︷︷ ︸
2k times

given by

πk(ζ0, . . . , ζk−1) = (ζ0(0), ζ0( 1
k
), ζ1( 1

k
), ζ1( 2

k
), . . . , ζk−1(k−1

k
), ζk−1(1)),

∀(ζ0, . . . , ζk−1) ∈ Fk.

Moreover, consider the smooth submanifold of the 2k-fold product of M given by

Ωk :=
{
(q0, q

′
0, q1, q

′
1, . . . , qk−1, q

′
k−1) ∈ M × · · · × M | q′j = qj+1 ∀j ∈ Zk

}
.

The space C∞
k (T; M) is precisely the preimage of Ωk by the submersion πk, i.e.,

C∞
k (T; M) = π−1

k (Ωk).

Therefore Fk induces a Fréchet manifold structure on C∞
k (T; M) that makes

it a closed Fréchet submanifold1. It can be easily shown that C∞
k (T; M), with

the topology induced by its Fréchet structure, smoothly embeds into the Hilbert
manifold W 1,2(T; M).

Let L : T×TM → R be a 1-periodic convex quadratic-growth Lagrangian.
We consider the positive constants ε0 = ε0(L ) and ρ0 = ρ0(L ) given by Theo-
rem 4.1.1 and, for each k ∈ N, we denote by Δk = Δk(ρ0(L )) the neighborhood
of the diagonal submanifold of the k-fold product M × · · · × M given by

Δk := {(q0, . . . , qk−1) ∈ M × · · · × M | dist(qj , qj+1) < ρ0 ∀j ∈ Zk} .

By Theorem 4.1.2, for each integer k ≥ 1/ε0(L ), we can define a smooth embed-
ding

λk = λk,L : Δk ↪→ C∞
k (T; M) (4.11)

in the following way: for each q = (q0, . . . , qk−1) ∈ Δk we put λk(q) := γq , where
γq is the loop whose restrictions γq |[j/k,(j+1)/k] are the unique action minimizers
(with respect to L ) with endpoints qj and qj+1, for each j ∈ Zk. We define the
k-broken Euler-Lagrange loop space (with respect to L ) as

Λk = Λk,L := λk(Δk).

Notice that Λk is a smooth submanifold of C∞
k (T; M) (and of W 1,2(T; M)) with

finite dimension km, where m is the dimension of M .

Remark 4.2.1 (Localization). The differentiable atlas of W 1,2(T; M) introduced
in Remark 3.1.1 induces a nice atlas on the open manifold Δk in the following
way. Fix a point q′ ∈ Δk and assume, for simplicity, that the associated loop
1This construction is an example of fiber product of Fréchet manifolds (see [Ham82, page 93]).
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γq′ = λk(q′) is contractible. Consider any smooth contractible loop γ : T → M .
Since the vector bundle γ∗TM → T is trivial, we will implicitly identify its total
space γ∗TM with T× Rm. There exists a bounded open neighborhood U ⊂ Rm

of the origin such that, for each t ∈ T, the exponential map expγ(t) is well defined
on U and is a diffeomorphism onto its image. By requiring γ to be sufficiently
C0-close to γq′ , we can assume that γq′(t) is contained in expγ(t)(U), for each
t ∈ T. Therefore, we can define a diffeomorphism

Π : W 1,2(T; U) 
−→U ⊂ W 1,2(T; M)

by
Π(ζ)(t) := expγ(t)(ζ(t)), ∀ζ ∈ W 1,2(T; U), t ∈ T,

so that Φ := Π−1 : U −→W 1,2(T; U) is a chart of W 1,2(T; M) whose domain
contains γq′ . Now, we define Uk := λ−1

k (U ), which is an open neighborhood of q′

in Δk. On this open set we can build a chart

φk : Uk → U × · · · × U︸ ︷︷ ︸
k times

for Δk by

φk(q) =
(
exp−1

γ(0)(q0), exp−1
γ(1/k)(q1), . . . , exp−1

γ((k−1)/k)(qk−1)
)

,

∀q = (q0, . . . , qk−1) ∈ Uk.

If we set Wk := φk(Uk), we obtain an embedding λ̃k such that the following
diagram commutes.

Uk
φk



��

� �

λk

��

Wk� �

λ̃k

��
U

Φ



�� W 1,2(T; U)

(4.12)

Now, we define the smooth embedding π : T× U ×Rm ↪→ T× TM by

π(t, q, v) =
(

t, expγ(t)(q), d(expγ(t))(q)v +
d
dt

(expγ(t)(q))
)

,

∀(t, q, v) ∈ T× U ×Rm,

so that A ◦Π : W 1,2(T; U) → R is the action functional associated to the convex
quadratic-growth Lagrangian L ◦ π : T× U ×Rm → R, i.e.,

A ◦ Π(σ) =
∫ 1

0

L ◦ π(t, ζ(t), ζ̇(t)) dt, ∀ζ ∈ W 1,2(T; U).
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With the notation of (4.11), the embedding λ̃k in diagram (4.12) is given by
λk,L ◦π . Namely, for each q = (q0, . . . , qk−1) ∈ Wk, γq = λ̃k(q) is the unique loop
such that γq|[j/k,(j+1)/k] is a unique action minimizer (with respect to L ◦π) with
endpoints qj and qj+1, for each j ∈ Zk .

The general case in which γ∗
q′TM is possibly nontrivial can be handled in a

similar way by means of the charts of W 1,2(T; M) introduced in Remark 3.1.1.
We leave the details to the reader. From now on and until the end of section 4.4,
for notational convenience, we will restrict ourselves to the connected components
of Δk given by the q’s such that γ∗

qTM is trivial (but all the results will hold in
the general case). �

4.3 The discrete action functional

Let A : W 1,2(T; M) → R be the action functional associated to the Lagrangian
L of the previous section, i.e.,

A (ζ) =
∫ 1

0

L (t, ζ(t), ζ̇(t)) dt, ∀ζ ∈ W 1,2(T; M).

We define the discrete action functional Ak : Δk → R as the composition A ◦λk ,
i.e.,

Ak(q) =
∫ 1

0

L (t, γq(t), γ̇q(t)) dt, ∀q ∈ Δk,

where γq = λk(q). Despite the lack of C2 regularity of A (see Proposition 3.4.4),
the discrete action functional is always smooth, as asserted by the following state-
ment.

Proposition 4.3.1. The discrete action functional Ak : Δk → R is C∞.

Proof. Since the statement is of a local nature, by adopting the localization argu-
ment of Remark 4.2.1 we can assume that our Lagrangian function has the form
L : T × U × Rm → R, where U is a bounded open subset of Rm, so that the
discrete action functional has the form Ak : Wk → R, where Wk is a suitable
bounded open subset of the k-fold product of U . The result can be easily proved
by induction. By Proposition 3.4.1 we know that A is C1,1 and twice Gâteaux
differentiable, and so is Ak. Now, let us assume that Ak is Cp−1, for some integer
p ≥ 2. For each (q, v) ∈ Wk ×Rkm we define the vector field

σq,v := dλk(q)v ∈ C∞
k (T;Rm).

We also define the smooth vector field

Σq,v := (σq,v, σ̇q,v) : T \ { j
k | j ∈ Zk

} → TM.
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A straightforward computation shows that the pth Gâteaux differential of Ak, seen
as a symmetric multilinear form, is given by

dpAk(q) [v′, v′′, . . . ,v(p)]

=
2m∑

i1,...,ip=1

∫ 1

0

[
∂i1 . . . ∂ipL (t, γq(t), γ̇q(t))

]
Σi1

q,v′(t) . . . Σip

q,v(p)(t) dt,

∀q ∈ Wk, v′, v′′, . . . ,v(p) ∈ Rkm,

where we have set

∂i =
{

∂qi , if i ∈ {1, . . . , m} ,
∂vi−m , if i ∈ {m + 1, . . . , 2m} .

Since λk : Wk ↪→ C∞
k (T; M) is smooth, if qn → q as n → ∞ then we have

γqn −→
n→∞ γq in C∞

k (T;Rm)

and, for each v ∈ Rm,

σqn,v −→
n→∞σq,v in C∞

k (T;Rm).

Hence, for each v′, v′′, . . . ,v(p) ∈ Rkm, we have

[∂i1 ...∂ipL (·,γqn ,γ̇qn)]Σi1
qn,v′ ...Σ

ip

qn,v(p) −→
n→∞[∂i1 ...∂ipL (·,γq,γ̇q)]Σi1

q,v′ ...Σ
ip

q,v(p)

uniformly in t ∈ T \ { j
k | j ∈ Zk

}
, which implies

dpAk(qn)[v′, . . . ,v(p)] → dpAk(q)[v′, . . . ,v(p)].

By the total differential theorem we conclude that Ak is Cp, and by induction we
obtain the claim. �

Now, we want to show that the discrete action functional Ak is suitable for
Morse theory. In fact, every closed sublevel of Ak is a compact subset of Δk,
provided the discretization pass k ∈ N is large enough.

Proposition 4.3.2. For each c ∈ R there exists k̄ = k̄(c) ∈ N such that, for each
k ≥ k̄, the closed sublevel A −1

k (−∞, c] is compact.

Proof. Consider the compact subset of Δk defined by

Ck := {(q0, . . . , qk−1) ∈ Δk | dist(qj , qj+1) ≤ ρ0/2 ∀j ∈ Zk} .

In order to prove the statement, we just need to show that

lim
k→∞

min {Ak(q) | q ∈ ∂Ck} = ∞.
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As explained in Section 3.3, without loss of generality we can assume that there
exists a constant � > 0 such that

L (t, q, v) ≥ � |v|2q, ∀(t, q, v) ∈ T× TM.

For each q = (q1, . . . , qk) that belongs to the boundary of Ck, we have that
dist(qj , qj+1) = ρ0/2 for some j ∈ Zk and therefore we obtain the desired es-
timate

Ak(q) ≥
∫ (j+1)/k

j/k

L (t, γq(t), γ̇q(t)) dt ≥
∫ (j+1)/k

j/k

� |γ̇q(t)|2γq(t) dt

≥ k �

(∫ (j+1)/k

j/k

|γ̇q(t)|γq(t) dt

)2

≥ k �dist(qj , qj+1)2

≥ k � (ρ0/2)2. �

4.4 Critical points of the discrete action

We know from Proposition 3.5.1 that the critical points of the action functional
A are precisely the smooth 1-periodic solution of the Euler-Lagrange system of
L . This implies that, for each k ∈ N sufficiently large, the loop γ belongs to the
k-broken Euler-Lagrange loop space Λk, and therefore the corresponding point
q = λ−1

k (γ) ∈ Δk is a critical point of the discrete action Ak = A ◦ λk. Now,
we want to prove the converse implication, namely that the critical points of Ak

correspond to critical points of A .
Since our arguments will have a local nature, we will implicitly adopt the

localization argument of Remark 4.2.1. Hence, we will assume that our Lagrangian
function has the form L : T×U ×Rm → R, where U is a bounded open subset of
Rm. Consequently, the associated action functional and discrete action functional
will have the form A : W 1,2(T; U) → R and Ak : Wk → R, where Wk is a suitable
bounded open subset of the k-fold product of U .

Proposition 4.4.1. For each q ∈ Wk and v = (v1, . . . , vk) ∈ Rm × · · · × Rm we
have

dAk(q)v =
k−1∑
j=0

〈∂vL ( j
k , γq( j

k ), γ̇q( j
k

−
)) − ∂vL ( j

k , γq( j
k ), γ̇q( j

k

+
)), vj〉,

where γq = λk(q).

Proof. For each v ∈ Rm×· · ·×Rm, let σq,v := dλk(q)v ∈ C∞
k (T;Rm). Since γq is

a solution of the Euler-Lagrange system of L on each interval [ j
k , j+1

k ], integration
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by parts gives

dAk(q)v =
k−1∑
j=0

∫ (j+1)/k

j/k

(〈∂vL (t, γq , γ̇q), σ̇q,v〉 + 〈∂qL (t, γq , γ̇q), σq,v〉
)
dt

=
k−1∑
j=0

[
〈∂vL ( j+1

k
, γq( j+1

k
), γ̇q( j+1

k

−
)), σq,v( j+1

k
)〉

− 〈∂vL ( j
k
, γq( j

k
), γ̇q( j

k

+
)), σq,v( j

k
)〉

+
∫ (j+1)/k

j/k

〈− d
dt

∂vL (t, γq, γ̇q) + ∂qL (t, γq , γ̇q)︸ ︷︷ ︸
=0

, σq,v〉dt

]

=
k−1∑
j=0

〈∂vL ( j
k
, γq( j

k
), γ̇q( j

k

−
)) − ∂vL ( j

k
, γq( j

k
), γ̇q( j

k

+
)), σq,v( j

k
)〉.

Thus, by definition of the embedding λk , we have

σq,v( j
k ) =

d
ds

∣∣∣∣
s=0

γq+sv( j
k ) =

d
ds

∣∣∣∣
s=0

(qj + svj) = vj , ∀j ∈ Zk,

and the claim follows. �

Corollary 4.4.2. If q ∈ Wk is a critical point of Ak, then the corresponding loop
γq = λk(q) is a smooth solution of the Euler-Lagrange system of L , and in
particular it is a critical point of the action functional A .

Proof. By Proposition 4.4.1, q is a critical point of Ak if and only if

∂vL ( j
k , γq( j

k ), γ̇q( j
k

−
)) − ∂vL ( j

k , γq( j
k ), γ̇q( j

k

+
)) = 0, ∀j ∈ Zk. (4.13)

Assumption (Q1) (see Section 3.3) implies that the maps

∂vL ( j
k , γq( j

k ), ·) : Rm → Rm, ∀j ∈ Zk

are diffeomorphisms, as we have proved in Section 1.2. Hence the equality in (4.13)
holds if and only if γ̇q( j

k

−
) = γ̇q( j

k

+
) for each j ∈ Zk, that is if and only if γq is

C1. This implies that γq : T → Rm satisfies the Euler-Lagrange system of L on
the whole T, and therefore it is smooth. �

Now, let us fix a critical point q′ ∈ Wk of the discrete action functional Ak.
The tangent space of Λk at the smooth loop γq′ , that is the image of the differential

dλk(q′) : Tq′Δk

−→Tγq′ Λk,
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can be characterized as follows. We define a Lagrangian L : T×Rm ×Rm → R by

L(t, q, v) =
1
2
〈a(t)v, v〉 + 〈b(t)q, v〉 +

1
2
〈c(t)q, q〉 ,

∀(t, q, v) ∈ T×Rm ×Rm,
(4.14)

where, for each t ∈ T, a(t), b(t) and c(t) are the m × m matrices given by

aij(t) =
∂2L

∂vi ∂vj
(t, γq′(t), γ̇q′(t)),

bij(t) =
∂2L

∂vi ∂qj
(t, γq′(t), γ̇q′(t)),

cij(t) =
∂2L

∂qi ∂qj
(t, γq′(t), γ̇q′(t)).

A straightforward computation shows that the Euler-Lagrange system associated
to L is given by the following linear system of ordinary differential equations for
curves σ on Rm,

a σ̈ + (b + ȧ − bT ) σ̇ + (ḃ − c)σ = 0. (4.15)

This is precisely the linearization of the Euler-Lagrange system of L along the
periodic solution γq′ . The 1-periodic solutions σ : T → Rm of (4.15) are precisely
the critical points of the action functional A : W 1,2(T;Rm) → R associated to L,
given as usual by

A(ξ) =
∫ 1

0

L(t, ξ(t), ξ̇(t)) dt, ∀ξ ∈ W 1,2(T;Rm).

Lemma 4.4.3. The tangent space Tγq′ Λk is the space of continuous and piecewise
smooth loops σ : T → Rm such that, for each j ∈ Zk, the restriction σ|[j/k,(j+1)/k]

is a solution of the Euler-Lagrange system (4.15).

Proof. By definition of tangent space, Tγq′ Λk consists of those continuous loops
σ : T → Rm given by

σ(t) =
∂

∂s

∣∣∣∣
s=0

Σ(s, t), ∀t ∈ T, (4.16)

for some continuous Σ : (−ε, ε) ×T → Rm such that:

• the restriction Σ|(−ε,ε)×[j/k,(j+1)/k] is smooth for all j ∈ Zk,

• Σ(s, ·) ∈ Λk for all s ∈ (−ε, ε),

• Σ(0, ·) = γq′ .
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Namely, Σ is a piecewise smooth variation of γq′ such that the loops Σs = Σ(s, ·)
satisfy the Euler-Lagrange equations associated to L on the intervals [ j

k
, j+1

k
] for

all j ∈ Zk, i.e.,

∂2
vvL (t, Σs, Σ̇s) Σ̈s + ∂2

vqL (t, Σs, Σ̇s) Σ̇s + ∂2
vtL (t, Σs, Σ̇s) − ∂qL (t, Σs, Σ̇s) = 0,

∀t ∈ [j/k, (j + 1)/k].

By differentiating the above equation with respect to s at s = 0, we obtain the
Euler-Lagrange system (4.15) for the loop σ (as before, satisfied on the intervals
[ j
k , j+1

k ] for all j ∈ Zk). Conversely, a continuous loop σ : T → Rm whose restric-
tions σ|[j/k,(j+1)/k] satisfy (4.15) is of the form (4.16) for some Σ as above, and
therefore it is an element of Tγq′ Λk. �

Now, we want to investigate the relationship between the Morse indices of
the functionals Ak and A at the corresponding critical points q′ and γq′ . We begin
by characterizing the null-space of the Hessian of A at γq′ .

Lemma 4.4.4. The null-space of HessA (γq′) consists of smooth loops σ : T → Rm

that are solutions of the Euler-Lagrange system (4.15) on the whole T.

Proof. For every σ, ξ ∈ W 1,2(T;Rm) we have

HessA (γq′)[σ, ξ] =
∫ 1

0

(
〈a σ̇, ξ̇〉 + 〈b σ, ξ̇〉 + 〈bT σ̇, ξ〉 + 〈c σ, ξ〉

)
dt = dA(σ)ξ.

Therefore σ is in the null-space of HessA (γq′) if and only if it is a critical point of A,
that is if and only if it is a (smooth) solution of the Euler-Lagrange system (4.15).

�
Remark 4.4.1. In the case where L is the autonomous Lagrangian given by

L (q, v) = |v|2q , ∀(q, v) ∈ TM,

the null-space of HessA (γq′) is given by the 1-periodic Jacobi vector fields along
the closed geodesics γq′ , and the Euler-Lagrange system (4.15) is called the Jacobi
system. This latter can also be intrinsically expressed as

∇2
tσ + R(σ, γ̇q′)γ̇q′ = 0,

where ∇t and R are respectively the covariant derivative and the Riemann tensor
of the Riemannian manifold (M, 〈·, ·〉·). �

As a consequence of Lemmas 4.4.3 and 4.4.4, the null-space of HessA (γq′) is
contained in Tγq′Λk, and therefore it is contained in the null-space of the Hessian
of the restricted action HessA |Λk

(γq′). This inclusion is actually an equality, as
shown by the following.

Lemma 4.4.5. HessA (γq′) and HessA |Λk
(γq′) have the same null-space, and in

particular nul(A , γq′) = nul(A |Λk
, γq′).
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Proof. We only need to show that any loop σ ∈ Tγq′ Λk that is not everywhere
smooth cannot be in the null-space of HessA |Λk

(γq′). In fact, since σ is always
smooth outside the points j/k (for j ∈ Zk), for each ξ ∈ Tγq′ Λk we have

HessA |Λk
(γq′)[σ, ξ] =

k−1∑
j=0

∫ (j+1)/k

j/k

(
〈a σ̇, ξ̇〉 + 〈b σ, ξ̇〉 + 〈bT σ̇, ξ〉 + 〈c σ, ξ〉

)
dt

=
k−1∑
j=0

∫ (j+1)/k

j/k

〈−a σ̈ − b σ̇ − ȧ σ̇ − ḃ σ + bT σ̇ + c σ︸ ︷︷ ︸
=0

, ξ〉dt

+
k−1∑
j=0

〈a σ̇ + b σ, ξ〉
∣∣∣((j+1)/k)−

(j/k)+

=
k−1∑
j=0

〈a( j
k
)[σ̇( j

k

−
) − σ̇( j

k

+
)], ξ( j

k
)〉. (4.17)

By assumption we have σ̇( j
k

+
) �= σ̇( j

k

−
) for some j ∈ Zk and therefore

a( j
k )[σ̇( j

k

+
) − σ̇( j

k

−
)] �= 0.

Here we are using the fact that, by assumption (Q1), the matrix a( j
k
) is invertible.

Now, consider ξ ∈ Tγq′ Λk such that

ξ(h
k
) =

{
a( j

k
)[σ̇( j

k

+
) − σ̇( j

k

−
)], h = j,

0, h �= j.

By (4.17) we have

HessA |Λk
(γq′)[σ, ξ] =

∣∣∣a( j
k )
[
σ̇( j

k

+
) − σ̇( j

k

−
)
]∣∣∣2 �= 0,

and we conclude that σ is not in the null-space of HessA |Λk
(γq′). �

Corollary 4.4.6. The discrete action functional Ak and the full action functional
A have the same nullity at the critical points q′ and γq′ respectively, i.e.,

nul(Ak, q′) = nul(A , γq′).

Proof. First of all, notice that dλk(q′) : Rm → Tγq′Λk is an isomorphism, and we
have

HessAk(q′)[v, w] = HessA |Λk
(γq′)[dλk(q′)v, dλk(q′)w], ∀v, w ∈ Rm.

This implies that Ak and A |Λk
have the same nullity at q′ and γq′ respectively, i.e.,

nul(Ak, q′) = nul(A |Λk
, γq′), and by Lemma 4.4.5 we obtain the assertion. �
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So far we have proved that Ak and A have the same nullity at the corre-
sponding critical points q′ and γq′ . Now we want to prove that they also have the
same Morse index provided that k ∈ N is sufficiently large. First of all, we need
some preliminaries.

Let E be a real Hilbert space and B : E × E → R a bounded symmetric
bilinear form. We recall that the Morse index ind(B) of this form is the supremum
of the dimension of the vector subspaces of E on which B is negative-definite. Now,
let us fix an infinite sequence {En |n ∈ N} of Hilbert subspaces of E such that

E1 ⊂ E2 ⊂ E3 ⊂ · · · ⊂ E,

and that their union is dense in E, i.e.,⋃
n∈N

En = E. (4.18)

The following holds.

Lemma 4.4.7. If the Morse index of B is finite, then it coincides with the Morse
index of B restricted to En for all the sufficiently large n ∈ N, i.e.,

ind(B) = ind(B|En×En).

Proof. The inequality ind(B) ≥ ind(B|En×En) is trivial, hence we only have to
prove that ind(B) ≤ ind(B|En×En). For each n ∈ N, we denote by Pn : E → En

the orthogonal projector onto En. Let V be a vector subspace of E of dimension
ι = ind(B) ∈ N, such that B is negative-definite on V . We denote by S(V ) the
(ι − 1)-dimensional sphere in V , i.e.,

S(V ) = {e ∈ V | ‖e‖E = 1} .

By (4.18) and since B is continuous, for each e ∈ S(V ) there exists a positive
integer ne ∈ N and a neighborhood Ue ⊆ S(V ) of e such that

B(Pnf , Pnf) < 0, ∀n ≥ ne, f ∈ Ue.

By compactness, S(V ) admits a finite cover Ue1 , . . . , Ues . For every integer n ≥
max {ne1 , . . . , nes} and for every nonzero v = Pnw ∈ PnV we have

B(v, v) = ‖w‖2
E B

(
Pn

w
‖w‖E

, Pn
w

‖w‖E

)
︸ ︷︷ ︸

<0

< 0,

and therefore B is negative-definite on PnV . In order to conclude the proof we just
need to show that PnV still has dimension ι = ind(B) provided n is sufficiently
large. This is easily seen as follows. Let v1, . . . ,vι be a basis for V . By (4.18),
for each j = 1, . . . , ι, we have that Pnvi → vi as n → ∞. This implies that, for
n sufficiently large, the vectors Pnv1, . . . , Pnvι are still linearly independent, and
therefore PnV has dimension ι. �
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In order to apply this abstract lemma to our situation, we first need the
following remark about the density of the spaces of broken affine loops in the
Sobolev space W 1,2(T;Rm). For each k ∈ N, we define the k-broken affine loop
space of Rm as

Affk(T;Rm) :=
{

σ : T → Rm

∣∣∣∣
σ( j+s

k ) = (1 − s)σ( j
k ) + s σ( j+1

k ) ∀s ∈ [0, 1], j ∈ Zk

}
.

This space is isomorphic to the k-fold product Rm × · · · ×Rm by the linear map
αk : Affk(T;Rm) → Rm × · · · ×Rm given by

αk(σ) =
(
σ(0), σ( 1

k ), . . . , σ(k−1
k )

)
, ∀σ ∈ Affk(T;Rm).

In particular, since Affk(T;Rm) is a finite-dimensional vector space, it is a Hilbert
subspace of W 1,2(T;Rm).

Lemma 4.4.8. The union of the spaces Affk(T;Rm), for all k ∈ N, is dense in
W 1,2(T;Rm), i.e., ⋃

k∈N

Affk(T;Rm) = W 1,2(T;Rm).

Proof. It is well known that C∞(T;Rm) is dense in W 1,2(T;Rm), see for instance
[AF03, page 68]. Hence, all we have to do in order to prove the lemma is to show
that, for an arbitrary γ ∈ C∞(T;Rm), there exists a sequence {γk | k ∈ N} such
that γk ∈ Affk(T;Rm) and γk → γ in W 1,2(T;Rm). A candidate for this sequence
is built by defining γk to be the map in Affk(T;Rm) such that γk( j

k ) = γ( j
k ) for

each j ∈ Zk, see Figure 4.1.
Since γ is smooth and 1-periodic, if we fix an arbitrary ε > 0 there exists a

positive δ > 0 such that, for each t ∈ T and for each δ0, δ1 > 0 with 0 < δ0+δ1 ≤ δ,
we have ∣∣∣∣γ̇(t) − γ(t + δ1) − γ(t − δ0)

δ1 + δ0

∣∣∣∣ ≤ ε. (4.19)

Now, notice that, for each k ∈ N, the periodic curve γk : T → R is differentiable
outside the points j/k (for each j ∈ Zk) and we have

γ̇k(t) = k
[
γ
(

�kt�+1
k

)
− γ

(
�kt�

k

)]
, t ∈ T \ { j

k
| j ∈ Zk

}
,

where �·� gives the integer part of its argument. In particular, for each irrational
number t ∈ R \Q, or more precisely for each t ∈ (R \Q)/Z, we have

lim
k→∞

γ̇k(t) = γ̇(t).
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γ
γ6 γ3

γ(0)

γ
(

1
6

)
γ
(

2
6

)

γ
(

3
6

)

γ
(

4
6

)

γ
(

5
6

)

Figure 4.1. Example of a smooth loop γ (solid line) and the corresponding piecewise affine loops
γ3 (dotted line) and γ6 (dashed line) of the sequence {γk | k ∈ N}.

Since the rational numbers have Lebesgue measure 0, the above equation implies
that γ̇k converges to γ̇ almost everywhere as k → ∞. By (4.19), for each ε > 0
there exists δ > 0 such that, for each k ≥ δ−1 and for almost every t ∈ T, we have

|γ̇(t) − γ̇k(t)| =

∣∣∣∣∣∣γ̇(t) −
γ
(

�kt�+1
k

)
− γ

(
�kt�

k

)
1
k

∣∣∣∣∣∣ ≤ ε.

We can then apply the dominated convergence theorem to conclude that γ̇k → γ̇
in L2(T;Rm) as k → ∞, and therefore γk → γ in W 1,2(T;Rm) as k → ∞. �

Once these preliminaries are established, we can prove the previously an-
nounced result about the Morse index of the discrete action functionals.

Lemma 4.4.9. For all k ∈ N sufficiently large, the Morse index of Ak at q′ coincides
with the Morse index of A at γq′ , i.e.,

ind(Ak, q′) = ind(A , γq′).

Proof. Since the functionals Ak and A |Λk
have the same Morse index and nullity

(see the proof of Corollary 4.4.6), we just need to prove that

ind(A |Λk
, γq′) = ind(A , γq′)

for all k ∈ N sufficiently large.
By definition of Morse index, there exists an ind(A , γq′)-dimensional vector

subspace V ⊆ W 1,2(T;Rm) on which HessA (γq′) is negative-definite, i.e.,

HessA (γq′)[σ, σ] < 0, ∀σ ∈ V \ {0} . (4.20)
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By Lemmas 4.4.8 and 4.4.7, we can choose V to be a subspace of Affk(T;Rm).
Let us define a linear map K : V → Tγq′ Λk by K(σ) = σ̃, where σ̃ is the unique
element in Tγq′Λk such that

σ( j
k ) = σ̃( j

k ), ∀j ∈ Zk .

Notice that K is injective. In fact, if K(σ) = 0, we have σ( j
k
) = 0 for each j ∈ Zk,

and since σ ∈ Affk(T;Rm) we conclude that σ = 0. Hence, Ṽ = KV is an
ind(A , γq′)-dimensional vector subspace of Tγq′Λk.

In order to conclude we just have to show that HessA (γq′) is negative-definite
on the vector space Ṽ . First of all, notice that, for each σ ∈ W 1,2(T;Rm), we have

HessA (γq′)[σ, σ] =
∫ 1

0

(〈a σ̇, σ̇〉 + 〈b σ, σ̇〉 + 〈bT σ̇, σ〉 + 〈c σ, σ〉) dt

= 2
∫ 1

0

L(t, σ(t), σ̇(t)) dt = 2 A(σ).
(4.21)

Now, consider an arbitrary σ̃ ∈ Ṽ \ {0} and set σ = K−1(σ̃) ∈ V \ {0}. For
each j ∈ Zk the curve σ̃|[j/k,(j+1)/k] is an action minimizer with respect to L, and
therefore A(σ̃) ≤ A(σ). By (4.20) and (4.21) we conclude

HessA |Λk
(γq′)[σ̃, σ̃] = 2 A(σ̃) ≤ 2 A(σ) = HessA (γq′)[σ, σ] < 0. �

4.5 Homotopic approximation of the action sublevels

The discretization technique introduced in this chapter can also be used to build
finite-dimensional homotopic approximations of the sublevels of the action func-
tional. Let L : T×TM → R be a 1-periodic convex quadratic-growth Lagrangian
with associated action A : W 1,2(T; M) → R, as in the previous sections, and con-
sider the constants ε0 = ε0(L ) > 0 and ρ0 = ρ0(L ) > 0 given by Theorem 4.1.1.
We will need the following statement.

Proposition 4.5.1. For each c ∈ R there exists ε̄ = ε̄(L , c) > 0 such that, for
each ζ ∈ W 1,2(T; M) with A (ζ) < c and for each interval [t0, t1] ⊂ R with
0 < t1 − t0 ≤ ε̄ we have dist (ζ(t0), ζ(t1)) < ρ0.

Proof. Up to adding a positive constant to the convex quadratic-growth Lagrang-
ian L , we can always assume that there exists a constant � > 0 such that

L (t, q, v) ≥ � |v|2q , ∀(t, q, v) ∈ T× TM.

Let us consider an arbitrary loop ζ ∈ W 1,2(T; M) such that A (ζ) < c. For each
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interval [t0, t1] ⊂ R with 0 < t1 − t0 ≤ 1 we have

dist (ζ(t0), ζ(t1))
2 ≤

(∫ t1

t0

|ζ̇(t)|ζ(t)dt

)2

≤ (t1 − t0)
∫ t1

t0

|ζ̇(t)|2ζ(t) dt

≤ (t1 − t0)
∫ t1

t0

�−1L (t, ζ(t), ζ̇(t)) dt ≤ (t1 − t0)�−1A (ζ)

< (t1 − t0)�−1c.

Hence, for ε̄ = ε̄(L , c) := ρ2
0 � c−1, we obtain the claim. �

From now on, we will denote the open sublevels of the action and of the
discrete action by

(A )c := A −1(−∞, c), (Ak)c := A −1
k (−∞, c), ∀c ∈ R.

Let us consider the integer

k̄(L , c) :=
⌈
max

{
1

ε0(L )
,

1
ε̄(L , c)

}⌉
∈ N.

We want to show that, for each c ∈ R and for each integer k ≥ k̄(L , c), the map
λk : Δk ↪→ W 1,2(T; M) (see the definition after (4.11)) restricts to a homotopy
equivalence

λk : (Ak)c
∼

↪−→(A )c.

Since Ak = A ◦λk and since λk maps Δk diffeomorphically onto Λk, this property
can be equivalently expressed by saying that the inclusion of the open sublevel
(A |Λk

)c := (A )c ∩ Λk into (A )c is a homotopy equivalence.
A candidate homotopy inverse of λk is given by the map rk : (A )c → (Ak)c

defined by

rk(ζ) =
(
ζ(0), ζ( 1

k ), . . . , ζ(k−1
k )

)
, ∀ζ ∈ (A )c. (4.22)

Notice that, by Proposition 4.5.1, each ζ ∈ (A )c satisfies dist(ζ( j
k ), ζ( j+1

k )) < ρ0

for each j ∈ Zk. Hence the map rk is well defined. The composition rk ◦ λk is the
identity on (Ak)c. As for the inverse composition, λk ◦ rk, we build a homotopy
Rk : [0, 1] × (A )c → (A )c as follows: for each j ∈ Zk, s ∈ [ j

k
, j+1

k
] and ζ ∈ (A )c,

the loop Rk(s, ζ) is defined by setting

Rk(s, ζ)|[0,j/k] := λk ◦ rk(ζ)|[0,j/k] ,

Rk(s, ζ)|[s,1] := ζ|[s,1],

and by setting Rk(s, ζ)|[j/k,s] to be the unique action minimizer with endpoints
ζ( j

k
) and ζ(s), see Figure 4.2. Then Rk(0, ·) is the identity on (A )c, Rk(1, ·) is the

composition λk ◦ rk, and

A (Rk(s, ζ)) ≤ A (ζ) ∀ζ ∈ (A )c, s ∈ [0, 1].

Therefore Rk is a well-defined homotopy from the identity on (A )c to λk ◦ rk.
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λ5 ◦ r5(ζ) R5(s, ζ)
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Figure 4.2. (a) Example of a loop ζ (solid line) and the corresponding λ5 ◦ r5(ζ) (dotted line), for

the case of the autonomous Lagrangian generating the geodesic flow on the flat R2,
i.e., L (t, q, v) = L (v) = v2

1 + v2
2 . (b) Homotoped curve R5(s, ζ) (solid line).

Remark 4.5.1. Actually, Rk is even a strong deformation retraction. In fact, for
each ζ ∈ (A )c, we have that Rk(s, ζ) = ζ for all s ∈ [0, 1] if and only if ζ ∈ Λk =
λk(Δk). �

If c1 < c2 ≤ c, the same homotopy Rk can be used to show that the pair
((A )c2 , (A )c1) deformation retracts strongly onto ((A |Λk

)c2 , (A |Λk
)c1). Further-

more, if γ ∈ W 1,2(T; M) is a critical point of A with A (γ) = c, up to increas-
ing k we have that γ ∈ Λk and Rk gives a deformation retraction of the pair
((A )c ∪ {γ} , (A )c) onto ((A |Λk

)c ∪ {γ} , (A |Λk
)c).

Summing up, we have obtained the following.

Lemma 4.5.2.

(i) Let c1 < c2 < ∞. Then there exists a positive integer k̄ = k̄(L , c2) such
that, for every integer k ≥ k̄, the embedding λk restricts to a homotopy
equivalence of topological pairs

λk : ((Ak)c2 , (Ak)c1)
∼

↪−→((A )c2 , (A )c1).

(ii) Let q ∈ Δk be a critical point of Ak such that Ak(q) = c. Then there exists a
positive integer k̄ = k̄(L , c) such that, for every integer k ≥ k̄, the embedding
λk restricts to a homotopy equivalence of topological pairs

λk : ((Ak)c ∪ {q} , (Ak)c)
∼

↪−→((A )c ∪ {γq} , (A )c),

where γq = λk(q). �

In the forthcoming chapters, we will mainly apply the above lemma to show
that λk induces isomorphisms between invariant groups that are fundamental in
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Morse theory: the local homology groups (see Section A.4). We recall that the
local homology of Ak at a critical point q is defined as

C∗(Ak, q) := H∗ ((Ak)c ∪ {q} , (Ak)c) ,

where H∗ in the right-hand side denotes the singular homology functor (with
any coefficient group). The local homology of the full action functional A at the
corresponding critical point γq = λk(q) is defined analogously as

C∗(A , γq) := H∗ ((A )c ∪ {γq} , (A )c) .

Hence, point (ii) of the above Lemma 4.5.2 has the following immediate conse-
quence.

Corollary 4.5.3. For each integer k >≥ k(L , c) the embedding λk induces the
homology isomorphism

H∗(λk) : C∗(Ak, q) 
−→C∗(A , γq). �

It is well known that the local homology groups of a C2 functional at a critical
point are trivial in dimension that is smaller than the Morse index or larger than
the sum of the Morse index and the nullity (Corollary A.5.4). This result can be
recovered for the C1 action functional A : W 1,2(T; M) → R.

Corollary 4.5.4. Let γ be an isolated critical point of A . Then the local homology
group Cj(A , γ) is trivial if j < ind(A , γ) or j > ind(A , γ) + nul(A , γ).

Proof. For each sufficiently large k ∈ N, there exists q ∈ Δk such that

γ = γq = λk(q)

and q is an isolated critical point of the discrete action functional Ak (see Sec-
tion 4.4). By Corollary 4.4.6 and Lemma 4.4.9, up to increasing k we have that

ind(Ak, q) = ind(A , γq),
nul(Ak, q) = nul(A , γq).

By the above Corollary 4.5.3, up to further increasing k we have

C∗(Ak, q) � C∗(A , γq).

Therefore our claim follows from Corollary A.5.4 applied to the local homology
group C∗(Ak, q). �
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4.6 Multiplicity of periodic orbits with
prescribed period

In this section we apply the discretization technique that we have discussed so
far in order to prove a multiplicity result, originally due to Benci [Ben86], for
1-periodic orbits of the Euler-Lagrange system associated to a convex quadratic-
growth Lagrangian L : T× TM → R. Following the notation of Section A.6, for
each homology class a we denote by Sa the family of the supports of those cycles
representing a. If a ∈ H∗(W 1,2(T; M)), we recall that the minimax of A over Sa

is the quantity
minimax

Sa

A := inf
K ∈Sa

sup
γ∈K

{A (γ)} ∈ R.

Theorem 4.6.1. Let M be a smooth closed manifold of positive dimension, and
consider a 1-periodic convex quadratic-growth Lagrangian L : T×TM → R with
associated action functional A : W 1,2(T; M) → R.

(i) If a ∈ Hd(W 1,2(T; M)) is a nonzero homology class, then minimaxSa A is
a critical value of A . Moreover, if the critical points of A corresponding to
this minimax critical value are isolated, there exists a critical point γ of A
such that

A (γ) = minimax
Sa

A ,

ind(A , γ) ≤ d ≤ ind(A , γ) + nul(A , γ). (4.23)

(ii) If 2 a ≺ b in H∗(W 1,2(T; M)), then

minimax
Sa

A ≤ minimax
Sb

A

and either the inequality above is strict or A has infinitely many critical
points corresponding to the critical value minimaxSa A = minimaxSb

A .

(iii) The number of critical points of A is at least CL(W 1,2(T; M)) + 1, where
CL(W 1,2(T; M)) is the cup-length of W 1,2(T; M).

Thus, the multiplicity of the 1-periodic orbits is guaranteed by the richness
of the homology of the free loop space of M . From Theorem 3.2.5, we know that
the homology of the free loop space is rich whenever the configuration space is
simply connected. More generally, we have the following.

Corollary 4.6.2. If π1(M) is finite, then the Euler-Lagrange system of L admits
infinitely many contractible 1-periodic orbits. If they are all isolated, then there
exists an infinite sequence of contractible 1-periodic orbits {γn |n ∈ N} such that

lim
n→∞A (γn) = ∞,

lim
n→∞ ind(A , γn) = ∞.

2See Section A.6 for the definition of the homological relation “≺”.
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Proof. Let us assume that the contractible 1-periodic orbits of the Euler-Lagrange
system of L are all isolated (otherwise there is nothing to prove). Let π : M̃ → M

be the universal covering of M . Since π1(M) is finite, M̃ has finite degree and in
particular it is compact. We can lift L to a convex quadratic-growth Lagrangian
L̃ : T× TM̃ → R by setting

L̃ (t, q̃, ṽ) := L (t, π(q̃), dπ(q̃)ṽ), ∀(t, q̃, ṽ) ∈ T× TM̃.

Notice that, if γ̃ : T → M̃ is a (contractible) 1-periodic solution of the Euler-
Lagrange system of L̃ , then its projection γ := π ◦ γ̃ is a contractible 1-periodic
solution of the Euler-Lagrange system of L and, if we denote the action of L̃ by
Ã , we have

Ã (γ̃) = A (γ),

ind(Ã , γ̃) = ind(A , γ),

nul(Ã , γ̃) = nul(A , γ).

Hence, we only need to prove the statement for the Euler-Lagrange system asso-
ciated to L̃ .

By Theorem 3.2.5, there exists an infinite sequence of homology classes{
an ∈ Hdn(W 1,2(T; M̃)) |n ∈ N

}
such that dn → ∞ as n → ∞. By Theorem 4.6.1, there exists an associated
sequence {γ̃n |n ∈ N} of 1-periodic solutions of the Euler-Lagrange system of L̃
such that

lim
n→∞

[
ind(Ã , γ̃n) + nul(Ã , γ̃n)

]
= ∞.

This, together with Proposition 2.1.4, implies that

lim
n→∞ Ã (γ̃n) = ∞.

Finally, since the nullity of the action functional at a critical point is always less
than or equal to 2 dim(M) = 2 dim(M̃) (see Lemma 4.4.4), we obtain

lim
n→∞ ind(Ã , γ̃n) = ∞. �

Corollary 4.6.3. If π1(M) is abelian (e.g., if M is a Lie group or, more generally, an
H-space 3), then the Euler-Lagrange system of L admits infinitely many 1-periodic
orbits.
3We recall that a topological space X is an H-space, “H” standing for “Hopf”, when there is
a multiplication map ∗ : X × X → X and an identity element e ∈ X such that the two maps
X → X given by x 	→ x ∗ e and x 	→ e ∗ x are homotopic to the identity on X with homotopies
relative to {e}.



4.6. Multiplicity of periodic orbits with prescribed period 105

Proof. If π1(M) is finite, then the statement follows from Corollary 4.6.2. If π1(M)
is infinite and abelian, then it has infinitely many conjugacy classes (each element
of π1(M) is a conjugacy class) and the statement follows from Theorem 3.5.5. �

In the remainder of this section we will prove Theorem 4.6.1. As the reader
might guess, we want to apply the abstract minimax statements from section A.6.
However, in order to get the estimate (4.23) on the Morse index and nullity pair of
the periodic orbits, we cannot immediately apply Theorem A.6.3 since the action
functional A is not C2. The idea here is to apply the homological minimax theorem
to the (smooth) discrete action functional. First of all, we show that the minimax
values of the action functional and of the discrete action functional are the same.
Consider a nonzero homology class a ∈ H∗(W 1,2(T; M)) represented by the cycle
α. We denote by Kα ⊂ W 1,2(T; M) the (compact) support of α, and we choose a
constant c ∈ R such that

c > max
γ∈Kα

{A (γ)} ∈ R. (4.24)

Notice that α also represents a nonzero homology class a′ ∈ H∗((A )c), and

minimax
Sa

A = minimax
Sa′

A . (4.25)

Now, consider the constant k̄(L , c) ∈ N given by Lemma 4.5.2. For each integer
k ≥ k̄(L , c), the embedding λk : (Ak)c ↪→ (A )c is a homotopy equivalence, with a
homotopic inverse rk : (A )c → (Ak)c given by (4.22), and therefore we can define
a nonzero homology class

ak := H∗(rk) a′ ∈ H∗((Ak)c).

Lemma 4.6.4. minimax
Sa

A = minimax
Sak

Ak.

Proof. By (4.25), we only need to prove that

minimax
Sa′

A = minimax
Sak

Ak.

For each K ∈ Sak
, we have λk(K ) ∈ Sa′ , therefore

minimax
Sa′

A ≤ minimax
Sak

Ak.

On the other hand, for each γ ∈ (A )c we have that A (rk(γ)) ≤ A (γ) and, for
each K ′ ∈ Sa′ , we have that rk(K ′) ∈ Sak

. Therefore

minimax
Sa′

A = inf
K ′∈Sa′

sup
γ∈K ′

{A (γ)} ≥ inf
K ′∈Sa′

sup
γ∈K ′

{Ak(rk(γ))} = minimax
Sak

Ak.

�
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Proof of Theorem 4.6.1. Everything beside the estimate (4.23) follows from the
abstract Theorems A.6.2, A.6.5 and from Corollary A.6.6. As for (4.23), consider
a cycle α representing the homology class a ∈ Hd(W 1,2(T; M)), and a real constant
c satisfying (4.24). The cycle α also represents a nonzero a′ ∈ Hd((A )c) and, for
each integer k ≥ k̄(L , c), we obtain a nonzero ak := Hd(rk) a′ ∈ Hd((Ak)c) such
that, by Lemma 4.6.4,

minimax
Sa

A = minimax
Sak

Ak.

Now, assume that the critical level minimaxSa A contains only isolated critical
points of A . Since A satisfies the Palais-Smale condition (Proposition 3.5.2),
there exist only finitely many critical points γ1, . . . , γs of A with critical value
minimaxSa A . This implies that there exist only finitely many critical points
q1, . . . , qs of Ak with critical value minimaxSak

Ak = minimaxSa A . Notice that,
up to increasing k, by Corollary 4.4.6 and Lemma 4.4.9 we have

ind(Ak, qj) = ind(A , γj),
nul(Ak, qj)) = nul(A , γj),

for all j = 1, . . . , s. Now, since the discrete action Ak is C∞, by Theorem A.6.3
there exists q ∈ {q1, . . . , qs} such that

Ak(q) = minimax
Sak

Ak,

ind(Ak, q) ≤ d ≤ ind(Ak, q) + nul(Ak, q). �

4.7 Discretizations in higher period

So far we have only dealt with 1-periodic loop spaces, but our arguments extend to
every period n ∈ N as follows. Consider the smooth 1-periodic convex quadratic-
growth Lagrangian L : T × TM → R of the previous sections. For each k ∈ N

we define C∞
k (T[n]; M) as the space of continuous n-periodic curves ζ : T[n] → M

such that, for each j ∈ Znk, the restriction ζ|[j/k,(j+1)/k] is smooth. We endow
this space with the broken smooth topology that turns it into a Fréchet manifold,
as we did for C∞

k (T; M). If k ≥ 1/ε0(L ), we define a smooth embedding

λ
[n]
k = λ

[n]
k,L : Δnk ↪→ C∞

k (T[n]; M)

in the following way: for each q = (q0, . . . , qnk−1) ∈ Δnk we set λ
[n]
k (q) := γq ,

where γq is the unique loop whose restrictions γq|[j/k,(j+1)/k] are the unique action
minimizers (with respect to L ) with endpoints qj and qj+1, for each j ∈ Znk. We
define the k-broken n-periodic Euler-Lagrange loop space (with respect to L ) as
the image

Λ[n]
k = Λ[n]

k,L := λ
[n]
k (Δnk)
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of the embedding λ
[n]
k . As for the 1-periodic case, Λ[n]

k is a smooth submanifold of
C∞

k (T[n]; M) (and of W 1,2(T[n]; M)) with finite dimension nkm, where m is the
dimension of M . Finally, we define the discrete mean action functional

A
[n]
k : Δnk → R

as the composition of the mean action functional A [n] of L (see Section 3.6) with
λ

[n]
k , namely

A
[n]
k (q) =

1
n

∫ n

0

L (t, γq(t), γ̇q(t)) dt, ∀q ∈ Δnk.

All the results of Sections 4.3, 4.4, 4.5 and 4.6 still hold if we replace A and Ak

with the mean versions A [n] and A [n]
k , for each n ∈ N.

The nth-iteration map ψ[n] : W 1,2(T; M) ↪→ W 1,2(T[n]; M) restricts to a
continuous embedding of k-broken Euler-Lagrange loop spaces

ψ[n] : Λk ↪→ Λ[n]
k .

Moreover, by means of the diffeomorphisms λk and λ
[n]
k we can define the discrete

nth-iteration map

ψ
[n]
k : Δk ↪→ Δnk,

in such a way that the following diagram commutes.

Δk
� � ψ

[n]
k ��

λk 


��

Δnk

λ
[n]
k




��
Λk

� � ψ[n]
�� Λ[n]

k

Namely, for each q ∈ Δk , we have ψ
[n]
k (q) = q[n], where

q[n] := (q, . . . , q︸ ︷︷ ︸
n times

).





Chapter 5

Local Homology and
Hilbert Subspaces

In a Lagrangian system associated to a Lagrangian function L : R/Z×TM → R,
a periodic orbit γ : R/Z → M produces a critical point of the action functional
in any period n ∈ N. Namely, the iterated curve γ[n] is a critical point of A [n].
As we already saw in Section 4.6, critical point theory allows us to investigate
the multiplicity of periodic orbits with prescribed period n. On the other hand,
if one is interested in the multiplicity of periodic orbits with any period, some
additional arguments are needed in order to recognize when an n-periodic orbit is
the iteration of a periodic orbit of smaller period. Bott’s theory, which we discussed
in Section 2.2, served this purpose by studying the behavior of the Morse index
and nullity of iterated periodic orbits. Now, we wish to go one step further, and
investigate the behavior of the local homology of periodic orbits under iteration.

The first result in this direction is due to Gromoll and Meyer [GM69b, The-
orem 3]. In the setting of closed geodesics (i.e., when the Lagrangian is given by
a squared Riemannian norm), they proved that the local homology of an isolated
closed geodesic is unchanged under an iteration that does not change the nullity,
up to a shift in the degree that is given by the shift of the Morse index of the iter-
ated geodesic. For mechanical Lagrangians (i.e., fiberwise quadratic Lagrangians
of the form kinetic plus potential energy), Long [Lon00, Theorem 3.7] proved that,
if an isolated periodic orbit γ and its iteration γ[n] have the same Morse index and
nullity, the isomorphism between the local homology of γ and the local homology
of γ[n] is induced by the iteration map. This fact turns out to be crucial in the
study of the multiplicity of periodic orbits with unprescribed period, as we will
see in Section 6.5 of the next chapter.

     OI 10.1007/978-3-0348-0163-8_5, © Springer Basel AG 2012
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In this chapter, following [Maz11, Section 4], we carry out Long’s argument
in an abstract setting: given a C2 function defined on an open set of a separable
Hilbert space, the local homology of the function at an isolated critical point does
not change if we restrict the function to a Hilbert subspace containing the critical
point, provided the Morse index and the nullity of the critical point do not change
under the restriction. In Section 5.1 we state this result. The proof will be carried
out in Section 5.4, after establishing several preliminaries in Sections 5.2 and 5.3.
Finally, in Section 5.5 we discuss applications to the Lagrangian action functional,
proving Long’s result for the more general case of Lagrangian systems associated
to convex quadratic-growth Lagrangians. We refer the reader to the Appendix for
the background needed from Morse theory.

5.1 The abstract result

Let U be an open set of a real separable Hilbert space E, and F : U → R a
C2 function that satisfies the Palais-Smale condition. Assume that x ∈ U is an
isolated critical point of F with finite Morse index and assume that the Hessian of
F at x is Fredholm. We recall that this latter condition means that the associated
bounded self-adjoint operator H on E is Fredholm, where

HessF (x)[v, w] = 〈〈Hv, w〉〉E , ∀v, w ∈ E. (5.1)

In particular the nullity of F at x is finite, being the dimension of the kernel of H .
Now, let E• be a Hilbert subspace of E containing the critical point x.

We assume that U• := U ∩ E• is invariant under the gradient flow of F . This
requirement can be expressed in terms of the isometric inclusion J : U• ↪→ U as

(GradF ) ◦ J = J ◦ Grad(F ◦ J). (5.2)

Throughout this chapter, for simplicity, all the homology groups are assumed
to have coefficients in a field F (in this way we avoid the torsion terms that appear
in the Künneth formula). We recall that the local homology of the function F at
x is defined as

C∗(F , x) := H∗ ((F )c ∪ {x} , (F )c) ,

where c = F (x) and (F )c := F−1(−∞, c). If we denote by F• : U• → R

the restricted function F |U• , then x is a critical point of F• as well and the
local homology C∗(F•, x) is defined analogously as H∗((F•)c ∪ {x} , (F•)c). The
inclusion J restricts to a continuous map of pairs

J : ((F•)c ∪ {x} , (F•)c) ↪→ ((F )c ∪ {x} , (F )c),

and therefore induces the homology homomorphism

H∗(J) : C∗(F•, x) → C∗(F , x).

The main result of this chapter is the following.
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Theorem 5.1.1. If the Morse indices and nullity of F and F• at x coincide, i.e.,

ind(F , x) = ind(F•, x),
nul(F , x) = nul(F•, x),

then H∗(J) is an isomorphism of local homology groups.

The proof of this theorem will be carried out in Section 5.4, after several
preliminaries.

Remark 5.1.1. One might ask if Theorem 5.1.1 still holds without the assump-
tion (5.2). This is true in the case where x is a non-degenerate critical point: a rel-
ative cycle that represents a generator of Cind(F ,x)(F•, x) also represents a gener-
ator of Cind(F ,x)(F , x), and in every other degree j �= ind(F , x) = ind(F•, x) the
local homology groups Cj(F•, x) and Cj(F , x) are trivial (see Theorem A.4.1).
However, in the general case, assumption (5.2) cannot be dropped, as is shown
by the following simple example. Consider the function F : R2 → R from Exam-
ple A.4 in the Appendix, i.e.,

F (x, y) = (y − x2)(y − 2x2), ∀(x, y) ∈ R2.

The origin 0 is clearly an isolated critical point of F , and the corresponding
Hessian is given in matrix form by

HessF (0, 0) =
[

0 0
0 2

]
. (5.3)

Now, let us consider the inclusion J : R ↪→ R2 given by J(x) = (x, 0), namely the
inclusion of the x-axis in R2. Then

ind(F ,0) = ind(F ◦ J, 0) = 0,

nul(F ,0) = nul(F ◦ J, 0) = 1.
(5.4)

However the gradient of F on the x-axis is given by

GradF (x, 0) = (8x3,−3x2), ∀x ∈ R.

Hence condition (5.2) is not satisfied for the inclusion J . The local homology
groups of F and F ◦ J at the origin are not isomorphic (and consequently H∗(J)
is not an isomorphism). In fact, by examining the sublevel (F )0 (see Figure A.5
in the Appendix) it is clear that the origin is a saddle point of F and a minimum
of F ◦ J . Therefore we have

Cj(F ,0) =
{

F j = 1,
0 j �= 1,

Cj(F ◦ J, 0) =
{

F j = 0,
0 j �= 0.

�
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Remark 5.1.2. The C2 regularity of the involved function is also an essential
assumption in Theorem 5.1.1. In fact, let us modify the function F of the previous
remark in the following way:

F (x, y) = (y − x2)(y − 2x2) + 3x6 arctan
( y

x4

)
, ∀(x, y) ∈ R2.

This function is C1 and twice Gâteaux differentiable, but it is not C2 at the
origin, which is an isolated critical point. The Hessian of F at the origin is still
as in equation (5.3). The gradient of F on the x-axis is given by

GradF (x, 0) = (8x3, 0), ∀x ∈ R.

Hence, condition (5.2) is satisfied, i.e.,

(GradF ) ◦ J = Grad(F ◦ J),

where J : R ↪→ R2 is given by J(x) = (x, 0). The Morse index and nullity of F
and F at the origin are still as in (5.4). Moreover, 0 is a local minimum of F ◦ J ,
which implies

Cj(F ◦ J, 0) =
{

F j = 0,
0 j �= 0.

However, the origin 0 ∈ R2 is not a local minimum of the function F . In fact,
a straightforward computation shows that 0 is a local maximum of the function
F restricted to the parabola y = 3

2
x2, namely 0 ∈ R is a local maximum of the

function

x �→ F
(
x, 3

2x2
)

= −1
4
x4 + 3x6 arctan

(
3

2x2

)
.

This readily implies that C0(F ,0) is trivial. �

5.2 The generalized Morse lemma revisited

In order to prove Theorem 5.1.1 we need to reconsider the generalized Morse lemma
(Lemma A.2.1): more specifically, for reasons that will become clear in the next
two sections, we need to specify how the map φ and the function F 0 appearing
in the statement are defined. This can be done by inspecting the original proof
in [GM69a] or, alternatively, in [MW89, page 189] and [Cha93, page 44]. For the
reader’s convenience, we will include the proof here with all the details.

In order to simplify the notation, from now on we will assume, without loss
of generality, that x = 0 ∈ E. Consider the operator H associated to the Hessian
of F at the critical point 0 defined in (5.1). According to the spectral theorem, we
have an orthogonal splitting E = E+⊕E−⊕E0, where E+ [resp. E−] is a vector
subspace of E on which H is positive-definite [resp. negative-definite], while E0 is
the finite-dimensional kernel of H . We will write every vector v ∈ E as

v = v0 + v±,
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where v± ∈ E± := E+ ⊕ E− and v0 ∈ E0. On E± \ {0} we introduce the local
flow ΘH defined by ΘH(s, σ(0)) = σ(s), where σ : (s0, s1) → E± \ {0} (with
s0 < 0 < s1) is a curve that satisfies

σ̇(s) = − Hσ(s)
‖Hσ(s)‖E

, ∀s ∈ (s0, s1). (5.5)

We also set ΘH(0,0) := 0. Notice that ΘH is a reparametrization of the anti-
gradient flow of the function F± : E± → R defined by

F±(v±) := 1
2
HessF (0)[v±, v±] = 1

2
〈〈Hv±, v±〉〉E , ∀v± ∈ E±. (5.6)

The generalized Morse lemma can be restated as follows.

Lemma 5.2.1 (Generalized Morse Lemma revisited). If V ⊆ E is a sufficiently
small open neighborhood of 0, there exist

(i) a C1 map ψ : (V ∩ E0,0) → (E±,0) implicitly defined by

dF (v0 + ψ(v0))
∣∣
E± = 0, ∀v0 ∈ V ∩ E0, (5.7)

(ii) a map φ : (V ,0) → (U ,0) that is a homeomorphism onto its image, de-
fined by

φ(v) = v0 + ΘH(τ(v − ψ(v0)), v± − ψ(v0)),

∀v = v0 + v± ∈ V ,
(5.8)

where τ is a continuous function implicitly defined by

|τ(v)| ≤ 1
2‖v±‖E,

F±(ΘH(τ(v), v±)) = F
(
v + ψ(v0)

)− F
(
v0 + ψ(v0)

)
.

Then we have

F ◦ φ−1(v) = F 0(v0) + F±(v±), ∀v = v0 + v± ∈ φ(V ), (5.9)

where F 0 : V ∩ E0 → R is the C2 function

F 0(v0) = F (v0 + ψ(v0)), ∀v0 ∈ V ∩ E0. (5.10)

Moreover, the origin is a totally degenerate isolated critical point of F 0 and a
non-degenerate critical point of F±.

Proof. Since the Hessian of F at 0 is non-degenerate when restricted to E±×E±,
by the implicit function theorem we can find an open neighborhood V 0 ⊂ U ∩E0

of 0 and a C1 map ψ : (V 0,0) → (E±,0) that is implicitly defined as in (5.7).
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Consider the function F 0 : V 0 → R defined as in (5.10). The origin is an isolated
critical point of F 0, for ψ(0) = 0 and

dF 0(v0) = dF (v0 + ψ(v0)) + dF (v0 + ψ(v0)) dψ(v0)

= dF (v0 + ψ(v0)).

Moreover,

HessF 0(v0) = HessF (v0 + ψ(v0))[(I + dψ(v0))·, ·],
where I denotes the identity on E0. This shows that F 0 is a C2 function whose
Hessian vanishes at the origin (i.e., the origin is a totally degenerate critical point
of F 0). As for the function F± : E± → R defined in (5.6), the origin is clearly
a non-degenerate critical point of it. In order to conclude the proof, we need to
show that we can define a map φ as in point (ii) of the statement such that (5.9)
holds.

Consider the flow ΘH introduced above. We claim that ΘH is well defined on{
(s, v±) ∈ R× E±

∣∣∣ |s| < ‖v±‖E

}
.

In fact, for any nonzero v± ∈ E±, consider the maximal flow line

σ : (s0, s1) → E± \ {0}
of ΘH with s0 < 0 < s1 and σ(0) = v± (see equation (5.5)). Assume by contra-
diction that s1 < ‖v±‖E. Since ‖σ̇(s)‖E = 1 for each s ∈ (s0, s1), we have

‖σ(s) − v±‖E =
∥∥∥∥∫ s

0

σ̇(r) dr

∥∥∥∥
E

≤
∫ s

0

‖σ̇(r)‖E dr = |s|.

Therefore 0 < ‖σ(s1)‖E < 2‖v±‖E and σ̇(s1) = −Hσ(s1)/‖Hσ(s1)‖E is well
defined, contradicting the maximality of s1. An analogous argument shows that
s0 ≤ −‖v±‖E.

Since H is a Fredholm operator, 0 is an isolated point in the spectrum of H
(see the proof of Lemma 2.1.1). Fix ε > 0 such that the interval [−ε, ε] intersects
the spectrum of H only in 0. For each v± ∈ E± \ {0}, the function s �→ F± ◦
ΘH(s, v±) is strictly decreasing, and∣∣F±(ΘH(s, v±)) − F±(v±)

∣∣ =
∫ |s|

0

‖H ΘH(r, v±)‖E dr

≥ ε

∫ |s|

0

‖ΘH(r, v±)‖E dr

≥ ε

∫ |s|

0

(‖v±‖E − r
)
dr

≥ ε

(
‖v±‖E |s| − s2

2

)
.
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In particular, for s = 1
2‖v±‖E, we have

F±(ΘH(−s, v±)) − F±(v±) ≥ ε′‖v±‖2
E,

F±(v±) − F±(ΘH(s, v±)) ≥ ε′‖v±‖2
E,

(5.11)

where ε′ := (1
2 − 1

8)ε > 0. Now, consider an open neighborhood of V ± ⊂ E± of 0
such that

V := V 0 ⊕ V ± ⊂ U .

For each v = v± + v0 ∈ V we have

F (v + ψ(v0)) − F (v0 + ψ(v0))

=
∫ 1

0

dF (sv± + v0 + ψ(v0))v± ds

=
∫ 1

0

∫ 1

0

s HessF (rsv± + v0 + ψ(v0))[v±, v±] dr ds.

Since the function F is C2, up to shrinking the neighborhood V of 0, for each
v = v± + v0 ∈ V we have

|F (v + ψ(v0)) − F (v0 + ψ(v0)) − F±(v±)|

=
∣∣∣∣∫ 1

0

∫ 1

0

s
(
HessF (rsv± + v0)[v±, v±] − HessF (0)[v±, v±]

)
dr ds

∣∣∣∣
≤ 1

2
ε′‖v±‖2

E .

Set s = 1
2‖v±‖E. This estimate, together with the ones in (5.11), implies that∣∣F (v + ψ(v0)) − F (v0 + ψ(v0)) − F±(ΘH(s, v±))

∣∣
≥ ∣∣F±(v±) − F±(ΘH(s, v±))

∣∣
− ∣∣F (v + ψ(v0)) − F (v0 + ψ(v0)) − F±(v±)

∣∣
≥ 1

2
ε′‖v±‖2

E

≥ 0,

and actually

F±(ΘH(s, v±)) ≤ F (v + ψ(v0)) − F (v0 + ψ(v0)) ≤ F±(ΘH(−s, v±)). (5.12)

Notice that these inequalities become equalities in case v± = 0. If v± �= 0 and
|r| < ‖v±‖E, we have

d
dr

F±(ΘH(r, v±)) = −‖HΘH(r, v±)‖E < 0,

and by the implicit function theorem there exists a C1 function

τ : V \ (V 0 ⊕ {0}) → R
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such that

F±(ΘH(τ(v), v±)) = F (v + ψ(v0)) − F (v0 + ψ(v0)),

∀v = v0 + v± ∈ V \ {0}. (5.13)

Notice that, by the estimates (5.12), we have |τ(v)| ≤ 1
2‖v±‖E. Therefore we can

extend τ to a continuous function defined on all of V .
Once more, since the function F is C2, up to further shrinking the neigh-

borhood V of 0, for each v = v± + v0 ∈ V with v± �= 0 and |r| < ‖v±‖E we
have
d
dr

F (v0 + ΘH(r, v±) + ψ(v0))

= −dF (v0 + ΘH(r, v±) + ψ(v0))
HΘH(r, v±)

‖HΘH(r, v±)‖E

= −
∫ 1

0

HessF (v0 + sΘH(r, v±) + ψ(v0))
[
ΘH(r, v±),

HΘH(r, v±)
‖HΘH(r, v±)‖E

]
ds

≤ 1
2
ε‖ΘH(r, v±)‖E −

∫ 1

0

HessF (0)
[
ΘH(r, v±),

HΘH(r, v±)
‖HΘH(r, v±)‖E

]
ds

= 1
2
ε‖ΘH(r, v±)‖E − ‖HΘH(r, v±)‖E

≤ − 1
2ε‖ΘH(r, v±)‖E

< 0.

Up to further shrinking the neighborhood V of 0, by the implicit function theorem
there exists a C1 function

σ : V \ (V 0 ⊕ {0}) → R

such that

F±(w±) = F (w0 + ΘH(σ(w), w±) + ψ(w0)) − F (w0 + ψ(w0)),

∀w = w0 + w± ∈ V \ {0}.
If we set v = v0 + v±, v0 = w0 and v± = ΘH(σ(w), w±), then

w± = ΘH(τ(v), v±), (5.14)

and hence we can extend σ to a continuous function defined on all of V such that
σ(w0) = 0.

Finally, up to shrinking one last time the neighborhood V of 0, we can define
the map φ : V → U as in (5.8). This map is a homeomorphism onto its image
with inverse

φ−1(w) = w0 + ΘH(σ(w), w±) + ψ(w0), ∀w = w0 + w± ∈ φ(V ).

Equation (5.9) is then a direct consequence of (5.13). �
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5.3 Naturality of the Morse lemma

Let H• be the bounded self-adjoint linear operator on E• ⊂ E associated to the
Hessian of the restricted function F• = F |E• at 0. Then H ◦ J = J ◦ H•. This
follows immediately from condition (5.2), for

H ◦ J = d(GradF )(0) ◦ J

= d((GradF ) ◦ J)(0)
= d(J ◦ Grad(F•))(0)
= J ◦ d(Grad(F•))(0)
= J ◦ H•.

Namely, the restriction of H to E• coincides with H•, i.e.,

H |E• = H•, (5.15)

and in particular H• is a self-adjoint Fredholm operator on E•. If we denote by
E• = E0

• ⊕ E+
• ⊕ E−

• the orthogonal splitting associated to the operator H•
according to the spectral theorem, equation (5.15) readily implies that

E0
• ⊆ E0, E+

• ⊆ E+, E−
• ⊆ E−. (5.16)

Lemma 5.2.1 applies to both the functions F and F•, and the following is a list
of the various symbols involved in the corresponding statements. The top line
contains the symbols used with F , and the bottom line denotes the symbols used
with F•.

E±, E0, V , ΘH , φ, ψ, τ, F 0, F±,
E±

• , E0
• , V•, ΘH• , φ•, ψ•, τ•, F 0

• , F±
• .

We want to show that, under the hypotheses of Theorem 5.1.1, the decomposition
of F as F±+F 0 restricts to the corresponding decomposition of F• as F±

• +F 0
• .

Proposition 5.3.1. F±|E±
•

= F±
• .

Proof. This is a direct consequence of (5.15) and the definitions of the functions
F± and F±

• . �
Lemma 5.3.2.

(i) If ind(F ,0) = ind(F•,0), then E− = E−
• .

(ii) If nul(F ,0) = nul(F•,0), then E0 = E0
• .

Proof. The claims follow at once from (5.16), since

dimE−
• = ind(F•,0) = ind(F ,0) = dimE−,

dimE0
• = nul(F•,0) = nul(F ,0) = dimE0. �
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Proposition 5.3.3. If nul(F ,0) = nul(F•,0), the following equalities hold:

(i) ψ = ψ• on a neighborhood of 0 in E0• = E0,

(ii) F 0 = F 0• on a neighborhood of 0 in E0• = E0,

(iii) φ = φ• on a neighborhood of 0 in E• ⊂ E.

Proof. By Lemma 5.3.2(ii), the domains of the maps ψ and ψ• are open neigh-
borhoods of 0 in E0 = E0

• . Up to shrinking these neighborhoods, we can assume
that both ψ and ψ• have common domain V 0 ⊂ E0. Let P± : E → E± and
P±• : E• → E±• be orthogonal projectors. Notice that

P±|E±
•

= P±
• .

The function ψ• is implicitly defined as in point (i) of Lemma 5.2.1, or equivalently
by the equation

P±
•
(
GradF•(v0 + ψ•(v0))

)
= 0, ∀v0 ∈ V ∩ E0.

Assumption (5.2), together with the fact that E0 = E0• , implies that

GradF (v0 + ψ•(v0)) = GradF•(v0 + ψ•(v0)) ∀v0 ∈ V ∩ E0.

Hence

P±(GradF (v0 + ψ•(v0))
)

= 0, ∀v0 ∈ V ∩ E0.

This shows that ψ• solves the equation that implicitly defines ψ, and therefore
points (i) and (ii) follow.

As for (iii), up to shrinking the domains of φ and φ•, we can assume that
they are maps of the form φ : V → U and φ• : V• → U•, where V• = V ∩ E•.
Notice that (5.15) readily implies that the flow ΘH• is the restriction of the flow
ΘH to E±

• \ {0}, i.e.,

ΘH(·, v±) = ΘH•(·, v±), ∀v± ∈ E±
• \ {0} .

By Lemma 5.2.1(ii) and since ψ = ψ•, for each v = v0 + v± ∈ V• we have

φ(v) = v0 + ΘH(τ(v − ψ(v0)), v± − ψ(v0)),

φ•(v) = v0 + ΘH(τ•(v − ψ(v0)), v± − ψ(v0)).

Hence in order to conclude the proof of (ii), we just need to show that, for each
v in the domain of τ•, we have τ(v) = τ•(v). This is easily verified since, by
Lemma 5.2.1(ii) and Proposition 5.3.1, τ(v) and τ•(v) are implicitly defined by
the same equation

F±(ΘH(τ(v), v±)) = F (v+ψ(v0))−F (v0+ψ(v0)) = F±(ΘH(τ•(v), v±)). �
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5.4 Local homology

In this section we carry out the proof of Theorem 5.1.1. Before giving the proof,
we need to establish another naturality property, this time for the isomorphism
between the local homology of F at 0 and the homology of corresponding Gromoll-
Meyer pairs (see Section A.5 in the Appendix).

Remark 5.4.1. Notice that our function F is only defined on an open set U ⊂ E,
which is not a complete space unless U = E. Therefore in the following, we must
implicitly require that all the Gromoll-Meyer pairs (W , W−) of F at 0 satisfy
the following assumption (in addition to (GM1),. . . ,(GM4) from Section A.5): if
ΦGradF denotes the anti-gradient flow of F as in Section A.3 of the Appendix,
then for each v ∈ W− there exists t = t(v) > 0 such that ΦGradF (t, v) ∈ (F )c,
where c = F (0). This can always be fulfilled by requiring W to be small enough.
Indeed, one can even construct a Gromoll-Meyer pair (W , W−) in such a way that
W− ⊂ (F )c, see [GM69a, Section 2] or [Cha93, page 49]. �
Lemma 5.4.1. Let (W , W−) be a Gromoll-Meyer pair for F at 0. Then the follow-
ing holds.

(i) The pair (W•, W•−) := (W ∩ E•, W− ∩ E•) = (J−1(W ), J−1(W−)) is a
Gromoll-Meyer pair for F• = F |E• at 0.

(ii) Consider the restrictions of J : E• ↪→ E given by

J : ((F•)c ∪ {0} , (F•)c) ↪→ ((F )c ∪ {0} , (F )c),
J : (W•, W•−) ↪→ (W , W−).

These restrictions induce the homology homomorphisms

H∗(J) : C∗(F•,0) → C∗(F ,0),
H∗(J) : H∗(W•, W•−) → H∗(W , W−).

Then there exist homology isomorphisms ι(W•,W•−) and ι(W ,W−) such that
the following diagram commutes.

C∗(F•,0)
H∗(J) ��

ι(W•,W•−) 


��

C∗(F ,0)

ι(W ,W−)


��
H∗(W•, W•−)

H∗(J) �� H∗(W , W−)

Proof. Point (i) is straightforward: it suffices to verify that the pair (W•, W•−)
satisfies conditions (GM1),. . . ,(GM4) in the definition of Gromoll-Meyer pair (see
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Section A.5). Point (ii) requires us to examine closely the proof of Theorem A.5.1
in the Appendix, and we refer the reader to [Cha93, page 48] for more details.
The point, here, is to show that the isomorphism between the local homology and
the homology of a Gromoll-Meyer pair is given by the composition of homology
isomorphisms induced by maps, so that the assertion follows from the functoriality
of singular homology.

We denote by ΦGradF the anti-gradient flow of F . Notice that, by condi-
tion (5.2), ΦGradF restricts on E• to the anti-gradient flow ΦGradF• of the re-
stricted function F•. We choose a continuous function T : W− → [0,∞) such that
F (ΦGradF (T (v), v)) < c for each v ∈ W−, and we introduce the closed sets

Z :=
{
ΦGradF (s, v))

∣∣∣ v ∈ W−, 0 ≤ s ≤ T (v)
}
,

Y := W ∪ Z ,

Z• :=
{
ΦGradF (s, v))

∣∣∣ v ∈ W•−, 0 ≤ s ≤ T (v)
}

= Z ∩ E•,

Y• := W• ∪ Z• = Y ∩ E•.

Consider the following diagram.

C∗(F•,0)
H∗(J) �� C∗(F ,0)

H∗ (Y• ∩ (F•)c ∪ {0} , Y• ∩ (F•)c) ��




��

H∗ (Y ∩ (F )c ∪ {0} , Y ∩ (F )c)




��

H∗ (Y• ∩ (F•)c ∪ {0} , Z• ∩ (F•)c) ��




��




��

H∗ (Y ∩ (F )c ∪ {0} , Z ∩ (F )c)




��




��
H∗ (Y•, Z•) �� H∗ (Y , Z )

H∗(W•, W•−)
H∗(J) ��




��

H∗(W , W−)




��
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In this diagram, all the arrows are homology homomorphisms induced by inclu-
sions. Moreover, all the vertical arrows are isomorphisms (this can be easily proved
by anti-gradient flow deformations and excisions), and we define the isomorphisms
ι(W•,W•−) and ι(W ,W−) as the composition of the whole left vertical line and right
vertical line respectively. By the functoriality of singular homology, this diagram
is commutative, and the claim of point (ii) follows. �

After these preliminaries, let us go back to the proof of Theorem 5.1.1. If
nul(F ,0) = nul(F•,0), then, by Proposition 5.3.3(ii), F 0 = F 0

• on a neighbor-
hood V 0 of the critical point 0. In particular

C∗(F 0
• ,0) = C∗(F 0,0). (5.17)

As for the functions F± and F±
• , we have the following.

Lemma 5.4.2. Assume that ind(F ,0) = ind(F•,0). Then the inclusion J , re-
stricted as a map

J : ((F±
• )0 ∪ {0} , (F±

• )0) ↪→ ((F±)0 ∪ {0} , (F±)0), (5.18)

induces the homology isomorphism

H∗(J) : C∗(F±
• ,0) 
−→C∗(F±,0).

Proof. The fact that J restricts to a map of the form (5.18) is guaranteed by
Proposition 5.3.1. Since F± and F±

• are quadratic forms with negative eigen-
spaces E− and E−• respectively, the inclusions

k : (E−, E− \ {0}) ↪→ ((F±)0 ∪ {0} , (F±)0),

k• : (E−
• , E−

• \ {0}) ↪→ ((F±
• )0 ∪ {0} , (F±

• )0)

are homotopy equivalences, and in particular induce homology isomorphisms H∗(k)
and H∗(k•). Moreover k and k• are defined on the same domain, since E−

• = E−

according to Lemma 5.3.2(i). Therefore H∗(J) = H∗(k) ◦ H∗(k•)−1 is an isomor-
phism. �

Proof of Theorem 5.1.1. By Proposition 5.3.3(iii), the homeomorphisms φ and φ•
provided by the generalized Morse lemma induce local homology isomorphisms
H∗(φ) and H∗(φ•) such that the following diagram commutes.

C∗(F•,0)
H∗(J) �� C∗(F ,0)

C∗(F 0
• + F±

• ,0)
H∗(J) ��

H∗(φ•) 


��

C∗(F 0 + F±,0)

H∗(φ)


��
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Hence, we only need to prove that the lower horizontal homomorphism H∗(J) is
an isomorphism. We consider Gromoll-Meyer pairs (W ±, W ±

− ) and (W 0, W 0
−) for

F± and F 0 respectively at 0, so that the product of these pairs, that is

(W , W−) := (W ± × W 0, (W ±
− × W 0) ∪ (W ± × W 0

−)),

is a Gromoll-Meyer pair for F0+F± at 0. By Lemma 5.4.1(i), we obtain Gromoll-
Meyer pairs for the functions F±• , F 0• and F 0• + F±• at 0 respectively as

(W ±
• , W ±

•−) := (W ± ∩ E•, W ±
− ∩ E•) = (J−1(W ±), J−1(W ±

− )),

(W 0
• , W 0

•−) := (W 0 ∩ E•, W 0
− ∩ E•) = (J−1(W 0), J−1(W 0

−)),

(W•, W•−) := (W ∩ E•, W− ∩ E•) = (J−1(W ), J−1(W−)).

By Lemma 5.4.1(ii) and the Künneth formula we obtain the following commutative
diagram.

C∗(F 0• + F±• ,0)
H∗(J) ��

ι(W•,W•−) 


��

C∗(F 0 + F±,0)

ι(W ,W−)


��
H∗(W•, W•−)

H∗(J) ��

Künneth 


��

H∗(W , W−)

Künneth


��
H∗(W ±

• , W ±
•−)

⊗
H∗(W 0

• , W 0
•−)

H∗(J)⊗H∗(J) ��
H∗(W ±, W ±

− )
⊗

H∗(W 0, W 0
−)

H∗(F±
• ,0)

⊗
H∗(F 0

• ,0)

H∗(J)⊗H∗(J)



��

ι
(W ±• ,W ±

•−)
⊗ ι(W 0• ,W 0•−) 


��

H∗(F±,0)
⊗

H∗(F 0,0)

ι
(W ±,W ±

− )
⊗ ι(W 0,W 0−)


��

The commutativity of the upper and lower squares follows from Lemma 5.4.1(ii),
while the commutativity of the central square follows from the naturality of the
Künneth formula (see for instance [Hat02, page 275]). By (5.17) and Lemma 5.4.2,
the lower horizontal homomorphism H∗(J)⊗H∗(J) is an isomorphism, and there-
fore the other horizontal homomorphisms must be isomorphisms too. �
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5.5 Application to the action functional

Let M be a smooth closed manifold of dimension m ≥ 1, and L : T×TM → R a
1-periodic convex quadratic-growth Lagrangian with associated action functional
A : W 1,2(T; M) → R. We also consider, for each n ∈ N, the mean action func-
tional A [n] : W 1,2(T[n]; M) → R (see Section 3.6) and, for each k ∈ N large
enough, the discrete action functional Ak : Δk → R (see Section 4.3) and the
discrete mean action functional A [n]

k : Δnk → R (see Section 4.7).
We show that the abstract Theorem 5.1.1 can be applied to the case in which

J is the discrete iteration map ψ
[n]
k : Δk ↪→ Δnk and F is the discrete mean action

functional A [n]
k .

Theorem 5.5.1. Let q ∈ Δk be a critical point of the discrete action functional
Ak such that Ak(q) = c. Assume that, for some n ∈ N, q[n] is an isolated critical

point of A [n]
k and

ind(Ak, q) = ind(A [n]
k , q[n]),

nul(Ak, q) = nul(A [n]
k , q[n]).

Then the discrete iteration map ψ
[n]
k , restricted as a map of the form

ψ
[n]
k : ((Ak)c ∪ {q} , (Ak)c) ↪→ ((A [n]

k )c ∪ {q[n]}, (A [n]
k )c),

induces the homology isomorphism

H∗(ψ
[n]
k ) : C∗(Ak, q) 
−→C∗(A

[n]
k , q[n]).

Proof. For notational convenience, let us assume that the pull-back vector bundle
λk(q)∗TM is trivial (the general case can be handled analogously, and it is left to
the reader). Applying the localization argument of Remark 4.2.1 we can assume
that our Lagrangian function has the form L : T × U × Rm → R, where U is a
bounded open subset of Rm, and the corresponding action and mean action have
the form A : W 1,2(T; U) → R and A [n] : W 1,2(T[n]; U) → R. In this way, we
consider q as lying in the open set Wk = λ−1

k (W 1,2(T; U)) of the k-fold product
Rm × · · · ×Rm, and similarly

q[n] ∈ Wnk = (λ[n]
k )−1(W 1,2(T[n]; U)) ⊂ Rm × · · · ×Rm︸ ︷︷ ︸

nk times

.

The iteration map ψ[n] : W 1,2(T; U) ↪→ W 1,2(T[n]; U) is now the restriction of
a bounded linear embedding ψ[n] : W 1,2(T;Rm) ↪→ W 1,2(T[n];Rm), namely it is
the restriction of the nth-iteration map on the Hilbert space W 1,2(T;Rm). Anal-
ogously, the discrete iteration map ψ

[n]
k is the restriction of the linear embedding
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ψ
[n]
k : Rkm ↪→ Rnkm given by

ψ
[n]
k (w) = w[n] = (w, . . . ,w︸ ︷︷ ︸

n times

), ∀w ∈ Rkm.

This latter embedding is an isometry with respect to the Euclidean inner product
〈〈·, ·〉〉 on Rkm and the inner product 〈〈·, ·〉〉[n] on Rnkm obtained multiplying the
Euclidean one by n−1, i.e.,

〈〈w,z〉〉=
k−1∑
j=0

〈wj ,zj〉, ∀w=(w0,...,wk−1),z=(z0,...,zk−1)∈Rkm,

〈〈w′,z′〉〉[n] =
1
n

nk−1∑
j=0

〈
w′

j ,z
′
j

〉
, ∀w′=(w′

0,...,w
′
nk−1),z

′ =(z′0,...,z
′
nk−1)∈Rnkm.

Here we have denoted by 〈·, ·〉 the Euclidean inner product on Rm. Now, the func-
tionals Ak and A [n]

k are smooth (see Proposition 4.3.1), and therefore our claim
follows from the abstract Theorem 5.1.1, provided we verify that condition (5.2)
holds in our setting. Namely, we must verify that

GradA [n]
k (w[n]) = ψ[n] ◦ GradAk(w), ∀w ∈ Wk.

This follows easily from Proposition 4.4.1. In fact, if we fix an arbitrary w ∈ Wk

and we define γw := λk(w) and g = (g0, . . . , gk−1) with

gj = ∂vL ( j
k , γw( j

k ), γ̇w( j
k

−
)) − ∂vL ( j

k , γw( j
k ), γ̇w( j

k

+
)) ∈ Rm, ∀j ∈ Zk,

we have GradAk(w) = g and GradA [n]
k (w[n]) = g[n]. �

Theorem 5.1.1 does not immediately apply to the mean action functional
A [n], since this latter functional is not C2 in general (see Proposition 3.4.4).
However, despite this lack of regularity, we can still obtain the assertion of the
theorem as a consequence of the results of Chapter 4 and the above Theorem 5.5.1.

Corollary 5.5.2. Let γ ∈ W 1,2(T; M) be a critical point of the action functional
A such that A (γ) = c. Assume that, for some n ∈ N, γ[n] is an isolated critical
point of A [n] and

ind(A , γ) = ind(A [n], γ[n]),

nul(A , γ) = nul(A [n], γ[n]).
(5.19)

Then the iteration map ψ[n], restricted as a map of the form

ψ[n] : ((A )c ∪ {γ} , (A )c) ↪→ ((A [n])c ∪ {γ[n]}, (A [n])c),

induces the homology isomorphism

H∗(ψ[n]) : C∗(A , γ) 
−→C∗(A [n], γ[n]).
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Proof. As we have already remarked at the beginning of Section 4.4, for each
k ∈ N sufficiently large there exists q ∈ Δk such that

γ = γq = λk(q),

and q is a critical point of the discrete action functional Ak. By Corollary 4.4.6,
Lemma 4.4.9 and assumption (5.19), up to increasing k we have that

ind(Ak, q) = ind(A , γq) = ind(A [n], γ[n]
q ) = ind(A [n]

k , q[n]),

nul(Ak, q) = nul(A , γq) = nul(A [n], γ[n]
q ) = nul(A [n]

k , q[n]).

By Corollary 4.5.3, up to further increasing k, the embeddings λk and λ
[n]
k induce

homology isomorphisms such that the following diagram commutes.

C∗(A , γq)
H∗(ψ[n]) �� C∗(A [n], γ

[n]
q )

C∗(Ak, q)
H∗(ψ

[n]
k

)



��

H∗(λk) 


��

C∗(A
[n]
k , q[n])

H∗(λ
[n]
k )


��

By Theorem 5.5.1, the homomorphism H∗(ψ
[n]
k ) is an isomorphism, and hence

H∗(ψ[n]) must also be an isomorphism. �





Chapter 6

Periodic Orbits of Tonelli
Lagrangian Systems

This final chapter is devoted to the proof of multiplicity results for periodic orbits
of Lagrangian systems given by Tonelli Lagrangians L : T×TM → R with global
Euler-Lagrange flow. As in the previous chapters, the approach that we follow is
based on the critical point theory for the action functional. However, under the
Tonelli assumptions, the machinery of abstract critical point theory is not directly
applicable. The main problem is that a functional setting in which the Tonelli ac-
tion is both regular and satisfies the Palais-Smale condition (the minimal require-
ments needed for critical point theory) is not known. The breakthrough required to
overcome these difficulties was found by Abbondandolo and Figalli [AF07]. Their
idea consists in modifying the Tonelli Lagrangian L outside a sufficiently large
neighborhood of the zero section of TM , making L fiberwise quadratic there, and
then performing the critical point-theoretic analysis with the action functional of
the modified Lagrangian. In a prescribed action sublevel, a suitable a priori esti-
mate on the n-periodic orbits of the modified Lagrangian implies that these orbits
must lie in the region where the Lagrangian is not modified. In particular, they
are n-periodic solutions of the Euler-Lagrange system of the original Tonelli La-
grangian L . This modification technique allows us to extend the validity of Benci’s
result on the multiplicity of periodic orbits with prescribed period (see Section 4.6)
to the whole class of Tonelli Lagrangians with global Euler-Lagrange flow.

A harder class of results concerns the multiplicity of periodic orbits with
unprescribed integer period. In 1984, Conley [Con84] conjectured that every 1-
periodic Hamiltonian system on a standard symplectic m-torus admits contractible
periodic orbits with arbitrarily high basic period, provided it admits only finitely
many contractible 1-periodic orbits. This fact was soon established by Conley

     OI 10.1007/978-3-0348-0163-8_6, © Springer Basel AG 2012
. , he
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and Zehnder [CZ84] for generic Hamiltonians, and recently by Hingston [Hin09]
in full generality. The conjecture was also extended to the wider class of closed
symplectically aspherical manifolds by Salamon and Zehnder [SZ92] for generic
Hamiltonians, and by Ginzburg [Gin10] in full generality. Further extensions are
contained in [GG10, Hei09, Hei11]. Nowadays, people refer to the statement as-
serting the existence of infinitely many periodic orbits in a certain setting as “the
Conley conjecture” in that setting. In this chapter we prove this result for La-
grangian systems associated to Tonelli Lagrangians with global Euler-Lagrange
flow, or equivalently for Hamiltonian systems on cotangent bundles associated to
Tonelli Hamiltonians with global Hamiltonian flow.

In the Lagrangian realm, the first important result on the multiplicity of pe-
riodic orbits with unprescribed period, which inspired the other ones mentioned
here, was proved by Long [Lon00] and based on earlier work by Bangert and Klin-
genberg [BK83] on the closed geodesics problem. Long’s result asserts the existence
of infinitely many contractible periodic orbits in the case of fiberwise quadratic La-
grangians on the m-torus. Recently, Lu [Lu09] extended Long’s result to the case
of convex quadratic-growth Lagrangians on general closed configuration spaces.
He also established the existence of infinitely many periodic orbits which are ho-
motopic to some iteration of a given free loop, provided the connected components
of the loop and of its iterations in the free loop space have nontrivial homology
in some positive degree. Long and Lu [LL03] also proved Long’s statement in the
autonomous case. The extension to the whole class of Tonelli Lagrangians with
global Euler-Lagrange flow is due to the author [Maz11].

Long’s approach to the multiplicity of periodic orbits is Morse-theoretic, and
can be roughly described as follows: assuming by contradiction that the considered
Euler-Lagrange system admits only finitely many periodic solutions, it is possible
to find a periodic orbit whose local homology persists under iteration, contra-
dicting a homological vanishing principle. Here we extend this approach to the
Tonelli case by combining the machinery of convex quadratic modifications with
the discretization technique developed in Chapter 4.

In Section 6.1, following [AF07, Section 5], we recall the definition and the ba-
sic properties of convex quadratic modifications. In Section 6.2 we prove multiplic-
ity results for 1-periodic orbits of Tonelli Lagrangian systems, extending Benci’s
results of Section 4.6. In Section 6.3 we introduce the discrete Tonelli action and
we study the properties of its local homology. In Section 6.4 we recover Bangert
and Klingenberg’s homological vanishing principle in the Tonelli setting. Finally,
in Section 6.5 we state and prove the Conley conjecture for Tonelli Lagrangians
with global Euler-Lagrange flow.

6.1 Convex quadratic modifications

Let us fix, once for all, a smooth closed manifold M of dimension m ≥ 1 with a
Riemannian metric 〈·, ·〉·, and a 1-periodic Tonelli Lagrangian L : T×TM → R.
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As usual, we denote by A (γ) ∈ R∪ {+∞} the action of an absolutely continuous
1-periodic curve γ : T → M , i.e.,

A (γ) =
∫ 1

0

L (t, γ(t), γ̇(t)) dt.

For each n ∈ N, we denote by A [n](ζ) ∈ R ∪ {+∞} the mean action of an
absolutely continuous n-periodic curve ζ : T[n] → M , i.e.,

A [n](ζ) =
1
n

∫ n

0

L (t, ζ(t), ζ̇(t)) dt.

By the uniform fiberwise superlinearity of L (see Remark 1.2.1) there exists a
real constant C(L ) > 0 such that

L (t, q, v) ≥ |v|q − C(L ), ∀(t, q, v) ∈ T× TM.

For each real R > 0, we say that LR : T×TM → R is a convex quadratic R-mod-
ification (or simply an R-modification) of a Tonelli Lagrangian L : T×TM → R

when:

(M1) LR is a convex quadratic-growth Lagrangian,
(M2) LR(t, q, v) = L (t, q, v) for each (t, q, v) ∈ T× TM with |v|q ≤ R,
(M3) LR(t, q, v) ≥ |v|q − C(L ) for each (t, q, v) ∈ T× TM .

Proposition 6.1.1 (Existence of modifications). For every real R > 0, there exists
a convex quadratic R-modification LR of the Tonelli Lagrangian L .

Proof. We denote by ∂2
vv the fiberwise Hessian operator on TM , so that

∂2
vvL (t, q, v) : TqM × TqM → R

is the symmetric bilinear form given in local coordinates by

∂2
vvL (t, q, v)[w, z] =

m∑
j,h=1

∂2L

∂vj ∂vh
(t, q, v)wjzh, ∀w, z ∈ TqM.

From now on, when we write inequalities (and equalities) between symmetric bi-
linear forms, by definition this means that the stated (in)equality holds between
the associated quadratic forms. For instance, if � ∈ R and Q : TM → R, we will
write ∂2

vvQ(q, v) ≥ � to mean

∂2
vvQ(q, v)[w, w] ≥ � |w|2q, ∀w ∈ TqM.

Let us fix any smooth convex function ψ : R → R such that{
ψ(r) = 0, ∀r ≤ R2,
ψ(r) = r − 2R2, ∀r ≥ 4R2.
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We define the autonomous Lagrangian Q : TM → R by

Q(q, v) := c1ψ(|v|2q), ∀(t, q, v) ∈ T× TM,

where c1 is a positive real constant that we will fix later. Notice that Q is fiberwise
convex everywhere and fiberwise quadratic outside a compact neighborhood of the
zero section of TM . Its fiberwise Hessian satisfies

∂2
vvQ(q, v) = 2c1, ∀(q, v) ∈ TM with |v|q ≥ 2R. (6.1)

Next, let us fix any smooth function φ : R → R such that{
φ(r) = r, ∀r ≤ 1,
φ(r) = 0, ∀r ≥ 2.

We define the Lagrangian B : T× TM → R by

B(t, q, v) := c2 φ

(
L (t, q, v)

c2

)
, ∀(t, q, v) ∈ T× TM,

where

c2 := max
{

L (t, q, v)
∣∣∣ (t, q, v) ∈ T× TM, |v|q ≤ 2R

}
.

The Lagrangian L is coercive, meaning that L (t, q, v) → ∞ as |v|q → ∞. This
implies that B is compactly supported. Moreover, by our choice of c2, we have that
B(t, q, v) = L (t, q, v) whenever |v|q ≤ 2R. Up to fixing c1, we define a smooth
Lagrangian LR : T× TM → R by

LR(t, q, v) := B(t, q, v) + Q(q, v), ∀(t, q, v) ∈ T× TM.

This Lagrangian clearly satisfies assumption (M2). We want to show that it also
satisfies assumptions (M1) and (M3) provided we choose c1 > 0 large enough.

Note that

LR(t, q, v) = L (t, q, v) + Q(q, v), ∀(t, q, v) ∈ T× TM with |v|q ≤ 2R.

Since Q is fiberwise convex, we have

∂2
vvLR(t, q, v) ≥ ∂2

vvL (t, q, v), ∀(t, q, v) ∈ T× TM with |v|q ≤ 2R. (6.2)

Now, let us require that

c1 ≥ −∂2
vvB(t, q, v), ∀(t, q, v) ∈ T× TM. (6.3)

By (6.1) and (6.3) we have

∂2
vvLR(t, q, v) ≥ ∂2

vvB(t, q, v) + ∂2
vvQ(q, v) ≥ c1 > 0,

∀(t, q, v) ∈ T× TM with |v|q ≥ 2R.
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This estimate, together with (6.2), shows that LR satisfies (Q1). Now, for each
(t, q, v) ∈ T× TM with |v|q large enough, we have

LR(t, q, v) = Q(q, v) = c1(|v|2q − 2R2).

Hence LR also satisfies (Q2), and therefore (M1). It only remains to verify condi-
tion (M3). On the one hand, we have

LR(t, q, v) ≥ L (t, q, v) ≥ |v|q − C(L ),
∀(t, q, v) ∈ T× TM with |v|q ≤ 2R.

On the other hand, for c1 large enough, we have

LR(t, q, v) ≥ min {B} + c1(|v|2q − 2R2) ≥ |v|q − C(L ),

∀(t, q, v) ∈ T× TM with |v|q ≥ 2R. �

From now on, we will always denote by LR an arbitrary R-modification of
L , and by AR : W 1,2(T; M) → R and A [n]

R : W 1,2(T[n]; M) → R (for each n ∈ N)
the associated action and mean action, i.e.,

AR(γ) =
∫ 1

0

LR(t, γ(t), γ̇(t)) dt, ∀γ ∈ W 1,2(T; M),

A [n]
R (ζ) =

1
n

∫ n

0

LR(t, ζ(t), ζ̇(t)) dt, ∀ζ ∈ W 1,2(T[n]; M).

If a curve γ ∈ W 1,2(T; M) is a solution of the Euler-Lagrange system of L ,
then, for each R ≥ max{|γ̇(t)|γ(t) | t ∈ T}, γ is a critical point of AR and the
Gâteaux Hessian HessAR(γ) coincides with the bilinear form Bγ associated to
the Lagrangian L (see equation (2.1)). In particular, we have

ind(A [n], γ[n]) = ind(A [n]
R , γ[n]),

nul(A [n], γ[n]) = nul(A [n]
R , γ[n]).

One of the important features of convex quadratic modifications in the study
of Tonelli Lagrangian systems is the following a priori estimate, due to Abbon-
dandolo and Figalli [AF07, Lemma 5.2].

Lemma 6.1.2. Assume that the Euler-Lagrange flow of the Tonelli Lagrangian L
is global (see Section 1.1). Then for each ã > 0 and ñ ∈ N there exists R̃ =
R̃(ã, ñ) > 0 such that, for any R-modification LR of L with R > R̃ and for any
n ∈ {1, . . . , ñ}, the following holds:

(i) if γ is a critical point of A
[n]
R such that A

[n]
R (γ) ≤ ã, then

|γ̇(t)|γ(t) ≤ R̃, ∀t ∈ T[n],

and, in particular, γ is an n-periodic solution of the Euler-Lagrange system

of L with A [n](γ) = A
[n]
R (γ);
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(ii) if γ is an n-periodic solution of the Euler-Lagrange system of L such that
A [n](γ) ≤ ã, then

|γ̇(t)|γ(t) ≤ R̃, ∀t ∈ T[n],

and, in particular, γ is a critical point of A
[n]
R with A

[n]
R (γ) = A [n](γ).

Proof. We introduce the compact subset of TM given by

K = K(ã, ñ) =
{
Φt1,t0

L (q, v) | t0, t1 ∈ [−ñ, ñ], (q, v) ∈ TM, |v|q ≤ ã + C(L )
}

,

where ΦL denotes the Euler-Lagrange flow associated to L . We set

R̃ = R̃(ã, ñ) := max {|v|q | (q, v) ∈ K}

and we fix R > R̃ and n ∈ {1, . . . , ñ}.
Let γ be a critical point of A

[n]
R such that A [n]

R (γ) ≤ ã, as in point (i) of the
statement. There exists t0 ∈ T[n] such that

LR(t0, γ(t0), γ̇(t0)) ≤ A [n]
R (γ).

By (M3), we have

|γ̇(t0)|γ(t0) ≤ LR(t0, γ(t0), γ̇(t0)) + C(L ) ≤ A [n]
R (γ) + C(L ) ≤ ã + C(L ),

and in particular (γ(t0), γ̇(t0)) ∈ K. Let I be the closed subset of T[n] given by

I =
{
t ∈ T[n] | (γ(t), γ̇(t)) ∈ K

}
.

If t ∈ I we have |γ̇(t)|γ(t) ≤ R̃ < R, and hence the Lagrangian functions L and
LR coincide on a neighborhood of (t, γ(t), γ̇(t)). This implies that there exists
ε > 0 such that

(γ(s), γ̇(s)) = Φs,t
LR

(γ(t), γ̇(t)) = Φs,t
L (γ(t), γ̇(t)), ∀s ∈ (t − ε, t + ε).

In particular (t− ε, t + ε) ⊂ I. Hence I is also open in T[n], which forces I = T[n]

and thus |γ̇(t)|γ(t) ≤ R̃ for each t ∈ T[n]. This proves point (i).
As for point (ii), let γ be an n-periodic solution of the Euler-Lagrange system

of L such that A [n](γ) ≤ ã. There exists t0 ∈ T[n] such that

|γ̇(t0)|γ(t0) ≤ L (t0, γ(t0), γ̇(t0)) + C(L ) ≤ A [n]
R (γ) + C(L ) ≤ ã + C(L ).

By the definition of K and since γ is n-periodic, for each t ∈ T[n] the point
(γ(t), γ̇(t)) = Φt,t0

L (γ(t0), γ̇(t0)) belongs to K, and point (ii) follows. �
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6.2 Multiplicity of periodic orbits with
prescribed period

In this section we are going to extend the multiplicity results for periodic orbits
with prescribed period, discussed in Sections 3.5 and 4.6, to the case of Tonelli
Lagrangians with global Euler-Lagrange flow. For syntactic convenience, we will
work in period 1, but as usual everything can be carried out word by word in any
integer period.

To begin with, we give a convex quadratic modifications-based proof of The-
orem 3.5.5 (see [Mn91, Proposition 7.1] for a classical variational proof).

Theorem 6.2.1. Let L : T × TM → R be a 1-periodic Tonelli Lagrangian with
global Euler-Lagrange flow. Then for each conjugacy class C of π1(M), the Euler-
Lagrange system of L admits a 1-periodic orbit γ that is homotopic to some (and
therefore all) ζ : T → M representing C. Moreover, γ minimizes the action among
all the absolutely continuous 1-periodic curves that are homotopic to ζ.

Proof. Consider a smooth ζ : T → M that represents C. We denote by a ∈ R its
action with respect to the Lagrangian L , i.e.,

a := A (ζ) =
∫ 1

0

L (t, ζ(t), ζ̇(t)) dt.

We fix a real R > R̃(a, 1), where R̃(a, 1) is the constant given by Lemma 6.1.2, and
an R-modification LR of L with associated action AR. By Theorem 3.5.5, there
exists a critical point γ of AR which is homotopic to ζ and minimizes the action
AR among all the absolutely continuous 1-periodic curves that are homotopic to
ζ. By Lemma 6.1.2(i), γ is a 1-periodic orbit of the Euler-Lagrange system of L
with A (γ) = AR(γ). By Lemma 6.1.2(ii), γ also minimizes the action A among
all the absolutely continuous 1-periodic curves that are homotopic to ζ. �

The generalization of Theorem 4.6.1 to the Tonelli case is due to Abbondan-
dolo and Figalli [AF07, Theorem 3.1].

Theorem 6.2.2. Let M be a smooth closed manifold of positive dimension, and
L : T × TM → R a 1-periodic Tonelli Lagrangian with global Euler-Lagrange
flow. Assume that the 1-periodic solutions of the Euler-Lagrange system of L are
isolated. We denote by A the action functional associated to L .

(i) If Hd(W 1,2(T; M)) is nontrivial, then the Euler-Lagrange system of L admits
a 1-periodic solution γ such that

ind(A , γ) ≤ d ≤ ind(A , γ) + nul(A , γ).

In particular, if Hd(W 1,2(T; M)) is nontrivial for infinitely many d ∈ N, then
the Euler-Lagrange system of L admits an infinite sequence {γn |n ∈ N} of
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1-periodic solutions such that

lim
n→∞ A (γn) = ∞, lim

n→∞ ind(A , γn) = ∞.

(ii) The number of 1-periodic solutions of the Euler-Lagrange system of L is
at least CL(W 1,2(T; M)) + 1, where CL(W 1,2(T; M)) is the cup-length of
W 1,2(T; M).

Theorems 6.2.1 and 6.2.2 readily allow us to extend Corollaries 4.6.2 and 4.6.3
to the class of Tonelli Lagrangians with global Euler-Lagrange flow.

Corollary 6.2.3. Let M be a smooth closed manifold of positive dimension, and
L : T × TM → R a 1-periodic Tonelli Lagrangian with global Euler-Lagrange
flow. We denote by A the action functional associated to L .

(i) If π1(M) is finite, then the Euler-Lagrange system of L admits infinitely
many contractible 1-periodic orbits. If they are all isolated, then there exists
an infinite sequence of contractible 1-periodic orbits {γn |n ∈ N} such that

lim
n→∞ A (γn) = ∞, lim

n→∞ ind(A , γn) = ∞.

(ii) If π1(M) is abelian, then the Euler-Lagrange system of L admits infinitely
many 1-periodic orbits. �

Proof of Theorem 6.2.2. Consider a cycle β representing a nonzero homology class
[β] ∈ Hd(W 1,2(T; M)). Since the inclusion C∞(T; M) ↪→ W 1,2(T; M) is a homo-
topy equivalence (Proposition 3.2.1), we can assume that β is a cycle in C∞(T; M).
We denote by Kβ ⊂ C∞(T; M) the compact support of β, and we set

Rβ := max
{
|ζ̇(t)|ζ(t)

∣∣∣ ζ ∈ Kβ, t ∈ T
}

.

The Tonelli action functional is easily seen to be continuous on C∞(T; M), and
therefore we can choose a real constant a ∈ R such that

a > max
ζ∈Kβ

A (ζ).

Now, let us fix a real R > max{R̃(a, 1), Rβ}, where R̃(a, 1) is the constant given
by Lemma 6.1.2(i), and an R-modification LR of L with associated action AR.
Since the 1-periodic solutions of the Euler-Lagrange system of L are isolated,
Lemma 6.1.2(i) implies that the critical points of AR with critical value less than
or equal to a are isolated. By Theorem 4.6.1(i), minimaxS[β] AR is a critical value
of AR. Note that, by our choice of R, we have

minimax
S[β]

AR ≤ max
ζ∈Kβ

AR(ζ) = max
ζ∈Kβ

A (ζ) < a.
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Hence the critical points of AR with critical value minimaxS[β] AR are isolated.
By Theorem 4.6.1(i), there exists a critical point γ of AR such that

AR(γ) = minimax
S[β]

AR,

ind(AR, γ) ≤ d ≤ ind(AR, γ) + nul(AR, γ).

By Lemma 6.1.2(i), |γ̇(t)|γ(t) < R for all t ∈ T, and therefore γ is also a 1-periodic
solution of the Euler-Lagrange system of L with

A (γ) = AR(γ),
ind(A , γ) = ind(AR, γ),
nul(A , γ) = nul(AR, γ).

This proves point (i). As for point (ii), consider a sequence of nonzero homology
classes [β1] ≺ · · · ≺ [βr] in H∗(W 1,2(T; M)), where r = CL(W 1,2(T; M)) + 1
and, as before, βj is a cycle in C∞(T; M) for each j = 1, . . . , r. We choose a real
constant a ∈ R such that

a > max
ζ∈K

A (ζ),

where K = Kβ1 ∪ · · · ∪ Kβr and, for each j = 1, . . . , r, the compact set Kβj ⊂
C∞(T; M) is the support of the cycle βj . Assume that

R > max{R̃(a, 1), Rβ1 , . . . , Rβr}.

By Theorem 4.6.1(ii), there exist at least r many critical points of AR with action
less than or equal to minimaxS[βr ] AR, which in turn is less than a due to our choice
of R. By Lemma 6.1.2(i), each of these critical points γ satisfies |γ̇(t)|γ(t) < R for
all t ∈ T, and thus in particular is a 1-periodic solution of the Euler-Lagrange
system of L . �

6.3 Discrete Tonelli action

Let γ be a periodic solution of the Euler-Lagrange system associated to a Tonelli
Lagrangian L : T×TM → R with global Euler-Lagrange flow. In order to simplify
the notation, we can assume that the period of γ is 1, so that it is a map of the
form γ : T → M . We choose a constant U ∈ R such that

U > max
{|γ̇(t)|γ(t) | t ∈ T

}
, (6.4)

and we consider a convex quadratic-growth Lagrangian LU : T × TM → R that
is a U -modification of L . By our choice of the constant U , the curve γ is a critical
point of the action AU , and AU (γ) = A (γ).
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Let us apply the discretization technique of Chapter 4 to LU . For each integer
k ≥ 1/ε0(LU ), where ε0(LU ) is the constant given by Theorem 4.1.1, we obtain
a map

λk,LU : Δk ↪→ C∞
k (T; M) ⊂ W 1,2(T; M),

as explained in Section 4.2. We define an open set Uk ⊆ C∞
k (T; M) by

Uk :=
{

ζ ∈ C∞
k (T; M)

∣∣∣∣ ess sup
t∈T

{
|ζ̇(t)|ζ(t)

}
< U

}
. (6.5)

Since λk,LU is smooth, we get an open set

Uk := λ−1
k,LU

(Uk) ⊆ Δk. (6.6)

Notice that the action AU coincides with the Tonelli action A on the open set
Uk. This allows us to define the discrete Tonelli action Ak : Uk → R as

Ak := A ◦ λk,LU |Uk
= AU ◦ λk,LU |Uk

.

This functional is smooth (Proposition 4.3.1) and q := λ−1
k,LU

(γ) is a critical point
of it.

From now on we will just write λk : Uk ↪→ C∞
k (T; M) for λk,LU |Uk

. Even if
this embedding does depend on the chosen U -modification LU , its germ at q does
not, as stated by the following.

Lemma 6.3.1. Let LR be an R-modification of L , where R ≥ U , and consider
an integer k large enough so that both λk,LU and λk,LR are defined. Then there
exists an open neighborhood Vk ⊂ Uk of q such that

λk|Vk
= λk,LU |Vk

= λk,LR |Vk
.

Proof. The Lagrangian functions LU and LR coincide on a neighborhood of the
support of the curve (γ, γ̇) : T → TM . Therefore, for each integer k larger than
max{1/ε0(LU ), 1/ε0(LR)}, the k-broken Euler-Lagrange curves of LU and LR

that are close to γ are the same and the claim follows. �

Let c = Ak(q) = A (γ). By Corollary 4.5.3 and the excision property, if
k ≥ k̄(LU , c), the embedding λk restricts to a map

λk : ((Ak)c ∪ {q} , (Ak)c) ↪→ ((AU )c ∪ {γ} , (AU )c)

that induces the homology isomorphism

H∗(λk) : C∗(Ak, q) 
−→C∗(AU , γ). (6.7)

For each R-modification LR of L , with R ≥ U , the action AR coincides with A
on the image of λk. Hence, the embedding λk also restricts to a map

λk : ((Ak)c ∪ {q} , (Ak)c) ↪→ ((AR)c ∪ {γ} , (AR)c). (6.8)

A priori, the induced homomorphism on homology may not be an isomorphism.
However, the next lemma guarantees that this cannot happen.
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Lemma 6.3.2. For each R ≥ U , the map λk, restricted as in (6.8), induces a
homology isomorphism

H∗(λk) : C∗(Ak, q) 
−→C∗(AR, γ).

Proof. For each h ∈ N we define the embedding

jh = λ−1
hk ◦ λk : Uk ↪→ Uhk.

Since hk ≥ k ≥ k̄(LU , c), by Corollary 4.5.3 and the excision property we see that
the map

λhk : ((Ahk)c ∪ {jh(q)} , (Ajk)c) ↪→ ((AU )c ∪ {γ} , (AU )c)

induces the homology isomorphism H∗(λhk) : C∗(Ahk, jh(q)) 
−→C∗(AU , γ), as
well as λk in (6.7). Hence, the map jh, restricted as in the following commutative
diagram

((Ak)c ∪ {q} , (Ak)c)
� � λk ��

� �

jh

��

((AU )c ∪ {γ} , (AU )c)

((Ahk)c ∪ {jh(q)} , (Ahk)c)

� 	

λhk

��������������������������������

induces the homology isomorphism

H∗(jh) = H∗(λhk)−1 ◦ H∗(λk) : C∗(Ak, q) 
−→C∗(Ahk, jh(q)).

Now, let us consider an R-modification LR of L as in the statement, with asso-
ciated maps

λhk,LR : Δhk ↪→ C∞
k (T; M), ∀h ∈ N.

By Lemma 6.3.1, for each h ∈ N large enough, there exists a neighborhood Vhk ⊂
Uhk of jh(q) such that

λhk|Vhk
= λhk,LR |Vhk

.

If h is such that hk ≥ k̄(LR, c), by Corollary 4.5.3 and the excision property we
see that both λhk and λhk,LR restrict to give the same map

λ′
hk : (Vhk ∩ (Ahk)c ∪ {jh(q)} , Vhk ∩ (Ajk)c) ↪→ ((AR)c ∪ {γ} , (AR)c)
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that induces an isomorphism in homology. Finally, consider the following commu-
tative diagram of maps.

((Ak)c ∪ {q} , (Ak)c)

 �

λk

�������������������������������� �

jh (∗)

��

((Ahk)c ∪ {jh(q)} , (Ahk)c)
� � λhk �� ((AR)c ∪ {γ} , (AR)c)

(Vhk ∩ (Ahk)c ∪ {jh(q)} , Vhk ∩ (Ajk)c)

� 	

λ′
hk

(∗)

		������������������������������ �

(∗)

��

We already know that the maps marked with (∗) induce isomorphisms in homology.
Therefore, the maps λhk and λk also induce isomorphisms in homology. �

Remark 6.3.1. As a consequence of the above lemma, we immediately obtain that
the local homology groups C∗(AR, γ) do not depend (up to isomorphism) on the
chosen real constant R ≥ U and on the chosen R-modification LR. �

6.4 Homological vanishing by iteration

All of the arguments of the last section can be carried out word by word if we
work in an arbitrary period n ∈ N. We introduce the open sets

U
[n]

k :=

{
ζ ∈ C∞

k (T[n]; M)
∣∣∣∣ ess sup

t∈T[n]

{
|ζ̇(t)|ζ(t)

}
< U

}
⊂ C∞

k (T[n]; M),

U
[n]
k := (λ[n]

k,LU
)−1(U [n]

k ) ⊂ Δnk,

and we define the discrete mean Tonelli action

A
[n]
k := A [n] ◦ λ

[n]
k : U

[n]
k → R,

where λ
[n]
k := λ

[n]
k,LU

. Then Lemmas 6.3.1 and 6.3.2 go through without change.
We recall from Section 4.7 that we have a discrete iteration map

ψ
[n]
k : Uk ↪→ U

[n]
k
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such that the following diagram commutes.

Uk
� � ψ

[n]
k ��

� �

λk

��

Unk
� �

λ
[n]
k

��

W 1,2(T; M) � � ψ[n]
�� W 1,2(T[n]; M)

Now, consider ∞ ≥ c2 > c1 = c = A (γ). For each R ≥ U , the embeddings λk ,
λ

[n]
k and ψ[n] restrict to give maps such that the following diagram commutes.

((Ak)c1 ∪ {q} , (Ak)c1)
� � ψ

[n]
k ��

� �

λk

��

((A [n]
k )c1 ∪

{
q[n]

}
, (A [n]

k )c1)
� �

λ
[n]
k

��

((AR)c2 , (AR)c1)
� � ψ[n]

�� ((A [n]
R )c2 , (A

[n]
R )c1)

This latter diagram, in turn, induces the following commutative diagram of ho-
mology groups.

C∗(Ak, q)
H∗(ψ

[n]
k )

��

H∗(λk)

��

C∗(A
[n]
k , q[n])

H∗(λ
[n]
k )

��
H∗((AR)c2 , (AR)c1)

H∗(ψ[n]) �� H∗((A
[n]

R )c2 , (A
[n]
R )c1)

The main result of this section is the following homological vanishing theorem,
first established in the setting of closed geodesics by Bangert and Klingenberg
[BK83], and later extended to more general Lagrangian systems by Long [Lon00],
Lu [Lu09] and the author [Maz11].

Theorem 6.4.1 (Homological vanishing). Let [η] be an element in the local homol-
ogy group C∗(Ak, q), where the critical point q of Ak is not a local minimum.
Then for each integer j ≥ 2 there exist R̄ = R̄([η], j) ≥ U and n̄ = n̄([η], j) ∈ N

that is a power of j such that, for each real R ≥ R̄, we have

H∗(ψ[n̄]) ◦ H∗(λk)[η] = H∗(λ
[n̄]
k ) ◦ H∗(ψ

[n̄]
k )[η] = 0 in H∗((A

[n̄]
R )c2 , (A

[n̄]
R )c1).
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The proof of this theorem, which will take the remainder of this section, is
based on a homotopical technique that is essentially due to Bangert (cf. [Ban80,
Section 3]).

Lemma 6.4.2 (Bangert homotopy). Let σ : Δp → W 1,2(T; M) be a continuous
p-singular simplex such that

max
z∈Δp

{A (σ(z))} < c2,

max
z∈∂Δp

{A (σ(z))} < c1,

sup
z∈Δp

ess sup
t∈T

{∣∣∣∣ d
dt

σ(z)(t)
∣∣∣∣
σ(z)(t)

}
≤ r̄(σ),

where r̄(σ) is a real constant. Then there exist a positive integer n̄(σ), a positive
real R̄(σ) ≥ r̄(σ) and, for each n ∈ N, a homotopy1

Ban[n]
σ : [0, 1] × Δp → W 1,2(T; M) relative to ∂Δp

satisfying the following properties:

(i) Ban[n]
σ (0, ·) = ψ[n] ◦ σ, for each n ∈ N;

(ii) for each integer n ≥ n̄(σ) we have

max
(s,z)∈[0,1]×Δp

{
A [n](Ban[n]

σ (s, z))
}

< c2,

max
(s,z)∈[0,1]×∂Δp

{
A [n](Ban[n]

σ (s, z))
}

< c1;

max
z∈Δp

{
A [n](Ban[n]

σ (1, z))
}

< c1;

(iii) for each n ∈ N we have

sup
(s,z)∈[0,1]×Δp

ess sup
t∈T[n]

{∣∣∣∣ d
dt

Ban[n]
σ (s, z)(t)

∣∣∣∣
Ban

[n]
σ (s,z)(t)

}
≤ R̄(σ).

Hereafter, the homotopies Ban[n]
σ will be called Bangert homotopies. Before

giving the proof of the above lemma, we will show that it readily gives the following
homotopical vanishing result.

Theorem 6.4.3 (Homotopical vanishing). Consider a continuous p-singular simplex
σ : (Δp, ∂Δp) → ((Ak)c1 ∪ {q}, (Ak)c1). Then there exist a positive integer n̄(σ)
and a real number R̄(σ) such that, for each real R ≥ R̄(σ) and for each integer

1See Section A.3 in the Appendix for a review of the classical terminology in homotopy theory.
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n ≥ n̄(σ), we have2

πp(ψ[n]) ◦ πp(λk)[σ] = πp(λ
[n]
k ) ◦ πp(ψ

[n]
k )[σ] = 0 in πp((A

[n]
R )c2 , (A

[n]
R )c1).

Proof. Let U > 0 be the constant chosen in (6.4). The singular simplex σ̃ :=
λk ◦ σ : Δp → W 1,2(T; M) satisfies

A (σ̃(z)) = Ak(σ(z)) ≤ c1 < c2, ∀z ∈ Δp,

A (σ̃(z)) = Ak(σ(z)) < c1, ∀z ∈ ∂Δp.

Moreover, since σ̃(Δp) ⊂ λk(Uk) ⊂ Uk (see (6.5) and (6.6)), we further have

sup
z∈Δp

ess sup
t∈T

{∣∣∣∣ d
dt

σ̃(z)(t)
∣∣∣∣
σ̃(z)(t)

}
≤ U =: r̄(σ̃).

By Lemma 6.4.2, we obtain n̄(σ̃) ∈ N, R̄(σ̃) ≥ r̄(σ̃) > 0 and Bangert homotopies
Ban[n]

σ̃ for each n ∈ N. For each R ≥ R̄(σ̃) and n ≥ n̄(σ̃), Ban[n]
σ̃ is a homotopy of

maps of pairs of the form

Ban[n]
σ̃ : [0, 1]× (Δp, ∂Δp) → ((A [n]

R )c2 , (A
[n]
R )c1),

with Ban[n]
σ̃ (0, ·) = ψ[n] ◦ σ̃ and Ban[n]

σ̃ ({1} × Δp) ⊂ (A [n]
R )c1 . Hence

0 = [ψ[n] ◦ σ̃] = πp(ψ[n])[σ̃] = πp(ψ[n]) ◦ πp(λk)[σ] in πp((A
[n]

R )c2 , (A
[n]
R )c1).

�

Proof of Lemma 6.4.2. First of all, let us introduce some notation. For a path
α : [x0, x1] → M , we denote by α : [x0, x1] → M the inverse path

α(x) = α(x0 + x1 − x), ∀x ∈ [x0, x1].

If we consider another path β : [x′
0, x

′
1] → M with α(x1) = β(x′

0), we denote by
α • β : [x0, x1 + x′

1 − x′
0] → M the concatenation of the paths α and β, namely

α • β(x) =
{

α(x) x ∈ [x0, x1],
β(x − x1 + x′

0) x ∈ [x1, x1 + x′
1 − x′

0].

Consider a continuous map ϑ : [x0, x1] → W 1,2(T; M) where [x0, x1] ⊂ R.
For each n ∈ N, by composition with the iteration map we obtain a map ϑ[n] :=
ψ[n] ◦ ϑ : [x0, x1] → W 1,2(T[n]; M). Now, we want to build a continuous map
ϑ〈n〉 : [x0, x1] → W 1,2(T[n]; M) as explained in the following.

2Notice that (Δp, ∂Δp) is homeomorphic to the pair (Dp, Sp−1), so that we can consider the
singular simplex σ of the statement as an element of the relative homotopy group πp((Ak)c1 ∪
{q}, (Ak)c1 ).
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To begin with, let us denote by ev : W 1,2(T; M) → M the evaluation map,
given by

ev(ζ) = ζ(0), ∀ζ ∈ W 1,2(T; M).

This map is smooth (see the proof of Proposition 3.2.3), and hence the initial point
curve ev ◦ ϑ : [x0, x1] → M is a uniformly continuous path. In particular there
exists a constant ρ(ϑ) > 0 such that, for each x, x′ ∈ [x0, x1] with |x − x′| ≤ ρ(ϑ),
we have

dist(ev ◦ ϑ(x), ev ◦ ϑ(x′)) < injrad(M).

In this inequality we have denoted by dist(·, ·) the Riemannian distance on M ,
and by injrad(M) the injectivity radius of M . Now, for each x, x′ ∈ [x0, x1] with
0 ≤ x′ − x ≤ ρ(ϑ), we define the horizontal geodesic ϑx′

x : [x, x′] → M as the
unique shortest geodesic3 that connects the points ev ◦ ϑ(x) and ev ◦ ϑ(x′). Let
J ∈ N be such that x0 +Jρ ≤ x1 ≤ x0 +(J +1)ρ. For each x ∈ [x0, x1] we further
choose j ∈ N such that x0 + jρ ≤ x ≤ x0 + (j + 1)ρ, and we define the horizontal
broken geodesics ϑx

x0
: [x0, x] → M and ϑx1

x : [x, x1] → M by

ϑx
x0

:= ϑx0+ρ
x0

• ϑx0+2ρ
x0+ρ • · · · • ϑx

x0+jρ,

ϑx1
x := ϑx0+(j+1)ρ

x • ϑ
x0+(j+2)ρ
x0+(j+1)ρ • · · · • ϑx1

x0+Jρ.

We define a preliminary map ϑ̃〈n〉 : [x0, x1] → W 1,2(T[n]; M) in the following
way. For each j ∈ {1, . . . , n − 2} and y ∈ [0, x1−x0

n
] we set

ϑ̃〈n〉(x0 + y) = ϑ[n−1](x0) • ϑx0+ny
x0

• ϑ(x0 + ny) • ϑx0+ny
x0 ,

ϑ̃〈n〉(x0 + j
n
(x1 − x0) + y

)
= ϑ[n−j−1](x0) • ϑx0+ny

x0
• ϑ(x0 + ny) • ϑx1

x0+ny

• ϑ[j](x1) • ϑx1
x0 ,

ϑ̃〈n〉(x0 + n−1
n (x1 − x0) + y

)
= ϑ(x0 + ny) • ϑx1

x0+ny • ϑ[n−1](x1) • ϑx1
x0+ny.

For each x ∈ [x0, x1], we reparametrize the loop ϑ̃〈n〉(x) as follows: in the above
formulas, each fixed part ϑ(x0) and ϑ(x1) spends the original time 1, while the
moving parts ϑ(x0 + ny) and the pieces of horizontal broken geodesics share the
remaining time 1 proportionally to their original parametrizations. We define the
map ϑ〈n〉 : [x0, x1] → W 1,2(T[n]; M) as the continuous path in the loop space
obtained in this manner (see the example in Figure 6.1(a)).

For each x ∈ [x0, x1], we define the pulling loop ϑ̂(x) : T → M as the
loop obtained erasing from the formula of ϑ̃〈n〉(x) the fixed parts ϑ(x0) and ϑ(x1)

3In the following, we will implicitly use the fact that the shortest geodesics lying in C∞([t0,t1];M)
depend smoothly on their endpoints (cf. Theorem 4.1.2).
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(a)

(b)

ϑ〈4〉(0)

ϑ〈4〉(1
4 + y)

ϑ〈4〉(1)

ϑ〈4〉(y)

ϑ[4](0)

ϑ[3](0)

ϑ[2](0)

ϑ(4y)

ϑ(4y)

ϑ(4y)

ϑ(4y)

ϑ(4y)

ϑ(1)

ϑ[4](1)

ϑ̂(y)

ϑ̂( j
4

+ y)

ϑ̂(3
4

+ y)
0 ≤ y < 1/4

0 ≤ y < 1/4

0 ≤ y < 1/4

0 ≤ y < 1/4

0 ≤ y < 1/4, j ∈ {1, 2}

Figure 6.1. (a) Description of ϑ〈4〉 : [0, 1] → W 1,2(T[4]; M), obtained from a continuous map

ϑ : [0, 1] → W 1,2(T; M). Here, for simplicity, we are assuming that the diameter of
ϑ([x0, x1]) is less than the injectivity radius of M , so that the horizontal geodesics
are not broken. The arrows show the direction in which the loop ϑ(4y) is pulled as y

grows. (b) Description of the map of pulling loops ϑ̂ : [0, 1] → W 1,2(T; M).
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sΔp ⊂ Δp

LL⊥

y x0(y, s)

x1(y, s)

Figure 6.2.

and reparametrizing on [0, 1] (see the example in Figure 6.1(b)). Notice that ϑ̂ is
independent of the integer n ∈ N and, for each x ∈ N, the action A (ϑ̂(x)) is finite
and depends continuously on x. In particular we obtain a finite constant

C(ϑ) := max
x∈[x0,x1]

{
A (ϑ̂(x))

}
= max

x∈[x0,x1]

{∫ 1

0

L

(
t, ϑ̂(x)(t),

d
dt

ϑ̂(x)(t)
)

dt

}
< ∞,

and, for each n ∈ N, the estimate

A [n](ϑ〈n〉(x)) ≤ 1
n

[
(n − 1)max {A (ϑ(x0)), A (ϑ(x1))} + A (ϑ̂(x))

]
≤ max {A (ϑ(x0)), A (ϑ(x1))} +

C(ϑ)
n

.

(6.9)

Now, following Long [Lon00, page 461], we denote by L ⊆ Rp the straight line
passing through the origin and the barycenter of the standard p-simplex Δp ⊂ Rp.
We have an orthogonal decomposition of Rp as L⊥ ⊕ L, and according to this
decomposition we can write every z ∈ Rp as

z = (y, x) ∈ L⊥ ⊕ L.

For each s ∈ [0, 1] we denote by sΔp the rescaled p-simplex

sΔp = {sz | z ∈ Δp} .

Varying s from 1 to 0 we obtain a deformation retraction of Δp onto the origin
of Rp. For each (y, x) ∈ sΔp, we denote by [x0(y, s), x1(y, s)] ⊆ L the maxi-
mal interval such that (y, x′) belongs to sΔp for all x′ ∈ [x0(y, s), x1(y, s)] (see
Figure 6.2).

Consider the p-singular simplex σ from the statement of the lemma. For each
n ∈ N, we define the Bangert homotopy

Ban[n]
σ : [0, 1] × Δp → W 1,2(T[n]; M)
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by

Ban[n]
σ (s, z) :=

{
(σ|[x0(y,s),x1(y,s)])〈n〉(x) z = (y, x) ∈ sΔp,

ψ[n] ◦ σ(z) z �∈ sΔp,

for each (s,z) ∈ [0, 1]× Δp. This homotopy Ban[n]
σ is relative to ∂Δp, for

Ban[n]
σ (s, z) = ψ[n] ◦ σ(z), ∀(s, z) ∈ [0, 1] × ∂Δp,

and clearly Ban[n]
σ (0, ·) = ψ[n] ◦ σ, proving assertion (i) of the lemma. By the

assumptions on σ, there exists ε > 0 such that

max
z∈Δp

A (σ(z)) ≤ c2 − ε, max
z∈∂Δp

A (σ(z)) ≤ c1 − ε.

For each s ∈ [0, 1], n ∈ N and z = (y, x) ∈ sΔp, by the estimate in (6.9) we have

A [n](Ban[n]
σ (s, z)) ≤ max {A (σ(x0(y, s))), A (σ(x1(y, s)))}+

C(σ|[x0(y,s),x1(y,s)])
n

,

while, for each z ∈ Δp \ sΔp, we have

A [n](Ban[n]
σ (s, z)) = A (σ(z)).

In particular, there exists a finite constant

C(σ) := max
{
C(σ|[x0(y,s),x1(y,s)]) | s ∈ [0, 1], (y, x) ∈ sΔp

}
such that, for each n ∈ N and (s, z) ∈ [0, 1]× Δp, we have

A [n](Ban[n]
σ (s, z)) ≤ max

w∈Δp
{A (σ(w))} +

C(σ)
n

≤ c2 − ε +
C(σ)

n
,

A [n](Ban[n]
σ (1, z)) ≤ max

w∈∂Δp
{A (σ(w))} +

C(σ)
n

≤ c1 − ε +
C(σ)

n
,

proving assertion (ii). Finally, for all s ∈ [0, 1] and z = (y, x) ∈ sΔp, there is
a uniform bound r̄′(σ) > 0 for the derivative of the pulling loops associated to
the paths σ|[x0(y,s),x1(y,s)]. Therefore, for R̄(σ) := max {r̄(σ), r̄′(σ)}, assertion (iii)
follows. �

The idea of the proof of the homological vanishing theorem (Theorem 6.4.1) is
to apply the Bangert homotopy lemma successively to all the faces of the singular
simplices that compose the relative cycle η. In order to do this, we will make use
of the following elementary result from algebraic topology, that is stated in [BK83,
Lemma 1]. For the sake of completeness, we include a detailed proof here (basically,
the argument is a variation of the one that proves that singular homology is a
homotopy invariant, see for instance [Hat02, page 112]).



146 Chapter 6. Periodic Orbits of Tonelli Lagrangian Systems

Lemma 6.4.4. Let (X, Y ) be a pair of topological spaces, μ a relative p-cycle4 in
(X, Y ) and Σ(μ) the set of singular simplices that make up μ together with their
faces. Suppose that, for each singular simplex σ : Δq → X that belongs to Σ(μ),
where 0 ≤ q ≤ p, there exists a homotopy

Pσ : Δq × [0, 1] → X

such that

(i) Pσ(·, 0) = σ;

(ii) Pσ(·, s) = σ for each s ∈ [0, 1], if σ(Δq) ⊂ Y ;

(iii) Pσ(Δq × {1}) ⊂ Y ;

(iv) Pσ(Fj(·), ·) = Pσ◦Fj (·, ·) for each j = 0, . . . , p, where Fj : Δq−1 → Δq is the
standard affine map onto the jth-face of Δq .

Then [μ] = 0 in Hp(X, Y ).

Proof. If v0, . . . ,vh are points in Rq, we will denote by 〈v0, . . . ,vh〉 their convex
hull, that is, the minimal convex closed subset of Rq containing these points.
We will denote by ∂ the usual boundary operator from algebraic topology, i.e.,
∂ 〈v0, . . . ,vh〉 is the following formal sum of (h − 1)-simplices

∂ 〈v0, . . . ,vh〉 :=
h∑

j=0

(−1)j 〈v0, . . . , v̂j , . . . ,vh〉 ,

where, as usual, we add a hat over vj to indicate that it is missing in the corre-
sponding term, that is

〈v0, . . . , v̂j , . . . ,vh〉 := 〈v0, . . . ,vj−1, vj+1, . . . ,vh〉 .

If e1, . . . ,eq is the standard basis of Rq and e0 is the origin, then 〈e0, . . . ,eq〉 is
the standard q-simplex Δq . We identify Rq with Rq × {0} ⊂ Rq+1 and we define
fj = (ej , 1) for each j ∈ {0, . . . , q}. The product Δq × [0, 1] can be decomposed
as the union of (q + 1)-simplices as follows:

Δq × [0, 1] =
q⋃

j=0

〈e0, . . . ,ej , fj , . . . ,fq〉 .

For each j ∈ {0, . . . , q − 1}, 〈e0, . . . ,ej, fj , . . . ,fq〉 intersects 〈e0, . . . ,ej+1 ,
fj+1, . . . ,fq〉 in the q-simplex face 〈e0, . . . ,ej , fj+1, . . . ,fq〉 (see the example in
Figure 6.3).

4Namely [μ] ∈ Hp(X, Y ).
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e0e0 e1e1

e2

f0

f0

f1

f1

f2

(a) (b)

Figure 6.3. (a) Decomposition of Δ1 × [0, 1] = [0, 1]× [0, 1] into 2-simplices. (b) Decomposition of

Δ2 × [0, 1] into 3-simplices.

After these preliminaries, consider the relative cycle μ of the lemma. For each
q-simplex σ : Δq → X that belongs to Σ(μ), we define an associated q + 1-chain
pσ by

pσ =
q∑

j=0

(−1)jPσ|〈e0,...,ej ,fj,...,fq〉.

We extend this definition for chains η that are made up of simplices that belong
to Σ(μ), in the following way: if we write η as a formal sum of q-simplices

η =
V∑

v=1

ηv,

then we set

pη :=
V∑

v=1

pηv .

Notice that pη is well defined: if ηv and ηv′ have a common face, say ηv ◦ Fj =
ηv′ ◦ Fj′ , then assumption (iv) guarantees

pηv ◦ Fj = pηv◦Fj = pηv′◦Fj′ = pηv′ ◦ Fj′ .

We define a chain μ̃ that is “homotopic” to the relative cycle μ (by the homotopies
given in the lemma) in the following way: if we write μ as a formal sum of q-
simplices

μ =
W∑

w=1

μw,

then we set

μ̃ :=
W∑

w=1

μ̃w,
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where μ̃w = Pμw (·, 1) : Δp → Y for each w ∈ {1, . . . , W}. Here, the fact that
μ̃w(Δp) ⊂ Y for each w ∈ {1, . . . , W} is guaranteed by assumption (iii), and it
implies that μ̃ is a relative cycle whose homology class in Hp(X, Y ) is zero, i.e.,

[μ̃] = 0 in Hp(X, Y ). (6.10)

Now,

∂pμ =
W∑

w=1

∂pμw =
W∑

w=1

[∑
j≤i

(−1)i+jPμw |〈e0,...,êj ,...,ei,fi,...,fq〉

+
∑
j≥i

(−1)i+j+1Pμw |〈e0,...,ei,fi,...,f̂j,...,fq〉

]
.

The terms with i = j in the two inner sums cancel, except for Pμw |〈ê0,f0,...,fq〉 = μ̃w

and −Pμw |〈e0,...,eq,f̂q〉 = −μw. The terms with i �= j are precisely p∂μw , for

p∂μw =
∑
i<j

(−1)i+jPμw |〈e0,...,ei,fi,...,f̂j ,...,fq〉

+
∑
i>j

(−1)i−1+jPμw |〈e0,...,êj ,...,ei,fi,...,fq〉.

Thus we have shown

μ̃ − μ = ∂pμ − p∂μ. (6.11)

The above equality must be understood in the pth-relative chain group of (X, Y ).
Since μ is a relative cycle, assumption (ii) implies that the singular simplices that
make up p∂μ have image inside Y . Hence p∂μ is a relative cycle whose homology
class in Hp(X, Y ) is zero, i.e.,

[p∂μ] = 0 in Hp(X, Y ). (6.12)

By (6.10), (6.11) and (6.12), we conclude

[μ] = [μ̃] − [∂pμ] + [p∂μ] = 0 in Hp(X, Y ). �

Proof of Theorem 6.4.1. Let U > 0 be the constant chosen in (6.4). We denote
by Σ(η) the set of singular simplices in η together with all their faces, and by
K ⊂ N the set of nonnegative integer powers of j, i.e., K = {jn |n ∈ N ∪ {0}}.
For each singular simplex σ : Δp → (Ak)c1 ∪{q} that belongs to Σ(η) we will find
an integer n̄ = n̄(σ, j) ∈ K, a positive real R̄ = R̄(σ, j) ≥ U and a homotopy

P [n̄]
σ : [0, 1] × Δp → W 1,2(T[n̄]; M)

such that
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(i) P
[n̄]
σ (0, ·) = ψ[n̄] ◦ λk ◦ σ;

(ii) if σ(Δp) ⊂ (Ak)c1 , then P
[n̄]
σ (s, ·) = ψ[n̄] ◦ λk ◦ σ for each s ∈ [0, 1];

(iii) A [n̄](P [n̄]
σ (s, z)) < c2 and A [n̄](P [n̄]

σ (1, z)) < c1 for each (s, z) ∈ [0, 1] × Δp;

(iv) P
[n̄]
σ (·, Fi(·)) = P

[n̄]
σ◦Fi

(·, ·) for each i = 0, . . . , p, where Fi : Δp−1 → Δp is the
standard affine map onto the ith-face of Δp.

(v) sup
(s,z)∈[0,1]×Δp

ess sup
t∈T[n̄]

{∣∣∣∣ d
dt

P [n̄]
σ (s, z)(t)

∣∣∣∣
P

[n̄]
σ (s,z)(t)

}
< R̄.

For each n ∈ K greater than n̄, we define a homotopy

P [n]
σ : [0, 1] × Δq → W 1,2(T[n]; M)

by P
[n]
σ := ψ[n/n̄]◦P

[n̄]
σ . This homotopy satisfies the analogous properties (i),. . . ,(v)

in period n. Notice that property (iv) implicitly requires that n̄(σ, j) ≥ n̄(σ ◦Fi, j)
for each i = 0, . . . , p.

Now, assume that such homotopies exist and set

R̄ = R̄([η], j) := max{R̄(σ, j) |σ ∈ Σ(η)},
n̄ = n̄([η], j) := max{n̄(σ, j) |σ ∈ Σ(η)}.

For each R ≥ R̄, the set of homotopies {P [n̄]
σ |σ ∈ Σ(η)} satisfies the hypotheses of

Lemma 6.4.4 with respect to the relative cycle ψ[n̄] ◦λk ◦ η in ((A [n̄]
R )c2 , (A

[n̄]
R )c1),

and we conclude

H∗(ψ[n̄]) ◦ H∗(λk)[η] = [ψ[n̄] ◦ λk ◦ η] = 0 in H∗((A
[n̄]

R )c2 , (A
[n̄]
R )c1).

In order to conclude the proof, it remains to build the above homotopies.
We do it inductively on the dimension of the relative cycle η. If η is a 0-relative
cycle, Σ(η) is a finite set of points {w1, . . . ,wh} that is contained in (Ak)c1 ∪{q}.
Since we are assuming that q is not a minimum, the sublevel (Ak)c1 is not empty.
Hence, for each w ∈ Σ(η), we can find a path Γw : [0, 1] → (Ak)c1 ∪ {q} such
that Γw(0) = w and Γw(s) ∈ (Ak)c1 for each s ∈ (0, 1] (if w ∈ (Ak)c1 , we simply
choose Γw(s) := w for each s ∈ [0, 1]). We set R̄(w, j) := U , n̄(w, j) := 1 and

P [1]
w := λk ◦ Γw : [0, 1]× {0} → W 1,2(T; M).

If η is a p-relative cycle, with p ≥ 1, we can apply the inductive hypothesis:
for each nonnegative integer i < p and for each i-singular simplex ν ∈ Σ(η), we
obtain n̄(ν, j) ∈ K, R̄(ν, j) ≥ U and, for each n ∈ K greater than or equal to
n̄(ν, j), a homotopy P

[n]
ν satisfying the above properties (i),. . . ,(v). Now, consider

a p-singular simplex σ : Δp → (Ak)c1∪{q} that belongs to Σ(η). If σ(Δp) ⊂ (Ak)c1

we simply set R̄(σ, j) := U , n̄(σ, j) := 1 and P
[1]
σ (s, ·) := λk◦σ for each s ∈ [0, 1]. In

the other case, σ(Δp) �⊂ (Ak)c1 , we proceed as follows. We denote by R̄′ = R̄′(σ, j)
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and n̄′ = n̄′(σ, j) respectively the maximum of the R̄(ν, j)’s and n̄(ν, j)’s for all
the proper faces ν of σ. Thus, for each n ∈ K greater than or equal to n̄′(σ, j),
every proper face ν of σ has an associated homotopy

P [n]
ν : [0, 1] × Δp−1 → W 1,2(T[n]; M).

For technical reasons which will become clear shortly we assume that

P [n]
ν (s, ·) = P [n]

ν (1
2
, ·), s ∈ [ 1

2
, 1].

Patching together the homotopies of the proper faces of σ, we obtain

P [n]
σ : ([0, 1

2 ] × ∂Δp) ∪ (0 × Δp) → W 1,2(T[n]; M), ∀n ∈ K, n ≥ n̄′,

such that P
[n]
σ (0, ·) = ψ[n] ◦λk ◦σ and P

[n]
σ (·, Fi(·)) = P

[n]
σ◦Fi

for all i = 1, . . . , p. By
retracting ([0, 1

2
]×Δp) onto ([0, 1

2
]×∂Δp)∪(0×Δp), we can extend the homotopies

P
[n]
σ to the whole of ([0, 1

2 ] × Δp), obtaining

P [n]
σ : [0, 1

2
] × Δp → W 1,2(T[n]; M), ∀n ∈ K, n ≥ n̄′. (6.13)

Let us denote the singular simplex P
[n̄′]
σ ( 1

2 , ·) : Δp → W 1,2(T[n̄′]; M) simply by σ̃.
Note that

max
z∈Δp

{
A [n̄′](σ̃(z))

}
< c2,

max
z∈∂Δp

{
A [n̄′](σ̃(z))

}
< c1,

sup
z∈Δp

ess sup
t∈T[n̄′]

{∣∣∣∣ d
dt

σ̃(z)(t)
∣∣∣∣
σ̃(z)(t)

}
≤ R̄′.

Hence we can apply Lemma 6.4.2, obtaining an integer n̄(σ̃), a positive real R̄(σ̃) ≥
R̄′(σ, j) and, if we choose the smallest n̄′′ ∈ K greater than or equal to n̄(σ̃), a
Bangert homotopy

Ban[n̄′′]
σ̃ : [0, 1] × Δp → W 1,2(T[n̄′n̄′′]; M) relative to ∂Δp

such that Ban[n̄′′]
σ̃ (0, ·) = ψ[n̄′′] ◦ σ̃ and

max
(s,z)∈[0,1]×Δp

{
A [n̄′n̄′′](Ban[n̄′′]

σ̃ (s, z))
}

< c2,

max
(s,z)∈[0,1]×∂Δp

{
A [n̄′n̄′′](Ban[n̄′′]

σ̃ (s, z))
}

< c1,

max
z∈Δp

{
A [n̄′n̄′′](Ban[n̄′′]

σ̃ (1, z))
}

< c1,

sup
(s,z)∈[0,1]×Δp

ess sup
t∈T[n̄′n̄′′]

{∣∣∣∣ d
dt

Ban[n̄′′]
σ̃ (s, z)(t)

∣∣∣∣
Ban

[n̄′′]
σ̃ (s,z)(t)

}
≤ R̄(σ).
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Finally, we set n̄ = n̄(σ, j) := n̄′n̄′′, R̄(σ, j) := R̄(σ̃) and we build the homotopy
P

[n̄]
σ : [0, 1] × Δp → W 1,2(T[n̄]; M) extending the one in (6.13) by

P [n̄]
σ (s, ·) := Ban[n̄′′]

σ̃ (2s − 1, ·), ∀s ∈ [12 , 1]. �

6.5 The Conley conjecture

In this final section we prove a theorem about the multiplicity of periodic or-
bits with unprescribed period that confirms the Conley conjecture for Lagrangian
systems associated to Tonelli Lagrangians with global Euler-Lagrange flow. This
theorem was first established, in the case of fiberwise quadratic Lagrangians on
the m-torus, by Long [Lon00, Theorem 1.1]. Later, it was extended by Lu [Lu09,
Corollary 1.2] to the class of convex quadratic-growth Lagrangians on general
closed configuration spaces. The version that we give here is due to the author
[Maz11, Theorem 1.1].

Theorem 6.5.1. Let M be a smooth closed manifold of positive dimension, and
L : T × TM → R a 1-periodic Tonelli Lagrangian with global Euler-Lagrange
flow. Fix a constant a ∈ R greater than

max
q∈M

{∫ 1

0

L (t, q, 0) dt

}
. (6.14)

Assume that only finitely many contractible 1-periodic solutions of the Euler-La-
grange system of L have action less than a. Then for each prime number p the
Euler-Lagrange system of L admits infinitely many contractible periodic solutions
with period that is a non-negative integer power of p and mean action less than a.

Here, it is worthwhile to stress that the infinitely many periodic orbits that
are found in the above statement are geometrically distinct, i.e., none of them is
an iteration of another one.

If we consider the Tonelli Hamiltonian H that is Legendre-dual to the Tonelli
Lagrangian L (see Sections 1.1 and 1.2), Theorem 6.5.1 can be rephrased in the
Hamiltonian formulation. The two statements are completely equivalent.

Theorem 6.5.2 (Hamiltonian formulation). Let M be a smooth closed manifold
of positive dimension, and H : T × T∗M → R a 1-periodic Tonelli Hamiltonian
with global Hamiltonian flow. Fix a constant a ∈ R greater than

− min
q∈M

{∫ 1

0

min
p∈T∗

qM
{H (t, q, p)} dt

}
.

Assume that only finitely many contractible 1-periodic solutions of the Hamilton
system of H have action less than a. Then for each prime number p the Hamilton
system of H admits infinitely many contractible periodic solutions with period
that is a non-negative integer power of p and mean action less than a.
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In this statement, the mean action of a periodic orbit Γ : T[n] → T∗M is its
Hamiltonian mean action, defined by

1
n

∫ n

0

(
Γ∗λ − H (t, Γ(t))

)
dt,

where λ is the Liouville form on T∗M (see Section 1.1). This quantity coincides
with the usual Lagrangian mean action of the associated Lagrangian periodic orbit,
i.e., if L is Legendre-dual to H and we write Γ as (γ, ρ), where γ : T[n] → M is
a periodic solution of the Euler-Lagrange system of L , we have

1
n

∫ n

0

(
Γ∗λ − H (t, Γ(t))

)
dt =

1
n

∫ n

0

(
ρ(t)[γ̇(t)] − H (t, γ(t), ρ(t))

)
dt

=
1
n

∫ n

0

L (t, γ(t), γ̇(t)) dt.

Before proving Theorem 6.5.1, we will introduce a notion that will be crucial
for the proof. Let L : T × TM → R be a Tonelli Lagrangian with global Euler-
Lagrange flow, and let γ be a periodic solution of the Euler-Lagrange system of
L , say of period 1 for simplicity. Let Ak = A ◦ λk be the discrete Tonelli action
associated to L (see Section 6.3), and q the critical point of Ak corresponding to
γ, i.e., γ = λk(q). We say that γ is homologically visible in degree d when the local
homology group Cd(Ak, q) is nontrivial. By Lemma 6.3.2, this is equivalent to the
local homology group Cd(AR, γ) being nontrivial for all sufficiently large R > 0.
Hereafter, all the homology groups that appear are assumed to have coefficients
in the finite field Z2. Let p be a prime number, and let us denote by Kp the set of
non-negative integer powers of p, i.e.,

Kp =
{
pj
∣∣ j ∈ N ∪ {0}}.

We say that γ is strongly homologically visible in degree d and periods Kp when,
for infinitely many periods n ∈ Kp, its iteration γ[n] is homologically visible in
degree d. Strongly homologically visible periodic orbits have a very intriguing
property: their existence automatically implies the existence of infinitely many
other periodic orbits with close mean action (however, at the time in which this
monograph is being written, it is not known whether the other orbits accumulate
on the strongly homologically visible one). In the setting of closed geodesics, this
important result is due to Bangert and Klingenberg [BK83, Theorem 3], and it is
implicitly contained in the work of Long [Lon00] as well as in the subsequent ones
[Lu09, Maz11].

Theorem 6.5.3. Let p be a prime number and γ a periodic orbit with period
p′ ∈ Kp. Assume that γ is strongly homologically visible in some degree d ≥ 1 and
periods Kp. Then there exists a sequence {γv | v ∈ N} of geometrically distinct
periodic orbits such that:
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• γv has period pv ∈ Kp,

• the iterated periodic orbits γ
[p′]
v and γ[pv] are homotopic,

• A [pv ](γv) → A [p′](γ) as v → ∞.

Proof. Without loss of generality, we can assume that γ has period p′ = 1. This
can be easily achieved by time-rescaling the Lagrangian L in the following way.
Let L̃ : T× TM → R be the Tonelli Lagrangian given by

L̃ (t, q, v) := L (p′t, q, 1
p′ v), ∀(t, q, v) ∈ T× TM.

For each n ∈ N, a curve ζ̃ : R → M is an n-periodic solution of the Euler-Lagrange
system of L̃ if and only if the reparametrized curve ζ : R → M , given by

ζ(t) := ζ̃( 1
p′ t), ∀t ∈ R,

is a p′n-periodic solution of the Euler-Lagrange system of L . Moreover, ζ̃ and ζ

have the same mean action with respect to the Lagrangians L̃ and L respectively.
Let K′ be the infinite subset of those n ∈ Kp such that the iterated orbit γ[n]

is homologically visible in degree d. Consider the constant U > 0 associated to γ
as in (6.4). By Lemma 6.3.2,

Cd(A
[n]
R , γ[n]) �= 0, ∀R ≥ U, n ∈ K′.

We recall that the Morse index and nullity of A
[n]
R at γ[n] are the same as the

Morse index and nullity of the Tonelli mean action A [n] at γ[n] (see the paragraph
before Lemma 6.1.2), and we denote them simply by ind(γ [n]) and nul(γ[n]) re-
spectively. From now on we can assume that γ[n] is an isolated critical point of
A [n]

R (indeed, if γ[n] is a non-isolated critical point the assertion of the theorem
readily follows). By Corollary 4.5.4 we infer that ind(γ[n]) ≤ d for each n ∈ K′.
Hence, Proposition 2.2.4(iii) implies that ind(γ) = 0, and Proposition 2.2.4(ii)
further gives

ind(γ[n]) = 0, ∀n ∈ N. (6.15)

By Proposition 2.2.4(i) we know that the nullity of a periodic orbit is always less
than or equal to 2 dim(M). Hence, by the pigeonhole principle we can find an
infinite subset K′′ ⊆ K′ such that

nul(γ[n1]) = nul(γ[n2]), ∀n1, n2 ∈ K′′. (6.16)

Up to time-rescaling the Lagrangian L as before, we can assume that 1 ∈ K′′.
By (6.15), (6.16) and Corollary 5.5.2, the iteration map induces the homology
isomorphism

H∗(ψ[n]) : C∗(AR, γ) 
−→C∗(A
[n]
R , γ[n]), ∀n ∈ K′′, R ≥ U. (6.17)
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Let λ
[n]
k : U

[n]
k ↪→ W 1,2(T[n]; M) be the embedding defined in Section 6.3 (see also

the first paragraph of Section 6.4), and set q := λ−1
k (γ), so that λ

[n]
k (q[n]) = γ[n].

For each n ∈ K′′ and R ≥ U , the homology isomorphism in (6.17) fits into the
following commutative diagram.

C∗(Ak, q)
H∗(ψ

[n]
k )

��

H∗(λk) 


��

C∗(A
[n]
k , q[n])

H∗(λ
[n]
k )


��
C∗(AR, γ)

H∗(ψ[n])



�� C∗(A

[n]
R , γ[n])

In particular, we infer that the discrete iteration map induces the homology iso-
morphism

H∗(ψ
[n]
k ) : C∗(Ak, q) 
−→C∗(A

[n]
k , q[n]), ∀n ∈ K′′. (6.18)

Set c := A (γ). We will prove the theorem by contradiction: we assume that,
for some ε > 0, the only periodic solutions of the Euler-Lagrange system of L
with mean action in [c − ε, c + ε], period in Kp, and that are homotopic to some
iteration of γ are

γ1, . . . , γr,

where γ1 = γ and r ≥ 1. Up to choosing a smaller ε > 0, we can further assume
that all the periodic orbits γ1, . . . , γr have mean action equal to c.

Now, for each n ∈ K′′, consider the constant R̃(c+ε, n) given by Lemma 6.1.2
and denote by C [n] the connected component of γ[n] in W 1,2(T[n]; M). By our
choice of ε > 0, for each R > R̃(c + ε, n) the action functional A [n]

R |C [n] does not
have any critical values in the interval (c, c + ε).

By Theorem A.4.2(i), the inclusion

((A [n]
R )c ∪ {γ[n]}, (A [n]

R )c) ↪→ ((A [n]
R )c+ε, (A

[n]
R )c)

induces a monomorphism in homology. Hence, the embedding λ
[n]
k , seen as a map

λ
[n]
k : ((A [n]

k )c ∪ {q[n]}, (A [n]
k )c) ↪→ ((A [n]

R )c+ε, (A
[n]
R )c),

induces a monomorphism in homology as well. By combining this with (6.18) we
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obtain the following commutative diagram.

0 �= Cd(Ak, q)
Hd(ψ

[n]
k )



��

� �

Hd(λk)

��

Cd(A
[n]
k , q[n])

� �

Hd(λ
[n]
k )

��
Hd((AR)c+ε, (AR)c)

Hd(ψ[n]) �� Hd((A
[n]
R )c+ε, (A

[n]
R )c)

This diagram contradicts the homological vanishing principle of Theorem 6.4.1. In
fact, since the local homology group Cd(Ak, q) is nontrivial and d > 0, the point
q is not a local minimum of Ak. For each nonzero [η] ∈ Cd(Ak, q), there exist
R̄ = R̄([η], p) ≥ U and n̄ = n̄([η], p) ∈ Kp such that, for each real R ≥ R̄ and for
each n ∈ K greater than or equal to n̄, we have

Hd(ψ[n]) ◦ Hd(λk)[η] = Hd(ψ[n/n̄]) ◦ Hd(ψ[n̄]) ◦ Hd(λk)[η]︸ ︷︷ ︸
=0

= 0. �

Proof of Theorem 6.5.1. Fix a period n ∈ N and a real R > R̃(a, n), where a is as
in the statement and R̃(a, n) is the constant given by Lemma 6.1.2. Choose any
R-modification LR of L . From now on, we implicitly restrict the mean action
functional A

[n]
R of LR to the connected component of W 1,2(T[n]; M) containing

the contractible loops. In particular, the action sublevel (A [n]
R )a is understood to

be contained in this connected component.
Let m ≥ 1 be the dimension of the manifold M . We want to show that the

homology of the sublevel (A [n]
R )a is nontrivial in dimension m, i.e.,

Hm((A [n]
R )a) �= 0.

This is a refinement of Corollary 3.2.4, and can be proved in the following way.
To begin with, note that the quantity in (6.14) is finite (due to the compactness
of M) and indeed it is equal to the maximum of the function A [n] ◦ ι[n] : M → R,
where ι[n] : M ↪→ W 1,2(T[n]; M) denotes the embedding that maps a point to the
constant loop at that point. By our choice of the constant a we have

A
[n]
R ◦ ι[n](q) = A [n] ◦ ι[n](q) < a, ∀q ∈ M.

Therefore ι[n] can be seen as a map of the form ι[n] : M ↪→ (A [n]
R )a. Since M is an

m-dimensional closed manifold and we consider homology groups with Z2 coeffi-
cients, Hm(M) is nontrivial. The following commutative diagram readily implies
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that Hm(ι[n]) is a monomorphism, and the claim follows.

Hm((A [n]
R )a)

Hm(ev)



����������

0 �= Hm(M)

Hm(ι[n])
������������� Hm(idM )



�� Hm(M)

Now, the Morse inequality (Corollary A.4.4) for the sublevel (A [n]
R )a implies that

the mean action functional A
[n]
R has a critical point γ such that A

[n]
R (γ) < a and

Hm(A [n]
R , γ) �= 0. By Lemma 6.1.2(i), γ is a contractible n-periodic solution of the

Euler-Lagrange system of L , and A [n](γ) = A
[n]
R (γ) < a.

Summing up, we have proved that for each period n ∈ N there exists a
contractible n-periodic solution γn of the Euler-Lagrange system of L that is
homologically visible in degree m and has mean action less than a. Now, fix a prime
number p and consider the family of contractible periodic orbits Op = {γn |n ∈
Kp}. If this family contains infinitely many geometrically distinct periodic orbits,
we are done. Otherwise, there exists a contractible periodic orbit γ ∈ Op that has
mean action less than a and is strongly homologically visible in degree m and
periods Kp. Hence, Theorem 6.5.3 completes the proof. �



Appendix

An Overview of Morse Theory

Morse theory is a beautiful subject that sits between differential geometry, topol-
ogy and calculus of variations. It was first developed by Morse [Mor25] in the
middle of the 1920s and further extended, among many others, by Bott, Milnor,
Palais, Smale, Gromoll and Meyer. The general philosophy of the theory is that
the topology of a smooth manifold is intimately related to the number and “type”
of critical points that a smooth function defined on it can have. In this brief ap-
pendix we would like to give an overview of the topic, from the classical point of
view of Morse, but with the more recent extensions that allow the theory to deal
with so-called degenerate functions on infinite-dimensional manifolds. A compre-
hensive treatment of the subject can be found in the first chapter of the book of
Chang [Cha93].

There is also another, more recent, approach to the theory that we are not
going to touch on in this brief note. It is based on the so-called Morse complex.
This approach was pioneered by Thom [Tho49] and, later, by Smale [Sma61] in
his proof of the generalized Poincaré conjecture in dimensions greater than 4 (see
the beautiful book of Milnor [Mil56] for an account of that stage of the theory).
The definition of Morse complex appeared in 1982 in a paper by Witten [Wit82].
See the book of Schwarz [Sch93], the one of Banyaga and Hurtubise [BH04] or the
survey of Abbondandolo and Majer [AM06] for a modern treatment.

We will try to keep our exposition as elementary as possible. In order to
do this and avoid subtle technicalities, we will often not give the results in their
maximal generality. Nevertheless, keeping in mind the application of Morse theory
to the study of the critical points of the Lagrangian action functional, we will
stress the regularity that the function under consideration must have, which will
be mostly C1 and occasionally C2.

     OI 10.1007/978-3-0348-0163-8, © Springer Basel AG 2012
. , he

D
M Mazzucchelli Critical Point T ory for Lagrangian Systems, Progress in Mathematics 293, 157



158 Appendix: An Overview of Morse Theory

A.1 Preliminaries

Throughout this appendix we will denote by M a Hilbert manifold, i.e., a Haus-
dorff topological space that is locally homeomorphic to a real separable Hilbert
space E with smooth change of charts. If E is finite-dimensional, i.e., E = Rm

for some m ∈ N, then M is just an ordinary m-dimensional smooth manifold.
In the context of Morse theory, the most relevant difference between the finite-
dimensional and the infinite-dimensional situations is that in this latter case the
manifold M is not locally compact. We will come back to this point later on.

Throughout this appendix, F : M → R will be a C1 function, unless more
regularity will be explicitly required. A point p ∈ M is called a critical point of
F when the differential dF (p) vanishes. In this case, the corresponding image
F (p) is called a critical value. We denote by CritF the set of critical points of
F . In what follows, we will only deal with functions F having isolated critical
points. We wish to investigate the relationship between the critical points of F
and the topological properties (or, more precisely, the homological properties) of
the underlying manifold M .

Consider an open neighborhood U of a critical point p such that there exists
a chart φ : U → E of M . We denote by Fφ the function F ◦ φ−1 : E → R. By
differentiating, we have

dFφ(φ(p)) = dF (p) ◦ dφ−1(φ(p)).

Therefore φ(p) is a critical point of the function Fφ. If F is C2 or at least twice
Gâteaux-differentiable, then so is Fφ. We recall that, in these cases, the second
Gâteaux derivative of Fφ at x can be seen as a symmetric bounded bilinear form
HessFφ(x) : E × E → R given by

HessFφ(x)[v, w] = (d(dFφ)(x)v) w, ∀v, w ∈ E.

In the above formula, we have denoted by d(dFφ) the Gâteaux derivative of dFφ,
i.e.,

d(dFφ)(x)v =
d
dε

∣∣∣∣
ε=0

dFφ(x + εv) ∀x, v ∈ E.

This latter expression coincides with the Fréchet derivative of dFφ in case F is
C2. We define the Hessian of F at a critical point p as the symmetric bilinear
form

HessF (p) : TpM × TpM → R

given by
HessF (p)[v, w] = HessFφ(x)[vφ, wφ], ∀v, w ∈ TpM ,

where x = φ(p), vφ = dφ(p)v and wφ = dφ(p)w are in E. It is easy to see that
HessF (p) is intrinsically defined, i.e., its definition is independent of the chosen
chart φ as long as p is a critical point of F .
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Remark A.1.1. If M is finite-dimensional and (x1, . . . , xm) is a system of local
coordinates around p, the Hessian of F at the critical point p is given by

HessF (p) =
m∑

i,j=1

∂2F

∂xi ∂xj
(p) dxi ⊗ dxj .

Moreover, if ∇ is any linear connection on M , the Hessian of F at p is given by

HessF (p) = ∇(dF )(p). �

We denote by ind(F , p) the supremum of the dimensions of those subspaces
of TpM on which HessF (p) is negative-definite, and by nul(F , p) the dimension
of the nullspace of HessF (p), i.e., the Hilbert space consisting of all v ∈ TpM
such that HessF (p)[v, w] = 0 for all w ∈ TpM . We call ind(F , p) and nul(F , p)
respectively Morse index and nullity of the function F at p. Notice that both may
be infinite. Their sum is sometimes called the large Morse index. Morse Theory
was initially developed for the so-called Morse functions, which are functions all
of whose critical points have nullity equal to zero. Such critical points are called
non-degenerate. Nowadays we are able to deal with functions having possibly
degenerate critical points.

Since the inner product 〈〈·, ·〉〉E of E is a non-degenerate bilinear form, there
exists a bounded self-adjoint linear operator Hφ = Hφ(p) : E → E such that

HessF (p)[v, w] = 〈〈Hφvφ, wφ〉〉E , ∀v, w ∈ TpM .

By the spectral theorem, this operator induces an orthogonal splitting

E = E0
φ ⊕ E−

φ ⊕ E+
φ ,

where E0
φ is the kernel of Hφ, and E−

φ [resp. E+
φ ] is a subspace of E on which Hφ

is negative-definite [resp. positive-definite], i.e.,

E0
φ = {v ∈ E |Hφv = 0} ,

〈〈Hφv, v〉〉E < 0, ∀v ∈ E−
φ \ {0} ,

〈〈Hφw, w〉〉E > 0, ∀w ∈ E+
φ \ {0} .

Notice that ind(F , p) = dim E−
φ and nul(F , p) = dim E0

φ.

A.2 The generalized Morse Lemma

A starting point for Morse Theory might be the so-called Morse Lemma, originally
due to Morse and generalized to infinite-dimensional Hilbert manifolds by Palais
[Pal63]. The version that we give here, valid for possibly degenerate functions, is
due to Gromoll and Meyer [GM69a] and is sometimes referred to as the splitting
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lemma. Since it is a local result, we can assume that our Hilbert manifold M is just
the Hilbert space E. Let 0 be an isolated critical point of a C2 function F : U →
R, where U is an open subset of E. We denote by H : E → E the bounded self-
adjoint linear operator associated to the Hessian of F at 0, and by E0⊕E−⊕E+

of E the orthogonal splitting induced by the spectral theorem as in the previous
section. According to this splitting, we will write every vector v ∈ E as

v = v0 + v±,

where v± ∈ E± := E− ⊕ E+ and v0 ∈ E0. We assume that H is Fredholm,
meaning that its image H(E) is closed and that its kernel and cokernel have both
finite dimension. In particular nul(F ,0) is finite.

Lemma A.2.1 (Generalized Morse Lemma). If V ⊆ U is a sufficiently small open
neighborhood of 0, there exist

• a map φ : (V ,0) → (U ,0) that is a homeomorphism onto its image,

• a C2 function F 0 : V ∩ E0 → R whose Hessian vanishes at the origin,

such that

F ◦ φ(v) = F 0(v0) + F±(v±), ∀v = v0 + v± ∈ V , (A.1)

where F± : E± → R is the quadratic form defined by

F±(v±) = 1
2HessF (0)[v±, v±] = 1

2 〈〈Hv±, v±〉〉E , ∀v± ∈ E±. �

Notice that 0 is a critical point of F±, and therefore of F 0 as well. If 0
is a non-degenerate critical point of F , namely nul(F ,0) = 0, equation (A.1)
reduces to

F ◦ φ(v) = F (0) + F±(v) = F (0) +
1
2
〈〈Hv, v〉〉E .

This is a fundamental rigidity result for functions around a non-degenerate critical
point: up to a local reparametrization and to an additive constant, they are all
non-degenerate quadratic forms. In the general case, equation (A.1) gives us a
local representation of a function F as the sum of a non-degenerate quadratic
form F± and of a function F 0 with a totally degenerate critical point at the
origin.

A.3 Deformation of sublevels

At this point, let us recall some standard terminology from topology. Two con-
tinuous maps f0 and f1 from a topological space X to another topological space
Y are homotopic, which we write as f0 ∼ f1, when there exists a continuous map
f : [0, 1] × X → Y , called homotopy, such that f0 = f(0, ·) and f1 = f(1, ·). If we
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consider the two maps as maps of topological pairs f0, f1 : (X, A) → (Y, B), i.e.,
A ⊆ X , B ⊆ Y and f0(A)∪f1(A) ⊆ B, then they are homotopic (as maps of pairs)
when there exists a homotopy f as before that further satisfies f(t, A) ⊆ B for all
t ∈ [0, 1]. We write this as f : [0, 1] × (X, A) → (Y, B) and still f0 ∼ f1. A homo-
topy f is said to be relative to C when C is a subspace of X and f(t, x) = f(0, x)
for all (t, x) ∈ [0, 1] × C.

A map j : X → Y is a homotopy equivalence, which we write as j : X
∼−→Y

or X ∼ Y if j is implicit from the context, when there exists a map l : Y → X ,
called homotopy inverse, such that l◦j ∼ idX and j◦l ∼ idY . A map of topological
pairs j : (X, A) → (Y, B) is a homotopy equivalence (of pairs) when it has a
homotopy inverse of the form l : (Y, B) → (X, A) and the homotopies of j ◦ l and
l ◦ j to the identities are homotopies of maps of pairs.

Now, consider an inclusion ι : X ↪→ Y and a retraction r : Y → X , i.e., a
surjective map r such that the restriction r|X is equal to the identity idX . If
there exists a homotopy R : [0, 1] × (Y, X) → (Y, X) such that R(0, ·) = idY

and R(1, ·) = r, then we say that Y deformation retracts onto X and we call
the homotopy R a deformation retraction. Notice that R is assumed to be a
homotopy of maps of pairs, therefore R(t, X) ⊆ X for all t ∈ [0, 1]. This implies
that the inclusion ι is a homotopy equivalence. The deformation retraction R is
called strong if we further assume that it is relative to X , i.e., R(t, x) = x for all
(t, x) ∈ [0, 1] × X .

After this excursion, let us go back to Morse Theory. So far, we have just
discussed local aspects, but Morse Theory allows us to say something about the
global properties of M and F : M → R. To start with, notice that the function F
defines a filtration of the manifold M . In fact, if c ∈ R, let us denote by (F )c the
open subspace F−1(−∞, c), called c-sublevel of F . If {cn |n ∈ N} is a monotone
increasing sequence of real numbers tending to infinity, we have the sequence of
inclusions

(F )c1 ⊆ (F )c2 ⊆ (F )c3 ⊆ · · · ⊆ M . (A.2)

We also define (F )−∞ = ∅ and (F )+∞ = M . We wish to investigate the re-
lation between the homology of pairs of sublevels ((F )b, (F )a) and the critical
points of F contained in the region F−1[a, b), at first in the simple case in which
the interval [a, b) contains a single critical value. Then, by standard algebraic-
topological manipulations, we will derive some information about the homology
of pairs ((F )b, (F )a), where the interval [a, b) contains an arbitrary number of
critical values.

Example A.1. From now on, it will be useful to keep in mind a classical finite-
dimensional example: a torus M = T2 in R3 sitting on a plane as shown in
Figure A.1. On this torus we consider the height function F : M → R, i.e., F (p)
is the height of p ∈ T2 above the plane. For simplicity, we will assume that F is
a Morse function. Its critical points p1, p2, p3 and p4 have indices 0, 1, 1 and 2
respectively. �
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c

0

F

p1

p2

p3

p4

Figure A.1. Height function on the 2-torus in R3. The shaded region is the sublevel (F )c , for
F (p2) < c < F (p3).

At this point, let us consider a Hilbert-Riemannian metric 〈〈·, ·〉〉· on M , i.e.,
a bounded bilinear form on TM that is symmetric and positive-definite, meaning

〈〈v, w〉〉q = 〈〈w, v〉〉q , 〈〈z, z〉〉q > 0 ∀q ∈ M , v, w, z ∈ TqM , z �= 0.

In local coordinates given by a chart φ : U → E, this metric can be expressed in
terms of the inner product of E as

〈〈v, w〉〉q = 〈〈Gφ(q)vφ, wφ〉〉E , ∀q ∈ M, v, w ∈ TqM ,

where Gφ is the unique map from U to the space of bounded self-adjoint operators
on E that realizes this equality. If ψ : V → E is another chart of M , then

Gψ(q) =
(
d(φ ◦ ψ−1)(ψ(q))

)∗ ◦ Gφ(q) ◦ d(φ ◦ ψ−1)(ψ(q)) ∀q ∈ U ∩ V .

We denote by ‖ · ‖· the associated Hilbert-Finsler metric given by

‖v‖q =
√
〈〈v, v〉〉q , ∀q ∈ M , v ∈ TqM .

This metric induces, as usual, a corresponding Hilbert-Finsler metric (still denoted
by ‖ · ‖·) on the cotangent bundle T∗M as

‖ν‖q = max {ν(v) | v ∈ TqM , ‖v‖q = 1} , ∀q ∈ M , ν ∈ T∗
qM .

For each C1 curve σ : [a, b] → M , we define its length (with respect to the
Hilbert-Finsler metric ‖ · ‖·) as ∫ b

a

‖σ̇(t)‖σ(t) dt.
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If q and q′ are two points that belong to the same connected component of M , we
can define their distance (again, with respect to the Hilbert-Finsler metric ‖ · ‖·)
as the infimum of the lengths of all C1 curves joining q and q′. If each component
of M is a complete metric space with respect to this distance, we say that M is
a complete Hilbert-Riemannian manifold.

A C1 vector field X on M \Crit(F ) is called a pseudo-gradient of F when,
for each q ∈ M , it satisfies

‖X (q)‖q ≤ 2‖dF (q)‖q,

dF (q) X (q) ≥ ‖dF (q)‖2
q .

By means of a partition of unity, one can show that pseudo-gradient vector fields
always exist on Hilbert manifolds. Integrating X we obtain its (anti) pseudo-
gradient flow, which is a map

ΦX : W → M ,

where W ⊆ R × M \ Crit(F ) is an open neighborhood of {0} × M \ Crit(F ),
satisfying the following Cauchy problem:

∂ΦX

∂t
(t, q) = −X (ΦX (t, q)),

ΦX (0, ·) = idM .

It is easy to verify that the function F is decreasing along pseudo-gradient flow
lines. In fact, for every (t, q) ∈ W , we have

F (ΦX (t, q)) − F (q) = −
∫ t

0

dF (ΦX (s, q)) X (ΦX (s, q)) ds

≤ −
∫ t

0

‖dF (ΦX (s, q))‖2
ΦX (s,q)︸ ︷︷ ︸

>0

ds

< 0.

Example A.2. If F is C2, a pseudo-gradient is given by the gradient of F , that
is the vector field GradF defined by

〈〈GradF (q), v〉〉q = dF (q)v, ∀q ∈ M , v ∈ TqM . �

We would like to use the pseudo-gradient flow to deform a certain sublevel
(F )c2 to a lower one, say (F )c1 , for some c1 < c2 such that the interval [c1, c2)
does not contain critical values (see Figure A.2). In case M is finite-dimensional
and compact, there are no obstacles for performing such an operation. However,
if we deal with a non-compact manifold (but still complete), some assumption is
needed in order to replace the lack of compactness. The “right” assumption on
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c2

c1

Figure A.2. Deformation of (F )c2 over (F )c1 along gradient flow lines in the torus Example A.1.

q1 q2 q3 q4 q

F

Figure A.3.

F was found in the 1960s by Palais and Smale [PS64], and it now carries their
name: we say that F satisfies the Palais-Smale condition at level c when, for each
sequence {qn |n ∈ N} ⊆ M such that

lim
n→∞ F (qn) = c,

lim
n→∞ ‖dF (qn)‖qn

= 0, (A.3)

there exists a subsequence converging to a point q ∈ M . By (A.3), the limit point
q must be a critical point of F . We say that F satisfies the Palais-Smale condition
if it satisfies it at every level c ∈ R.

Example A.3. The following are two slightly different examples of situations that
the Palais-Smale condition wants to avoid.

• Consider the function F (q) = exp(−q) on M = R. For any diverging se-
quence qn ↑ ∞ we have that F (qn) → 0 and F ′(qn) → 0, however {qn} does
not admit any converging subsequence (see Figure A.3).

• Consider a function F : M → R such that, for a certain level c ∈ R, the set
CritF ∩ F−1(c) is not compact (e.g., F : R → R with F (q) = sin(q) and
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c = 1). Then there is a sequence of critical points {qn} ⊂ F−1(c) that does
not admit any converging subsequence. �

As promised, here is the important consequence of the Palais-Smale condi-
tion.

Lemma A.3.1 (Deformation Lemma). Let M be a complete Hilbert-Riemannian
manifold and assume that F : M → R satisfies the Palais-Smale condition at
every level c ∈ [a, b] and does not have any critical value in the interval [a, b).
Then the inclusion (F )a ↪→ (F )b is a homotopy equivalence. �

Notice that, by this lemma, the inclusion (F )a ↪→ (F )b induces the homology
isomorphism H∗((F )a) �−→H∗((F )b), and H∗((F )b, (F )a) = 0. The same is true
if we substitute the singular homology with any other homotopy invariant functor:
singular cohomology, K-theory, and so forth.

A.4 Passing a critical level

We now want to study the changes that occur, in term of homology, whenever we
pass a critical level. In order to do this, we first introduce a fundamental invariant
of isolated critical points p of a C1 function F : M → R. The local homology of
F at p is defined as the relative homology group

C∗(F , p) := H∗((F )c ∪ {p} , (F )c),

where c = F (p). This is a local invariant, in the sense that it depends only on the
germ of F at p. In fact, if U ⊆ M is an open neighborhood of p, by excision we
obtain that the inclusion

(U ∩ (F )c ∪ {p} , U ∩ (F )c) ↪→ ((F )c ∪ {p} , (F )c)

induces an isomorphism in homology, and therefore the local homology of F at p
coincides with H∗(U ∩ (F )c ∪ {p} , U ∩ (F )c).

Remark A.4.1. It is easy to see that the local homology of F at p can be equiva-
lently defined as H∗

(
(F )c, (F )c \ {p}

)
. �

The role that local homology plays in Morse Theory is illustrated by the
following statements. We recall that a λ-cell, for λ ∈ N, is simply a λ-dimensional
closed disk Dλ. A topological space Y is obtained by the attachment of a λ-cell
to a topological manifold X when there exists a continuous map f : ∂Dλ → ∂X
such that

Y = X ∪ Dλ/ ∼,

where ∼ is the identification given by z ∼ f(z) for each z ∈ ∂Dλ.
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p2

c1

c2

Figure A.4. Attachment of a cell of dimension 1 = ind(F , p2) to the closed sublevel (F )c1
of

the height function in Example A.1. Notice that the result of the attachment is
homotopically equivalent to (F )c2

.

Theorem A.4.1. Consider a complete Hilbert-Riemannian manifold M , a C2 func-
tion F : M → R that satisfies the Palais-Smale condition, and an interval
(c1, c2) ⊂ R. Assume that p is the only critical point of F with critical value
inside (c1, c2), and that it is non-degenerate. Then (F )c2

is homotopically equiv-

alent to (F )c1
with an ind(F , p)-cell attached. In particular

Cn(F , p) =
{

F n = ind(F , p),
0 n �= ind(F , p),

where F is the coefficient group of the homology. �

In Figure A.4 the assertions are illustrated for the case of the height function
on the torus of Example A.1. Notice that Theorem A.4.1 implies that critical points
p with infinite Morse index do not produce any change in the homotopy type as we
cross their sublevel (in particular their local homology C∗(F , p) is trivial). This
follows from the fact that the unit sphere of an infinite-dimensional Hilbert space
is contractible, as one can easily prove by constructing an explicit deformation
retraction to a point (a stronger and much harder theorem due to Bessaga [Bes66]
asserts that every infinite-dimensional Hilbert space is even diffeomorphic to its
unit sphere).

Theorem A.4.1 tells us that, for a non-degenerate critical point of a C2 func-
tion, the knowledge of the local homology at it coincides with the knowledge of its
Morse index. This is no longer true in the degenerate case, in which the Morse in-
dex and nullity of a critical point do not completely determine its local homology.
An easy example on M = R2 is the following.

Example A.4. Consider the functions F , G : R2 → R given by

F (x, y) = (y − 2x2)(y − x2),

G (x, y) = x4 + y2.
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x

y

0

Figure A.5. Behaviour of F (x, y) = (y − 2x2)(y − x2) around the critical point 0. The shaded

region corresponds to the sublevel (F )0 = F−1(−∞, 0).

Both functions have 0 = (0, 0) as isolated critical point with

ind(F ,0) = ind(G ,0) = 0,

nul(F ,0) = nul(G ,0) = 1.

However 0 is a saddle point for F (see Figure A.5) and a global minimum for G ,
therefore

Cn(F ,0) =
{

F n = 1,
0 n �= 1,

Cn(G ,0) =
{

F n = 0,
0 n �= 0.

�

If the function F is merely of class C1 and has possibly degenerate critical
points, we can still describe the homological change that occurs by crossing a
critical level in terms of local homology.

Theorem A.4.2. Consider a complete Hilbert-Riemannian manifold M and a C1

function F : M → R satisfying the Palais-Smale condition. Assume that the
critical points of F having critical value c are isolated (hence there are only
finitely many), and choose ε > 0 small enough such that F does not have critical
values in (c, c + ε). The following claims hold:

(i) For each p ∈ Crit(F ) with F (p) = c, the inclusion

jp : ((F )c ∪ {p} , (F )c) ↪→ ((F )c+ε, (F )c)

induces the homology monomorphism

H∗(jp) : C∗(F , p) ↪→ H∗((F )c+ε, (F )c).

(ii) If {p1, . . . , ps} ⊂ M is the set of critical point of F with critical value c, we
have an isomorphism

Jc : C∗(F , p1) ⊕ · · · ⊕ C∗(F , ps)
�−→H∗((F )c+ε, (F )c),

where Jc = H∗(jp1) ⊕ · · · ⊕ H∗(jps). �
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By playing with the filtration (A.2) given by the sublevels of F and with
the associated long exact sequences in homology we can deduce the following
statement.

Theorem A.4.3. Consider a complete Hilbert-Riemannian manifold M and a C1

function F : M → R that satisfies the Palais-Smale condition and has isolated
critical points. Fix a bounded interval [a, b] ⊂ R, and let {c1, . . . , ct} be the set of
critical values of F inside [a, b). Then for each ε such that

0 < ε < min {ch − ck |h, k = 1, . . . , t, h �= k})
we have

N∑
n=0

(−1)N−n rank Hn((F )b, (F )a) ≤
N∑

n=0

(−1)N−n
t∑

h=1

rank Hn((F )ch+ε, (F )ch
),

∀N ∈ N.

Moreover

∞∑
n=0

(−1)n rank Hn((F )b, (F )a) =
∞∑

n=0

(−1)n
t∑

h=1

rank Hn((F )ch+ε, (F )ch
),

provided the above sums are finite. �
As a consequence of this result and of Theorem A.4.2, we obtain the cele-

brated Morse inequalities.

Corollary A.4.4 (Morse inequalities). Assume that F satisfies the hypotheses of
Theorem A.4.3. For each bounded interval [a, b] ⊂ R, if {p1, . . . , pu} ⊂ M is the
set of critical points of F with critical values inside [a, b), we have

rank Hn((F )b, (F )a) ≤
u∑

h=1

rank Cn(F , ph). ∀n ∈ N (A.4)

�

A.5 Local homology and Gromoll-Meyer pairs

In their work on degenerate Morse theory [GM69a], Gromoll and Meyer showed
that the local homology of an isolated critical point can also be computed as the
homology of a suitable closed neighborhood of the critical point relative to a part
of its boundary. The homotopy type of the pair

(closed neighborhood, part of boundary)

is what in the 1980s, after the seminal work of Conley [Con78], would be called
Conley index of the critical point. In Conley theory, the critical point is viewed as
an isolated invariant set for the dynamical system defined by a pseudo-gradient
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flow. We refer the interested reader to Chang and Ghoussoub [CG96] for a detailed
investigation of the relation between Gromoll-Meyer theory and Conley theory.

For this section, let us assume that our function F : M → R is C2 with
Fredholm Hessian, so that we can choose as a pseudo-gradient X the gradient of
F , see Example A.2. Some, but not all, of the statements that we will give still
hold under the C1 assumption on F (up to choosing a C1 pseudo-gradient).

Let p ∈ M be a critical point of F with F (p) = c. A pair of topological
spaces (W , W−) is called a Gromoll-Meyer pair for F at p when

(GM1) W ⊂ M is a closed neighborhood of p that does not contain other critical
points of F ,

(GM2) there exists ε > 0 such that [c − ε, c) does not contain critical values of
F , and W ∩ (F )c−ε = ∅,

(GM3) if t1 < t2 are such that ΦX (t1, q) ∈ W and ΦX (t2, q) ∈ W for some
q ∈ M , then ΦX (t, q) ∈ W for all t ∈ [t1, t2],

(GM4) W− is defined as

W− =
{

q ∈ W
∣∣∣ max{t ∈ R |ΦX (t, q) ∈ W } = 0

}
and it is a piecewise submanifold of M transversal to the flow ΦX .

Given an open neighborhood U of the isolated critical point p, it is always possible
to build a Gromoll-Meyer pair (W , W−) such that W ⊂ U . Moreover, all the
Gromoll-Meyer pairs of a critical point have the same homology type, and in fact
they provide an alternative definition for the local homology.

Theorem A.5.1. If (W , W−) is a Gromoll-Meyer pair for F at an isolated critical
point p ∈ M , we have

H∗(W , W−) � C∗(F , p). �

Now, let us apply the generalized Morse Lemma (Lemma A.2.1) and the
notation adopted therein: without loss of generality, we can identify an isolated
critical point p of F with the origin 0 in the Hilbert space E, and we can assume
that F is defined on a neighborhood V ⊂ E of 0 and has the form

F (v) = F 0(v0) + F±(v±), ∀v = v0 + v± ∈ V ⊂ E = E0 ⊕ E±.

The origin is a non-degenerate critical point of F± : V ∩ E± → R and a totally
degenerate critical point of F 0 : V ∩E0 → R. If we consider Gromoll-Meyer pairs
(W ±, W ±

− ) and (W 0, W 0
−) for F± and F 0 respectively at 0, it is easy to verify

that the product of these pairs, that is

(W ±, W ±
− ) × (W 0, W 0

−) = (W ± × W 0, (W ±
− × W 0) ∪ (W ± × W 0

−)),

is a Gromoll-Meyer pair for F at 0. Now, assume that the coefficient group F of
the homology is a field. By the Künneth formula we get an isomorphism of graded
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vector spaces

H∗((W ±, W ±
− ) × (W 0, W 0

−)) � H∗(W ±, W ±
− ) ⊗ H∗(W 0, W 0

−),

and by the above Theorem A.5.1 we obtain the following.

Theorem A.5.2. C∗(F ,0) � C∗(F±,0) ⊗ C∗(F 0,0). �
By Theorem A.4.1, the local homology of the non-degenerate function F±

at 0 is nontrivial only in degree ind(F±,0), where it coincides with the coefficient
vector space F. Notice that the Morse index of F± at 0 is precisely the Morse index
of F at 0, and therefore Theorem A.5.2 readily gives the following fundamental
result.

Theorem A.5.3 (Shifting). C∗(F ,0) � C∗−ind(F ,0)(F 0,0). �
Corollary A.5.4. The local homology group Cn(F ,0) is trivial if n < ind(F ,0)
or n > ind(F ,0) + nul(F ,0). �

A.6 Minimax

On a finite-dimensional closed manifold, an elementary way to detect a critical
value of a given function is to look for its global minima (or maxima). A more
general class of critical values, that we are going to discuss in this section, is given
by the so-called “minimax” values.

Let M be a complete Hilbert-Riemannian manifold, F : M → R a C1

function and U a family of subsets of M . We define the minimax of F over the
family U as

minimax
U

F := inf
U ∈U

sup
p∈U

{F (p)} ∈ R ∪ {±∞} .

The following statement guarantees that, under certain conditions, the minimax
is a critical value of F . We refer the reader to [HZ94, page 79] for a proof.

Theorem A.6.1 (Minimax Theorem). Assume that the following conditions are
satisfied:

(i) F satisfies the Palais-Smale condition,

(ii) there exists a pseudo-gradient X for F whose anti pseudo-gradient flow is
defined for all the non-negative times, i.e.,

ΦX : [0,∞) × M \ Crit(F ) → M ,

(iii) the family U is positively invariant under the anti pseudo-gradient flow of
X , i.e., for each U ∈ U and t ≥ 0 we have ΦX (t, U ) ∈ U,

(iv) minimax
U

F is finite.

Then minimax
U

F is a critical value of F . �
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Remark A.6.1. If we take U to be the family of singletons on M , i.e.,

U = {{p} | p ∈ M },
then condition (iii) above is trivially satisfied and

minimax
U

F = min
p∈M

{F (p)} . �

Notice that condition (ii) above is automatically satisfied for any pseudo-
gradient if the function F is bounded from below. As for the choice of a suitable
family U satisfying conditions (iii) and (iv), there are several possibilities. In the
following we discuss one of these, which leads to a homological version of the
minimax theorem.

Let a be a nonzero homology class in Hd(M ). We denote by Sa the family
consisting of the supports of the singular cycles in M representing a, i.e.,

Sa =

{
V⋃

v=1

αv(Δd)

∣∣∣∣∣ α =
V∑

v=1

αv, [α] = a

}
,

where each αv is a singular simplex of the cycle α, i.e., αv : Δd → M . Notice
that, by the homotopic invariance of singular homology, Sa satisfies condition
(iii) of the minimax theorem. Moreover, Sa is a family of compact subsets of M .
Therefore, if the function F is bounded from below, its minimax over the family
Sa is finite. Hence, we have the following.

Theorem A.6.2 (Homological Minimax Theorem). Let M be a complete Hilbert-
Riemannian manifold, and F : M → R a C1 function that is bounded from below
and satisfies the Palais-Smale condition. Then for each nonzero a ∈ H∗(M ) the
quantity minimaxSa F is finite and it is a critical value of F . �

If F is also C2, then by the following result due to Viterbo [Vit88] it is
sometimes possible to estimate the Morse index and nullity pair of a critical point
corresponding to the minimax critical value.

Theorem A.6.3. Under the assumptions of Theorem A.6.2, if F is also C2 and its
critical points corresponding to the critical value minimaxSa F are isolated, then
there exists a critical point p of F such that

F (p) = minimax
Sa

F ,

ind(F , p) ≤ d ≤ ind(F , p) + nul(F , p),

where d is the degree of a, i.e., a ∈ Hd(M ). �
Now, if two linearly independent homology classes are given, one might ask

whether or not their associated minimax values (with respect to the function F )
are the same. Before answering this question, let us quickly recall some definitions
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from algebraic topology. Given a topological space X and two nonzero homology
classes a, b ∈ H∗(X), we write a ≺ b when there exists ω ∈ Hd(X), for some d > 0,
such that a = b 
 ω. Here, 
: Hi(X) ⊗ Hj(X) → Hi−j(X) is the cap product,
which is related to the cup product �: Hi(X) ⊗ Hj(X) → Hi+j(X) by

(ω � ψ)(a) = ψ(a 
 ω), ∀ω, ψ ∈ H∗(X), a ∈ H∗(X). (A.5)

The cup product gives an important homotopical invariant of X , the cup-length
CL(X), defined as the maximum integer l ≥ 0 such that there exist cohomology
classes ω1, . . . , ωl, with ωi ∈ Hdi(X) and di > 0 for each i = 1, . . . , l, satisfying

ω1 � · · · � ωl �= 0.

The relation “≺” defined above can be used to give an alternative definition of the
cup-length. In fact, if ω1 � · · · � ωl �= 0 in H∗(X), then there exists al ∈ H∗(X)
such that (ω1 � · · · � ωl)(al) �= 0, and we can iteratively define ai−1 := ai 
 ωi.
Therefore, by (A.5), we have

ω1(a1) = (ω2 � ω1)(a2) = · · · = (ωl � · · · � ω1)(al) �= 0, (A.6)

which implies that a0 = a1 
 ω1 is nonzero and, by construction, a0 ≺ · · · ≺ al.
Conversely, if a0 ≺ · · · ≺ al, then there exists a nonzero ωi ∈ Hdi(X) such that
di > 0 and ai−1 = ai 
 ωi for each i = 1, . . . , n, so that (A.6) holds and we have
that ω1 � · · · � ωl �= 0 in H∗(X). Summing up, we have obtained the following.

Proposition A.6.4. The cup-length CL(X) is equal to the maximum l ∈ N ∪ {0}
such that there exist l + 1 nonzero homology classes a0, . . . , al ∈ H∗(X) satisfying
a0 ≺ · · · ≺ al. �

Coming back to the question as to when two given homology classes have
different minimax values with respect to some function, we have the following
result.

Theorem A.6.5. Let M be a complete Hilbert-Riemannian manifold, and F :
M → R a C1 function that is bounded from below and satisfies the Palais-Smale
condition. Consider non-zero homology classes a, b ∈ H∗(M ) such that a ≺ b.
If F has only finitely many critical points corresponding to the critical value
minimaxSb

F , then
minimax

Sa

F < minimax
Sb

F . �

This theorem, together with Proposition A.6.4, readily implies the following
multiplicity result for the critical points of F .

Corollary A.6.6. Under the assumptions of Theorem A.6.5, the function F has at
least CL(M ) + 1 critical points. �
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hamiltoniens, C. R. Acad. Sci. Paris Sér. I Math. 298 (1984), no. 13,
293–296.

[Cha93] K.C. Chang, Infinite-dimensional Morse theory and multiple solution
problems, Progress in Nonlinear Differential Equations and their Appli-
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